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The intermolecular potential energy between two inert gas 
molecules is considerably altered when these molecules are next 
to a solid surface as in physical adsorption. The change in the 
interaction is evidenced by the additional long-range repulsion 
that is often observed between the molecules of a monolayer and 
also by the additional attractions that must play a role in multi- 
layer formation. 

In this article, the two-molecule-surface potential is derived 
from quantum mechanical third-order perturbation theory. It is 
shown that this potential consists of two parts just as the energy 
giving the van der Waals attraction of a single molecule to a 
surface does. The first part exists only when the surface has a net 
electrostatic field and this is equivalent to the classical polarization 
effect. The second part arises from the fluctuations of the surface 
fields and is of the same origin as the dispersion forces. The third- 
order energy, i.e., the new intermolecular interaction caused by 


the surface, is directly related to the zero-coverage heat of ad- 
sorption and except for this experimental quantity, the results 
do not require specific assumptions about the surface. Thus, the 
theory is applicable to either metal or insulator surfaces. When 
both the two-molecule-surface and the one-molecule-surface inter- 
actions are available experimentally (for example, from the ap- 
plication of virial coefficients treatment in physical adsorption) 
the electrostatic field of the surface can be estimated. 

The fluctuation or dispersion part of the third-order energy is 
shown to yield a repulsion between two molecules in a monolayer 
that amounts to 20-40% of the gas phase Lennard-Jones potential 
minimum é€. The same energy yields an additional attraction of 
about 10-20% of «, when the two molecules are on top of one 
another as in multilayer formation. The theory is applicable also 
when more than two molecules at a time need be considered on 
the surface. 





A. INTRODUCTION 


HYSICAL adsorption is characterized by rela- 
tively weak forces as compared to chemisorption 
and it might be considered a process in which both the 
adsorbed molecules and the adsorbent surface remain 
quite unchanged. Thus the van der Waals forces that 
cause physical adsorption can be understood for the 
most part through the use of quantum mechanical 
perturbation theory. The theory of these forces be- 
tween molecules has been reviwed by Margenau! and 
some recent considerations by Pitzer.? Extensive re- 
views on the forces that cause physical adsorption also 
exist.*4 
Some interesting phenomena such as the formation of 
monolayers and multilayers on an adsorbent involve 
the forces between adsorbed molecules themselves as 
well as with the surface. Such forces can be investi- 


1H. Margenau, Revs. Modern Phys. 11, 1 (1939), 

2K. S. Pitzer, Advances in Chemical Physics (Interscience Pub- 
lishers, Inc., New York, 1959), Vol. IT; or see K. S. Pitzer, UCRL- 
8395 (September, 1958). 

3 f H. de Boer, Advances in Catalysis 8, 29 (1956). 

4S. Brunauer, The Adsorption of Gases and Vapors (Princeton 
University Press, Princeton, New Jersey, 1945), p. 180. 


gated through the application of statistical mechanics to 
experimental measurements especially in physical 
adsorption, and although this is difficult when the 
adsorbate is dense, it becomes particularly suitable in 
the dilute case, i.e., relatively high temperature ad- 
sorption making use of a theory similar to the virial 
coefficients treatment of imperfect gases.’ By such a 
method it is possible to investigate the adsorption of 
essentially one molecule, two molecules, etc., at a time 
on a surface and the potential energies of interaction 
involved in each case.5 

Such experimental evidence has long shown* that 
two inert gas atoms adsorbed into a monolayer display 
a rather different potential energy between themselves 
as compared to their energy when they are in the gas 
phase, i.e., the presence of the surface apparently 
causes a new long-range repulsion to appear between 
the two molecules of the monolayer and this repulsion 
tends to counterbalance their usual London attraction. 
On the other hand, in multilayer formation additional 


5 (a) W. A. Steele and G. D. Halsey, Jr., J. Chem. Phys. 22, 
es Aga see also (b) M. P. Freeman, J. Phys. Chem. 62, 729 
1958). 
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attractions must exist. These observations are not 
explainable in terms of second-order perturbation 
theory of long-range forces. This theory predicts that 
the total interaction between a system of adsorbed 
molecules and the surface must be pairwise additive; 
hence the interaction between molecules would be un- 
altered.! The repulsion in the monolayer has usually 
been ascribed* to the dipoles permanently induced in 
the nonpolar molecules by an electrostatic field that is 
known to be present on metal® and charcoal* surfaces. 
The magnitude of these induced dipoles can be in- 
ferred* from the nonideal behavior of the adsorbed two- 
dimensional gas if the entire additional repulsion in the 
presence of the surface is attributed to this classical 
electrostatic effect. However the values so obtained 
usually seem to be too high in comparison to the 
estimates from measured contact potentials® and work 
function lowering.’ It is apparent that part of the 
many-body repulsion must be caused by a mechanism 
other than ordinary electrostatic polarization. 

Many-body forces between spherical, inert mole- 
cules have been investigated quite extensively. When 
overlap effects are negligible these forces arise for the 
most part from the triple-dipole interaction in third- 
order perturbation theory. These three-body forces 
have been reviewed extensively, along with their 
application to the third virial coefficient of an imperfect 
gas, by Kihara.* A recent discussion with reference to 
colloidal particles has been’ given by Sparnaay.® Al- 
though the three-body force between three molecules is 
quite small, it is to be expected that forces of similar 
origin should become appreciable, as compared to the 
interaction between two molecules, when the third 
body is a large surface. 

If the two molecules overlap, then even in second- 
order perturbation appreciable many-body forces should 
arise as shown by Jansen and McGinnies” for three 
atoms. However, we shall assume that this effect is 
part of the change that must take place in the short- 
range repulsive region of the intermolecular potential 
and concern ourselves with nonoverlap, long-range 
interactions. 

Higher-order perturbations have been studied by 
Bade" using the simple Drude or harmonic oscillator 
model. It is found that for a system of a few molecules 
the perturbation series converges quite rapidly and 
more will be said about convergence in Sec. C. 

In the following we shall give a general derivation of 
some forces that arise between spherical (hence non- 


6 J. C. P. Mignolet, Rec. trav. chim. 74, 701 (1955). 

7G. Ehrlich and F. G. Hudda, J. Chem. Phys. 30, 493 (1959). 

8T. Kihara, Advances in Chemical Physics (Interscience Pub- 
lishers, Inc., New York, 1958), Vol. I, p. 267; ag oa energy 
was first discussed by B. M. Axilrod and E. Teller, J. Chem. 
Phys. 11, 299 (1943); Axilrod, ibid. 19, 719 (1951). 

*M. J. Sparnaay, Physica 25, 217 (1959). 

10, Jansen and R. T. McGinnies, Phys. Rev. 104, 961 (1956). 


( 1 W. L. Bade, J. Chem. Phys. 27, 1280, 1284 (1957); 28, 282 
1958). 
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polar) molecules in the presence of a semi-infinite solid 
surface (metal or insulator) based on a third-order 
perturbation treatment. Since in this order the energy is 
triplewise additive" (see end of Sec. C) it will be 
necessary to consider only the system of two molecules 
and the surface. We shall show that, just as in the case 
of van der Waals energy between one molecule and the 
surface,* the energy of two molecules and the surface is 
composed of an “electrostatic” part and a quantum 
mechanical fluctuation or dispersion part. Moreover, it 
will be found that each part of the three-body energy 
can be related directly to the corresponding part of the 
one molecule adsorption energy. Thus it is often possible 
to obtain the potential energy of interaction between 
two molecules, physically adsorbed on a surface, in 
terms of the experimental zero-coverage heat of ad- 
adsorption Uo. On the other hand, the present treat- 
ment enables one to estimate the “electrostatic” frac- 
tion of Up, when both Up and the surface intermolecular 
potential are available experimentally. The intimate 
connection between these two energies makes it neces- 
sary to discuss first the van der Waals energy of a 
single molecule on a surface with comments on the 
application of some of the existing theories before 
going into the derivation of the “‘two-molecule-surface”’ 
potential. 


B. SECOND-ORDER ENERGY 


Let us consider the most general derivation of the 
van der Waals attraction energy between a spherical, 
nonpolar molecule such as a rare gas atom and any 
solid which extends from minus to plus infinity in the 
x and y directions, defining the surface plane, and is 
semi-infinite in the perpendicular z direction. We shall 
use straightforward perturbation theory. If the ad- 
sorbed molecule is not too large, the perturbation can 
be written as 


J=—wurFi, (1) 


where w; is the instantaneous dipole moment of the 
molecule and F; is the instantaneous electric field 
produced by all the electrons and nuclei of the solid 
at the center of molecule 1. The unperturbed Hamil- 
tonian is simply 


H°=H,+4,, (2) 


ie., the sum of the parts describing the molecule and 
the surface separately. Where overlap is negligible, the 
system will be represented by 


Yo=Wy.", (3) 


ie., the product of unperturbed wave functions for the 
molecule and the surface. When (1) is applied as the 
perturbing potential on (2) and (3), the first-order 
energy vanishes. But the second-order energy becomes 


| (00 | wi* F: | pr) |? 
(2) sae 
ili? aia ne, 





(4) 
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where p, 7 refer to the various unperturbed energy states 
of the molecule and the “surface” (meaning the semi- 
infinite solid), respectively, and 6’s denote the excita- 
tion energies to these various states. Now, if we assume 
that the 4’s can be replaced by some “mean excitation 
energies” and use the relations 


| Ol wl o) P= Ol wr d= ws [2o0, (5) 
p=0 


and 


*°=2 ( (uis" )oo/ 51) ; 
for a spherical molecule, Eq. (4) becomes 


E,,%—}a, | (0| F,| 0) |? 


a =a 


—foul6s/(6:+8,) 195 | | Fil r)2. (7) 
TF) 


The first term is simply the electrostatic polarization of 
the molecule due to a net field (Fi )o over the surface. 
This field would be zero if the solid were uniform up 
to its surface, as is roughly the case for an insulator. 
But on a metal it arises from an effective dipole layer” 
on the surface which may be caused by electron leakage 
through the surface barrier.“ (See, however, 
Mignolet.")) The second term corresponds to the 
usual “dispersion” type of force. The physical meaning 
of this force becomes clearer if we write 


(Fi = 2 (0 | Fi | 7) 2= Fi [2)0—| (Fi)oo [2 


= (| Fi— (Fi oo |? oo. ~=—(8) 


Thus the second term of Eq. (7) may be looked upon as 
arising from the additional polarization of the molecule 
due to the nonvanishing of the mean square of the 
fluctuations of the “surface” electric field about its 
average value. And of course, when the thermal motion 
of the nuclei in the solid is negligible, these fluctuations 
are due primarily to the quantum motion of the elec- 
trons. In fact, Eq. (8) can be written” in terms of first- 
and second-order density matrices for the electrons 
after making the Born-Oppenheimer approximation, 
in a form most useful when the solid is a metal. How- 
ever we must be cautious with this interpretation of 
the second term of Eq. (7) due to the presence of the 
factor [6:/(6:+4,) ]. If for a metal the free-electron 
model is adopted and 6, assumed negligible compared 
to 6,, as was done by Prosen and Sachs," this factor is 
unity making the above interpretation correct, i.e., 
only the molecule is polarized. However, the presence 
of a quite large 6,, as in insulators and real metals, in 


12 W. G. Pollard, Phys. Rev. 61, 740(A) (1942). 

1 (a) K. Huang and G. Wyllie, Proc. Phys. Soc. (London) 62, 
180 (1949) ; (b) ie C. P. Mignolet, in Chemisor ption (Butterworths 
Scientific Publications, Ltd., London, p. 181. 

. Bardeen, Phys. Rev. "58, 727 (1940 
. J. R. Prosen and R. G. Sachs, Phys. “Rev. 61, 70 (1942). 


effect accounts for the polarization of the surface in 
turn by the molecule. 

Now, all the formulas? that are used for either 
insulators or metals can be shown to follow directly 
or indirectly from the general expression Eq. (7). 
When the surface is an insulator, Eq. (8) can be 
evaluated by summing (or integrating) the contribu- 
tions from each molecule or section that makes up the 
solid considering these as fluctuating dipoles. Then the 
over-all van der Waals attraction can be obtained 
directly from one of the formulas'~* which give the 
intermolecular dispersion energy (such as London’s 
and Kirkwood-Miiller’s) using empirical quantities 
such as polarizabilities and diamagnetic suscepti- 
bilities. Although a metal should be treated in terms of 
metallic electrons and it seems at first thought that it 
could not be divided into sections, the consideration of 
electron correlation has been shown to lead to 
essentially the same result as though the metal behaved 
as an insulator made up of sections of oscillating 
dipoles. With these considerations in mind, an estimate 
of the total potential between one molecule and the 
surface (and the heat of adsorption) can be obtained 
by assuming the usual Lennard-Jones [12-6] potential, 
frequently used in imperfect gas theory,” to hold 
between a portion of the solid and the molecule, and 
integrating.'® The result which we shall need later is 


U(R)= oi 2(5)# Uo (r/R)? —¥5(70/R)*], 
o= —[2(5)*/9 Jrneor’, (9) 


with R the distance from the molecule to the surface 
and ¢é, ro the parameters of the Lennard-Jones [12-6] 
potential.” Notice that at the minimum, Rp, the at- 
tractive portion of energy is simply 1.5 times Us, 
the heat of adsorption at zero coverage. 

The magnitude of the van der Waals attraction 
between a molecule and a surface can be estimated by 
the use of the “nonmetallic” or metallic type formulas 
some of which we have cited above. (These formulas 
will be mentioned here only by name; the reader is 
referred to the general references given for details.) 
Such estimates are usually found to yield values for 
the heats of adsorption,‘ however, which are too low. 
A similar situation has existed in the comparison of 
observed and calculated van der Waals attractions 
between two molecules.” Recently, however, in con- 
nection with London forces it has been shown? that 
the trouble often lies in the 6’s, the “mean excitation 


16H, Margenau and W. G. Pollard, Phys. Rev. 60, 128 (1941). 
17See for example, Hirschfelder, Curtiss, and Bird, Molecular 
eet of Gases and Liquids (John Wiley & Sons, Inc., New York, 


18 T. L. Hill, J. Phys. Chem. 63, 456 (1959). 
(1959), A. Pierotti and G. D. Halsey, Jr., J. Phys. Chem. 63, 680 
2K. S. eng: * peainge Chemistry (Prentice-Hall, Inc., New 
York, 1954), p. 3 
. E. ay "University of California, Ph.D. thesis (1958) 
wi UCRL-8385 (july 21, 1958). 
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Fic. 1. Coordinates used in the general derivation of E“. 


energies.” These also occur in Eq. (7) and in most 
of the specific formulas mentioned in the foregoing. In 
adsorption as well as in intermolecular dispersion 
energies the 6’s are usually assumed to be approxi- 
mately equal to the ionization potentials J. Recent 
considerations show?! that in more than two-electron 
atoms electron correlation raises the 6 by a factor of 
about 2.1 higher than J. It must be pointed out here 
that the use of this proper 6 (for the molecules and 
possibly for the solid) will bring the insulator-type 
adsorption energy formulas such as London’s into quite 
good agreement with experiment. Slater-Kirkwood 
formula?'” involves NV, the number of electrons in the 
outer shell of molecules, instead of 6; here N should be 
regarded as an empirical parameter and “effective” 
values used.2 Kirkwood-Miiller formula?*!® does not 
contain any of these “parameters” and although it is 
strictly valid for spherical systems,? it is still quite 
successful in adsorption.” In the rest of this article, we 
shall use the appropriate molecular 6’s (2.17) instead 
of J wherever they occur. 

The formulas derived from Eq. (7) and Eq. (8) 
strictly for metals* also predict heats which are too 
small.* Here the increase in 6; has a smaller effect on 
E;,. However, it should be recalled that the 6’s 
appearing as the main feature in both Bardeen’s* 
and Margenau’s and Pollard’s'* formulas were derived 
for monovalent metals neglecting the effect of the 
periodic potential of the lattice and the effect of the 
polarizability of the ion cores. Thus, such formulas 
should not be applied to, for instance, transition 
metals that have incomplete d shells and might show 
very large “inner core” effects. 

The low values predicted for the heats of adsorption 
by the theories above, in the way that they are often 
applied, have induced discussion® of another type of 
force, i.e., the charge-transfer” force as contributing 
to van der Waals adsorption on metals. However, in 


# R. S. Mulliken, J. Am. Chem. Soc. 74, 811 (1952). 
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view of the lack of a sufficiently quantitative treatment 
of these forces in adsorption and considering the pre- 
ceding discussion, we shall assume that van der Waals 
attraction of nonpolar molecules to metals as well as to 
insulators is given primarily by E,,° of Eq. (7). 


C. THIRD-ORDER ENERGY 


Now, if instead of a single molecule on the surface 
several molecules are considered, no new effects arise 
in the nonoverlap second-order perturbation. The 
potential energy of the system is simply the sum of 
London attractions! between molecules and _ their 
individual van der Waals attractions to the surface as 
given by Eq. (7). To see the effect of the surface on the 
long-range interaction between molecules we must turn 
to the third-order term of the perturbation series. If, 
as we had done for the second-order term in Eq. (1), 
we consider the adsorbed molecules to be quite small, 
and after expanding the instantaneous potential of the 
molecules in multipole series in the usual fashion,! take 
only the leading dipole terms, the interaction operator 
between two molecules and the surface becomes 

J =u Fi-— ue Fo t+ Tre we, (10) 
where again F; and F; are the instantaneous electric 
fields produced at the centers of the molecules 1 and 2, 
respectively, by a given distribution of all the electrons 
and nuclei that make up the solid. The w’s are the 
instantaneous dipole moments of the molecules (here 
we always mean inert gas atoms or other small quasi- 
spherical molecules) given by e), #;, i.e., summing the 
radius vectors of all the electrons of a given atom. 
The last term of Eq. (10) is the dipole-dipole operator 
for the interaction between two molecules with the 
tensor Ti. given by 


Tr= (I— lls) / ry. (11) 
Here li» is the unit vector along ry», the distance 


between the two molecules as shown in Fig. 1. 


With the J of Eqs. (10) or (1) the third-order energy 
becomes” 





oat (0| J|n)(n| J | m)(m| J | 0) 
B=2 D (Ey— En) (Eo— Em) 


(12) 


n=O mAén,0 


This energy vanishes for one molecule and the surface, 
i.e., for J given by Eq. (1). If on the other hand, Eq. 
(10) is substituted into Eq. (12), each matrix element 
there can be written as a sum of three terms and since 
the eigenstates of the system are taken in the product 
form as in Eq. (3) (with each factor forming an ortho- 


23 In general E) will have an additional term which is different 
in different perturbation theories (see: Morse and Feshbach, 
Methods of Theoretical Physics (McGraw-Hill Book Company, 
Inc., New York, 1953), Vol. II; however, this term vanishes in 
our case because of the dipole selection rules. 
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normal set) a typical matrix element is of the form 
0 | J | 2)=— (00 | wie Fi | 07 )5oe— (00 | ya* Fe | o7 day 
+((0 |u| e):T: | we] o)) do, (13) 


where again a, p, t label the various eigenstates of 
molecules 1 and 2 and the entire solid (including all the 
nuclei and electrons that make it up), respectively. 
[The do, etc. are Kronecker deltas only here and should 
not be confused with the excitation energies in Eq. (4), 
Eq. (5), and in the forthcoming equations. ] Then, 
multiplying out such matrix elements in Eq. (12) and 
using the dipole selection rules for spherical molecules,* 
it can be seen that only certain combinations of transi- 
tions giving rise to such terms as 


> (un Yoo* (Fi )or (ue Yoo* (F's )ro (ui )oo* Ti (ue oro 
TO oA [6 (Op) +6,(0r) aK (Op) +62(00’) J ; 
(14) 


with 6,(Op) = E,°— E,° and similarly 6, for the surface, 
contribute to the sum [Eq. (12) ]. The derivation 
follows along quite similar lines to that given by 
Kihara® for three molecules. There are two types of 
terms designated by transitions such as 


000—p00—pa’0—000 





in which only the ground state of the solid is involved, 
and six types of terms corresponding to different 
double transitions in each matrix element, such as 


000—pc0—07’—000. 


The numerators of these six are all equivalent [Eq. 
(14) ] but four of the denominators [of the form 
(5:+42) (6:+6,) ] are different from the other two 
[of the form (6:+4,)(6.+4,)]. After using mean 
excitation energies and polarizabilities for the mole- 
cules [Eqs. (5) and (6) ] as had been done for E,, 
previously, the result is 


Ep, = (a?/ 12°) [ (F; )oo* (F; )oo— 3 (F, )oo° hele: (F; oo ] 
+ (ay?/2r2*) [ (261+ 4.) 5:/ (61+48,) gp ({F1 dor (F2)r0 


—3(Fieh)or(heeFe)0) (15a) 


Ev,” = E.,. + Ey ( 15b) 


where es means electrostatic and fl fluctuation and 
where for convenience we have assumed molecules 1 


* Landau and Liftschitz, Non-Relativistic Quantum Mechanics 
(Addison-Wesley Publishing Company, Inc., Reading, Massa- 
chusetts, 1958). 


and 2 to be identical. In arriving at this result use has 
been made of relations of the type: 


D (wr ops T’+ (usr )oo= 2 (ws op (t41 )oo? T’ 
~~» ~~» 


= (u1z Yoo? 3 T’, 


T’= (Fi) (F:):Tn, (17) 


1: T’=TraceT’= ((Fi)+ (F2)—3 (Fe: he) (Fie he)) /re’, 


and 7 in Eq. (15) still refers to an eigenstate of the 
semi-infinite solid as a whole. 

The meaning of Eq. (15) is similar to that of Eq. (7) 
discussed previously. Again the first part, E.,, exists 
only when the surface possesses a net average electro- 
static field (F )o and within the approximation of Eq. 
(6), i.e., the substitution of atomic polarizability into 
Eq. (16), it is the same as the classical interaction 
between two permanently induced dipoles and already 
has been considered by de Boer.* The second part 
En, involving the sum 


(Fy F.—3F- hho: F:)-= >, ( (F1)or* (F2)-0 
THO 


—3(F y+ his )or (lies Fs )0 
= ( (Fi: F, )oo— 3 (Fi- heli F: Yoo) 
— ((Fi)oo- “F2)oo—3 (Fi )oo* hizkie- (F2)o0) (18) 


is again of the dispersion or fluctuation type. When 4, 
is small, it represents the interaction resulting from the 
additional simultaneous polarization of the molecules 
by the in phase fluctuations of the surface fields at the 
points 1 and 2. In fact, Eq. (18) can be simply regarded 
as the “correlation coefficient” of F, and F: in the sense 
of elementary statistics. 

The electrostatic or average fields in Eq. (15) must 
be in the z direction (see Fig. 1) whenever they exist, 
on account of the symmetry in the xy plane, so that the 
electrostatic energy in Eq. (15a) is given by 


E., = (ay?/r12*) (Fi? Yoo (Fy Yoo ( 1 on 3 cos’@) ’ 
and similarly we have from Eq. (7) 


E..” pears 404 ( Fy? ) 007. 


(19) 


(20) 


When one of these energies is known the other is ob- 
tainable by the appropriate elimination of (F*)’s. 

On insulators Eq. (19) and (20) are usually unim- 
portant® and fluctuation energies constitute the pri- 
mary effects. On metal and charcoal surfaces both es 
and fl energies must be taken into account. The dis- 
cussion of E® and E® in relation to one another 
when es terms are not negligible will be deferred until 
the end of this section, i.e., until after a detailed deriva- 
tion of what we have called the fluctuation energy 
between adsorbed molecules, to which we now turn. 
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The fluctuation parts of Eqs. (7) and (15a) are 
given by 

En® = —$on[bs/ (5i:+6s) {| Fi |); 

(| Fi |?)s= ((Fit)?)- +2 ((Fi)?)s, 


(21a) 
(21b) 


and 
En® = (a?/r12°) [6:(26:+ 5s) /2 (6+ 5,)?]( (Fi: F, de 
—3(Fi-lele:F.),), (22) 


where the summations over the eigenstates of the solid 
not including the t=O ground state have been indi- 
cated by (__),. Eq. (21b) follows from the equivalence 
of the x and y coordinates over the surface. 

In terms of the coordinates shown in Fig. 1, Eq. (22) 
becomes 


En® = (e4?/r*) [61(26:+56,) /2(614+55)? IL (Fi2 F 2?) 
*(1—3 sin’) + (Fy F2”),+ (FiF2?),(1—3 cos’6) 
—3 sind cos0 (F\*F2*+ FY F* Ye], (23) 


6 denoting the angle between ly» and the normal to the 
surface. The coordinate axes have been so chosen that z 
is along the normal and the xz plane contains lh» (Fig. 1). 
Notice also that, e.g., (Fi7F2* ), is identical with (F:*F 2? )oo 
i.e., the expectation value over the ground state of the 
solid, because (Fi*)oo is zero [see Eqs. (8) and (18) ]. 
Equation (23) can be simplified considerably by noting 
that (F;*F2’)o and (F;‘F:*)o vanish because F* is 
an odd function in all the x coordinates involved (i.e., 
all electrons and nuclei of the solid). In addition the 
matrix elements, (F;*F:*),, ***, can be replaced to a 
good approximation by the corresponding quantities 
(Fi*Fy*),, +++ (Fig. 1); ie., the points 1 and 2 can be 
brought on top of one another along the normal to the 
surface passing through the midpoint m of ry. This 
approximation can be partly justified in the following 
manner. 

Since the states of the solid, Yo, ¥,* + 
normal set, we have, as in Eq. (18), 


(Fy F;*),= bx (Fi! bor (F's? ro, 
r= 


, form an ortho- 


(24) 


and similarly for x and yy. Now because of translational 
symmetry the over-all eigenstates describing the solid 
must be of generalized Bloch function form; i.e., 


¥,=Lexp(ik,-R) Ju,(R), (25) 


where R denotes the coordinates of ail the electrons and 
nuclei, k, is a generalized wave vector and u, a periodic 
function of R depending on the symmetry of the solid 
(In the xy plane) Thus the matrix elements such as 
(F;*)or will be of the form 

(Fi*)oe= J exp(ik,’*R) Fy'u*udR. (26) 
Here F;' is the sum of the instantaneous electric fields of 
all the electrons and nuclei in the solid, and these 
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electrons and nuclei may be assumed to be quite uni- 
formly distributed at ail instances. This assumption 
allows us to consider F; as a nearly periodic operator 
in the sense that if all the electrons and nuclei were to 
be translated by a lattice constant in the x or y direc- 
tions, it would remain quite unchanged. In this case, 
according to group theory, only those matrix elements 
[Eq. (26) ] for which the k,’(x, y) equals zero would be 
nonvanishing.” Even though this selection rule is not 
rigorously applicable here because F; is not really a 
“periodic” operator, nevertheless it suggests that the 
greatest contribution to Eq. (24) will come from ex- 
citations for which the generalized wave vector k(x, ¥) 
in the xy plane is approximately unchanged. It is 
interesting to note that even when the crude free- 
electron approximation is made when the solid is a 
metal, a similar conclusion can be shown® to follow; 
in this case where the assumption of the periodicity of 
F; cannot be made at all, Eq. (26) reduces to a single 
electron matrix element involving ordinary one-elec- 
tron Bloch functions. Nevertheless it is found that 
even these matrix elements have appreciable values 
only when the changes in the wavelength (in the xy 
plane) of an electron are small compared with the 
reciprocal of a distance of the order of a lattice con- 
stant. [See Eq. (14) of reference 15]. 

If then, it is further assumed that d (Fig. 1) is either 
much smaller than or approximately equal to a lattice 
constant of the “surface,” the origin of the coordinates 
for the wave functions in Eq. (26) can be shifted from 
1 and 2 to 1’ or 2’, respectively, and in view of the 
translational properties just discussed, one gets 


(FF = 


D3 (Fi* or (Fe) (Fy* )or (F2* )r0 
= (Fy*Fy*), 


and similarly for y and z. Eq. (27) makes the x and y 
matrix elements in Eq. (23) equivalent and hence 


(27) 


En® © (a?/ri*) [61(26: +55) /2(6:+46,)? 0 (Fi Fo )s 
— (Fy*Fy*), ](1—3 cos’®). (28) 


When the two molecules are the same distances from 
the surface (@=90°), the points 1’ and 2’ coincide with 
m the midpoint of riz and we already have (Fy*F2*), 
and (Fy*F»2*), going over into ((Fn*)?), and ((Fm*)?)s, 
which are the same matrix elements appearing in En. 
[Eq. (21) ]. On the other hand when @ differs from 90° 
so that 1’ and 2’ are above and below m, by writing 


(Fy Fe )-~ (| Frm [?)s 


%N. F. Mott and H. Jones, The Theory o 
Metals and Alloys (reprinted by Dover Publi 
York, 1936), p. 59. 

* M. Tinkham, vee ag = Mechanics of Atoms, Mole- 
cules, and Solids (A. S C. Store, University of California, 
Berkeley, 1958), p. 94. 


(29) 


the Properties of 
ers, Inc., New 
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we might be expected to provide a reasonable approxi- 
mation. Actually somewhat later we shall give another 
quite different derivation of E,® which will show 
among other assumptions made in the foregoing, the 
validity of Eq. (29). 

It is, by this time, apparent that Eqs. (28) and (29) 
would permit the replacement of the matrix elements 
in En® in terms of En® (which might eventually be 
viewed as an empirical quantity) provided a simple 
relation can be found among the various components 
of (| F|*),. Fortunately such a relation does indeed 
exist. The same proportionality constant between 
{(F*)?), and ((F*)*), is obtained upon an examination 
of two very different models of a solid and the result is 
perhaps perfectly general. First, it has been shown™ 
that in the nondegenerate or degenerate free-electron 
gas model of a metal, 


((F*)*),= ((FY)?)s= 3 ((F*)?)y. (30) 
Secondly, if we consider an insulator or a metal (Mar- 
genau-Pollard® model) as made up of fluctuating- 
dipole sections (in the sense of dispersion forces) then 
({(F*)?)oo etc. can be calculated from 
(1Fa |?) (| Faw Powis, (31) 
where dw refers to an infinitesimal volume element in 
the solid and ( | Fino |*)oo is the expectation value of the 
square of the field produced at m by the section dw. 
By using 


F co= — T muo* Boy (32) 


where T,,. and 7, are analogous to Ti: and 72 of Eq. 
(11) we find for the components 


((Fms*)? oo=[ ((ue*)? o0/Pmu® JL1+3 (Jom®)*], (33) 


and similarly for y and 2, lon? being the x component 
of the unit vector in the direction from w to m. Equa- 
tion (31) can be integrated separately for each com- 
ponent; e.g., 


((Fat)* C(t)? bof f° f “CA++ 38/1) /r Udy 


(34) 


and ((j2)*)oo is related to the polarizability of the solid 
per unit volume [Eqs. (5), (6) ]. Equations (33) and 
(34) again lead to exactly the same result as Eq. (30) 
after performing the elementary integrations. Thus 
we take Eq. (30) as a sufficiently general result. 

Finally, combining Eqs. (21), (22), and (28)-(30), 
we have an approximate relation between E,® and 
En® analogous to the relation between the es energies 
in Eqs. (19) and (20): 


En ®(an/r2*) Ao | En® (Rm) | $(1—3 cos’), (35) 
where 


Ao= (28:+6,)/(6:+4,), 


Fic. 2. Derivation of E@ 
by integration. 








and En,” (R,») usually*+416 is of the form 
En® =—K;/R,, (36) 


with Ky a constant (to be determined empirically 
when E,,%~0, or from the theories discussed in Sec. 
B) and R,, the distance from m to the surface. 

The derivation presented has the advantage of being 
general and independent of the nature of the solid. 
Everything that would specifically involve the solid 
has been taken care of by En® which of course may be 
viewed if necessary as an experimental quantity. 
However a crucial assumption has been made in Eq. 
(27) depending on the uniformity of electron and 
nuclear distribution at al] times, an assumption which 
seems reasonable intuitively but cannot be fully 
justified. We shall give another derivation of En®, 
however, which is quite independent of the first one, 
yet leads essentially to the same results as Eq. (35). 

The matrix elements of the electric fields appearing 
in Eq. (22) can be evaluated directly if a specific model 
is adopted for the solid. This evaluation would be 
possible, for instance, for the free-electron model of a 
metal; however this model is not suitable because 
van der Waals interactions are very strongly influenced 
by electron correlation." The oscillating-dipoles 
model which we have already discussed is a valid one 
for insulators and even for metals."* To evaluate En™ 
for this model we again consider the solid to consist 
of small elementary portions dw and write as in Eq. (31) 


(Fi: F2),—3 (Fis hha: F2), 


x i [ (Fiat Fa )o—3 (Fiat hake Fo,)o ldo, (37) 


where F;,, and F2, are the fields due to the section dw 
at the points 1 and 2. After substituting Eq. (32) and 
some manipulation the integral in Eq. (37) becomes 
3 cosh; cosbe CosO..+ 1) dw 
3((aut)* no fF 


Tie Fos? 





(38) 


in terms of the angles and distances defining the 
triangle 12w as shown in Fig. 2. Of course the integrand 
is just the expression that appears in the triple-dipole 
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energy® and our task now is the integration of this 
energy over the entire solid for given positions of 1 and 
2, as in the similar evaluation of E® by integrating 
(instead of summing) London forces between 1, say, 
and a section of the solid.* We shall integrate Eq. (38) 
for two orientations of the molecules only, i.e., 6=0° 
and @=90°. 

When 6=0°, i.e., 1 and 2 are on the same normal to 
the surface, the integral A in Eq. (38) is exactly 
integrable in cylindrical coordinates with origin at m 
(Fig. 2). Writing 6;, 62, 0, and rio, fe» in these coordi- 
nates one gets 


A=A)+3A- 


a ke 
eh TaPtos m [o‘— 4a%2?)” 


‘ [= cos6, cos6,.d V 
4 c => 


Nis Fou 


(39) 
where 








ee {f= (2°—a?+ p*) pdpdz 
ay oh Re, [b‘— 4022? 2 ? 
and P=2?+-p*+a’. 
The result is 


A (@=0°) = —7/6R,,'. (40) 

On the other hand, when @=90°, i.e., when 1 and 2 
are in the same monolayer, the integration is somewhat 
more involved owing to the appearance of cos@ in the 
denominators of 





at 3 
J 68(1—R cos’o)! 





1 /e (1—2a?/b?) (1—p? cos*/a?) dV 
b8(1—k cos’p) 5” 


(Rk? =4a"p?/b*). 


Nevertheless, by expanding these denominators in 
binomial series and keeping 3-4 terms, A is obtained to 
about one percent accuracy: 


A(6=90°)&(0.344/Rn?®) f(a, Rm), 
f(a, Rm) = {[(2Rn?— a?) /3(Rn?+a?) ] 
+0.320[a?Rint/(Rn2-+a2)®]—0.422[ Rnt/(Rn2-+a?)?] 
+ (a?/SRn?) — (a4/7Rm') + (a°/9Rm®) — +++}, (42) 


(41) 


where the arctan resulting from the final z integration 
has also been expanded in a power series of (a@/Rn). 
The connection between these and the result of the 
former derivation, Eq. (35), becomes apparent when we 
substitute the troublesome quantity ((u.7)*)oo, related 
to the polarizability of the metal, in Eq. (38) from 
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E® based on the same model!® [see Eq. (34) ]. One 
obtains 


En (= 0°) =_ (a/2r2*) Ao( Kt/ Rm) (43a) 


and 
Ey (8= 90°) (a1/n*) Ao( K1/Rn*) f(a, Rm) ° 


(43b) 


Equation (43a) is exactly the same as Eq. (35) pro- 
vided a R,,~* law is assumed for Ep® (Rm), and this 
result lends additional support to the assumption of 
Eq. (29) that had been made in the previous derivation. 
On the other hand, Eq. (43b) would also be the same 
as Eq. (35) if f(a, Rm) of the former were to equal the 
factor of } in the latter. An examination of the Eq. (42) 
reveals that f(a, Rn) is a very slowly varying function 
of both a and R,,, and its value remains within about 
+15% of 0.25 over the relevant ranges of these vari- 
ables. 

The previous derivation of Eq. (35) had been quite 
independent of the nature of the solid, and, for in- 
stance, the F’s are not restricted to dipole fields as in 
the second derivation. Yet, when the proper (e.g., 
empirical when (F)o~0)E®’s are used in both, the 
two derivations lead essentially to the same result (at 
least for the interesting cases, 2=0° and @=90°, 
examined). This is not surprising, however, since any 
differences that would have arisen between the results 
of the two derivations as a consequence of the specific 
model used in the second, are largely cancelled in the 
elimination of ((y.7)*)o which is common to both 
En and En. 

E.s® and En in Eqs. (19) and (35) have the same 
dependence on @ and rj. and can be combined together 
giving the total surface intermolecular potential Ey,, 


Ey, (a1/712*) ( 1— 3 cos’) {ay (Fin? Yoo? 
+340| En® (Rm) |}. (44) 


The electrostatic or average field (F*)o is independent 
of the x, y coordinates on the surface and we have also 
made the approximation 


(Fi? )oo (F 2? )oo™ (F m* doo? (45) 


and used the average field at m. The total Ey, cannot 
be related to the total E,,®, because the relative. im- 
portance of the es terms are quite different in each case. 
Nevertheless Eq. (44) can be put into a very useful 
form after substituting for (Fn‘)oo from Eq. (20), 


Exo. (an/r12*) (1-3 cos) | Eis (Rm) | 
XC(Aot+ymA1) /4], 
Ai:=[ (66:+78,) /(:+6.) J, 
and we have defined the parameter 
m= Eos (Rm) /Exs® (Rm) 
= Eos /( E+ En), 


(46) 


where 
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ie., the electrostatic fraction of the fotal van der Waals 
attraction of a molecule at m to the surface. Here ym is 
not a constant but depends on Rm, because En” varies 
in general** as R,,*, whereas E..* falls off expo- 
nentially.* However if we are interested in the be- 
havior of molecules strictly in a monolayer, then we 
find a simple proportionality between E® and E®, 
In general the range of R,, that is important for E® is 
not very large so that we might replace ym by an 
average ¥ either over the whole range or at least up toa 
certain R,,° and then assume ym=0 for Rn> Rn’. 

If a Lennard-Jones (12-6) potential had been 
assumed between two molecules (e.g., in inert gases), 
when the molecules are adsorbed on a surface the new 
intermolecular potential is modified and now becomes 


€' (riz) = eo (70/r12) ?— 2 (10/112) ©] 
+[S( Rn) /n:*](1—3 cos’), (48) 


provided the original r2-” repulsion has not been 
altered appreciably by the surface. Here ¢) and 19 are 
unchanged and are the gas phase parameters”; S( Rn) 
includes both the es and fl contributions [Eq. (46) ]. 
When more than two molecules are considered on the 
surface, the total potential energy of interaction 
between the molecules themselves will be obtained by 
summing é12’ over all pairs. In other words, the inter- 
molecular energy is still “pairwise additive” to the same 
extent as the gas phase Lennard-Jones potential. Bade" 
has found that for a system of molecules the third-order 
energy is triplewise additive. With a system of mole- 
cules and the surface the only additional triplets that we 
haven’t included in E is the triple-dipole energy® of 
three adsorbed molecules and this of course is the same 
as in the gas phase. Then, pairwise additivity of 
é'(ry2), Eq. (48), to the same extent as the Lennard- 
Jones (12-6)e(r2) follows. An estimate of the con- 
tribution of higher order perturbations to ¢’(ri2) can 
also be obtained from the work of Bade" with reference 
to the model we have used in the second derivation 
of E®. Replacing summation over the solid by inte- 
gration as in Eq. (37) the effect of higher order per- 
turbations on €2’ can be shown to be negligible. This is 
to be expected since the higher terms involve higher 
inverse powers of the distances. 

The full use of Eqs. (46)—(48) in conjunction with 
experimental data and relative magnitudes of En, 
and E..* will be discussed in the next section. 


D. APPLICATIONS AND MAGNITUDES 


E® as given by Eq. (46) can be obtained most 
directly when the electrostatic effects are quite un- 
important as on most insulators. One only has to 
substitute for E,,°. Especially in a monolayer the 
repulsion between two atoms can be estimated simply 
by using 1.5Uo for E,,.%, [Eq. (9)], if we assume the 
atoms to be restricted to their minimum energy dis- 
tances (Ro) from the surface and behave like a two- 




















2.0 2.5 


Fic. 3. Potential energy of interaction between two Xe atoms; 
curve a, Lennard-Jones (12-6) potential in the gas phase; curve 
b, Lennard-Jones (12-6) plus the third-order repulsion between 
two Xe atoms in a monolayer on tungsten. Both atoms are the 
same distance Ry, from the surface. 


dimensional gas; then one does not need an estimate 
of this distance Rn= Ry but only Uo, the energy of 
adsorption at zero coverage. 

The most straightforward application of Eq. (46) is 
in connection with the virial coefficients treatment of 
physical adsorption.’ There, £;,% can be obtained 
without the complications of nonzero coverage from 
By, the “second-surface virial coefficient” involving a 
single molecule and the surface.’ When 7 is not neg- 
ligible, the total E® might be approximated by a 
general R,,-" law and its parameters obtained from a 
best fit to Bi, data. Similarly Ey, is related to Cis, 
the two-molecule-surface virial coefficient.» A com- 
bination of B,, and Cy, would enable one to get an 
estimate of an average 7. Notice that although in 
general it is difficult to estimate a reliable value for 4,, 
the surface mean excitation energy, its appearance in 
Ao and A; of Eq. (46) is not critical. Because Ao varies 
only from unity to two, and A; from six to seven as 
(6,/6:) ranges from infinity to zero. In general Apo will 
lie close to 1.5 and A; to 6.5. 

A few applications with actual data will serve to 
demonstrate the use of some of these ideas and at the 
same time show the relative magnitudes of En, and 
Ee™. 

Ehrlich and Hudda’ have estimated the heat of 
desorption of Xe on tungsten to be about 8 kcal/mole 
and E..~1.6 kcal/mole. If we neglect any effects of 
nonzero coverage and assume that (8-1.6) =6.4 kcal/ 
mole represents the energy minimum U> of a Lennard- 
Jones (9-3) potential, then En® (Ro) ~9.6 kcal/mole. 

The same value is obtained from Kirkwood-Miiller 
formula? at R,n=3.1 A, so that this estimate is reason- 
able. Taking 6, very roughly as twice the ionization 
potential J of tungsten atom (see Sec. B about 6,’s), 
Aow 1.59. With these values one gets En®~0.163 
kcal/mole and E,..~0.133 kcal/mole, at r2=r79 and 
when 6=90° and the two molecules are at their equi- 
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librium distance from the surface. Comparing these 
figures with the gas Lennard-Jones (12-6) potential 
minimum ¢€ between two Xe atoms, we observe that 
En™ amounts to ~37% and E,,~30% of e. The 
resulting intermolecular potential is the curve b in 
Fig. 3. On the other hand if we consider the case of the 
two molecules on top of another as in multilayer forma- 
tion we get En~—0.18e, ie., an attraction when 
the first molecule is at R:~3.5 A and ry=7o. 

Freeman” has studied the adsorption of single atoms 
of Kr on alumina and A on carbon black. Neglecting the 
es effects for this system and using E;,°=1.5U9= 
4.58 kcal/mole” and 6,~8.2 ev estimated by comparing 
the Kirkwood-Miiller and London formulas,? one ob- 
tains Ey, (Ro) ~ 23.1% of € at re=ro and 6=90° and 
about —10% «& attraction when 6=0°. 

Of course very often it is also possible to estimate 
E® using a calculated value of En, e.g., from Kirk- 
wood-Miiller’s formula. For instance, the attraction of 
Kr to tungsten, En, is found to be ~6.9 kcal/mole at 
a distance of Ro~3 A by this formula. This leads to 
0.32 € repulsion in the monolayer at ry=ro. (The 
Lennard-Jones parameters €, 79 in the above calcula- 
tions as well as J’s have been taken from reference 
20, p. 339). 

Finally the estimation of 7 from data can be demon- 
strated on the system: A and carbon black. At the dis- 
tance of minimum energy Rp one has 


En®~1.5U09(1—y)/[LA+ (y/2)] (49) 


if it is assumed that a Lennard-Jones (9-3) potential 
has been fitted only to En® excluding E,,”. We take 
§,~27=22.4 ev and from Freeman” 1.5U9=5.8 
kcal/mole. Then for a total repulsion, Ey,“ between 
two A atoms in a monolayer that would amount to 


27M. P. Freeman, J. Phys. Chem. 62, 723 (1958). 
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about 70% of € at r=ro, as in the Xe—W case, one 
would get 7~38%. This number compares favorably 
with 7~30% that one gets from Eq. (49) after calcu- 
lating En, from Kirkwood-Miiller’s formula at Ro= 
2.94 A.” 

The results presented above might be summarized 
by stating that the third-order perturbation introduces, 
aside from the “electrostatic” effect, a repulsion 
between the molecules in a monolayer which amounts 
to about 20-40% of their gas phase potential minimum, 
€o(at r12=10). The same third-order fluctuation energy 
gives rise to an attraction, if two molecules lie on top 
of one another, which might be about 10-20% of «. 
This attraction is among the factors contributing to the 
formation of multilayers (multimolecular adsorption). 

It is well known that with a relatively dense ad- 
sorbate resembling a liquid only a small amount of 
additional attraction above and beyond the heat of 
liquefaction of the adsorbate is needed to provide for 
the formation of multilayers.? Although the greater 
portion of this energy is provided by the ordinary van 
der Waals field of the surface,®* ie., by En, (es 
effects decreasing exponentially from the surface, 
might be negligible in the additional layers) En® as 
discussed above is also a contributing factor; in the 
Xe-W example with only two molecules on the surface 
Ey. amounts to roughly ten percent of the En” 
acting on the top molecule at Roa~8 A. 
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An algorithm for the systematic calculation of Urey-Bradley force constants has been programed for a 
digital computer (the Datatron 204). The secular equation is set up and solved in internal coordinates, the 
potential energy being transformed from Urey-Bradley space to internal-coordinate space by a matrix Z. 
This same matrix is also used to transform the Jacobian of \ with respect to the force constants from in- 
ternal-coordinate to Urey-Bradley space, thereby allowing the direct determination of Urey-Bradley force 
constants. A method is described whereby the Z matrix and Wilson’s G matrix may be set up by the com- 
puter from the geometrical parameters of the molecule. 





INTRODUCTION 


OR many years the interpretation of vibrational 

spectra has followed two distinct paths. On the 
one hand spectra of thousands of compounds have been 
measured and cataloged and empirical correlations 
have been drawn between the observed frequencies and 
the molecular structures.' but relatively few of these 
spectra have, on the other hand, been subject to the 
detailed vibrational analysis which yields potential 
constants and normal coordinates. There appear to be 
two reasons for this state of affairs. 

First, the amount of computation involved in a force- 
constant calculation is well known to anyone with 
experience in the field, and this has in the past been a 
major factor determining the type of molecule studied— 
those with few atoms and a high degree of symmetry 
have enjoyed considerable popularity. Now that high- 
speed digital computers are becoming increasingly 
available the computational burden becomes less 
onerous and the way is opened to vibrational analyses 
of many larger molecules of greater chemical interest. 
Thus, with suitably programed computer, it should be 
possible to extract more information from the present 
compilation of spectroscopic data and to make further 
systematic correlations between the force constants 
and the molecular parameters. 

However before proceeding, we must consider the 
second limitation which militates against force-constant 
calculations for large molecules, viz., the number of 
force constants in a realistic potential function usually 
exceeds the number of vibrational frequencies from 
which the former must be determined. In certain cases 
frequency data have been supplemented by rotational 
constants (e.g., ¢ and D,;), which are also functions of 
the potential constants, and by data from isotopically 
substituted molecules where these are available. Alter- 
natively, the embarrassment of too many parameters 


1The current literature has been summarized by Bellamy 
[The Infrared Spectra of Complex Molecules (Methuen and Com- 
pany, Ltd., London, 1958)]. However, many more spectra and 
correlations exist in the working files of practicing spectroscopists; 
for example, our file at The Chemical Company contains 
more than 12 000 spectra of pure compounds. 


in the potential function may be overcome by taking 
only selected cross terms, by taking a different physical 
model with fewer parameters, (e.g., the Urey-Bradley 
force field? or the orbital following force field*) or by 
transferring force constants from related molecules. 
While it appears that the general quadratic force 
field is superior when the available data are in excess 
of the minimum necessary to fix the force constants and 
the potential function is carefully fitted by least squares, 
it is rare indeed that all this information is available, 
even for a small molecule with four or five atoms. Thus, 
it would appear that if we are to embark upon an 
extensive program of force-constant calculations with 
an extension to large and complex molecules in mind, 
one of the simpler force fields is preferable to the 
general quadratic one. Our preference for the Urey- 
Bradley field was determined by the following con- 
siderations. 

(i) Relatively few parameters are necessary for a 
complete description of the potential energy. 

(ii) The Urey-Bradley field contains no quadratic 
cross terms as such but rather they are implicit in the 
interactions between nonbonded atoms. These interac- 
tions are often more easily visualized than quadratic 
cross terms and should be easier to correlate, par- 
ticularly in the case of fairly large molecules with many 
vibrational degrees of freedom. 

(iii) The calculations of Shimanouchi‘* and co- 
workers have demonstrated the general validity of this 
type of potential function and have already established 
typical values for a number of Urey-Bradley force 
constants. 

This paper describes the basic computational tech- 
niques we have developed for the calculation of Urey- 
Bradley force constants from the observed vibrational 
frequencies. The perturbation treatment on which our 
program is based originated in Dr. Bryce Crawford’s 
laboratory at the University of Minnesota and we 


?H. C. Urey and C. A. Bradley, Phys. Rev. 38, 1969 (1931). 
(1948) F. Heath and J. W. Linnett, Trans. Faraday Soc. 44, 873 
‘'T. Shimanouchi, J. Chem. Phys. 17, 245, 848 (1949). 

5 T. Shimanouchi, J. Chem. Soc. Japan 74, 266 (1953). 
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should like to take this opportunity to acknowledge 
our indebtedness to Dr. Shimanouchi, Dr. King, Dr. 
Curtis, and to Dr. Crawford for many of the under- 
lying ideas. 

APOLOGIA 


To discuss the procedure for calculating force con- 
stants at such length, particularly when some of the 
details are already in the scientific literature, requires 
justification. However, as we have abandoned the 
customary approach in which large transformation 
matrices are expressed as explicit functions of the 
geometrical parameters, and have programed a com- 
puter to construct these matrices from a minimal input, 
it is imperative that we give full details of our method, 
for our results are always open to the criticism that 
they are ‘‘machine calculations which can be assumed 
to be numerically correct although they cannot be 
checked: + +.’ 

The only real evidence we can offer for the correct- 
ness of our results is the detailed description of the 
method on which our program is based and our as- 
surance that we have tested it fully, and, to the best 
of our knowledge, the logic of the program is correct. 
We have also taken several test cases (COCl, COHs, 
C2Cl,, and C:H,) which have previously been calcu- 
lated by other methods and have been able to reproduce 
the results with our program. 

Therefore we feel justified in devoting the first 
paper of this series to a detailed description of the basic 
techniques, not only to give perspective to our develop- 
ments of the method, but also because we hope that this 
description will provide the key to the interpretation 
of subsequent papers in this series. 


CALCULATION OF FORCE CONSTANTS 


While in principle the intramolecular force constants 
may be expressed as explicit functions of the vibrational 
frequencies by expansion of the secular determinant in 
minors, in practice this method is cumbersome and 
eventually becomes impracticable as one proceeds to 
higher order problems. Those iterative methods which 
gradually refine a trial set of force constants to fit cer- 
tain criteria (e.g., the vibrational frequencies) are 
much more powerful and our method is based on such a 
procedure described by King.’ 

Consider the potential energy in the Urey-Bradley 
form,® 


2V = )0[2K i'r :Ar:+Ki(Ar,)*] 


+ 0 [2H 5j'r2’Aa i +H ij(rAceij)?] 


i<i 


+> [2F i qisdgitF is(Agi)?], (1) 


i<7 


6H. C. Urey, Nature 181, 1458 (1958). 
7W. T. King, dissertation, University of Minnesota (1956). 
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noting that it is a function of the coordinates Ar; 
(valence-bond stretches), Aa;; (valence-angle bends), 
and Ag;; (displacements between nonbonded atoms). 
After removal of the redundant coordinates Aq,; and 
substitution of the minimum condition, V is left as a 
function of n’ variables which may be independent or, 
if we chose to include more than the minimum number 
of internal coordinates necessary for a complete des- 
cription of the molecular configuration, may still 
contain local or cyclic redundancies.* The potential 
energy now appears as a quadratic form in the internal 
coordinates R, viz., 


2V=RFR, (2) 


where the individual elements of the F matrix are 
linear functions of the Urey-Bradley force constants, 


Fji= Dian'bs, (3) 


the coefficients a; being determined by the molecular 
geometry. 

The (n’)? row-and-column indices® of the entries in 
F are then arranged in arbitrary order as a vector f 
(the F-index vector) and the individual elements of F 
are similarly arranged as a second vector F so that 
there is a one-to-one correspondence between the 
elements of f and F. 

This procedure allows us to define a transformation 
matrix Z such that 


F=Za, (4) 


where ® is a vector of Urey-Bradley force constants; 
the order of the elements of F and the rows of Z is 
determined by the f vector. We shall defer examination 
of the Z matrix and for the moment be satisfied by the 
fact that such a transformation exists. The information 
contained in the F-index vector can be used to re- 
arrange the F vector into the F matrix. 

It is often advantageous to take the internal co- 
ordinates R in linear combination, i.e., 


S=UR (5) 


and to set up the secular equation in these coordi- 
nates. The utility of this approach is twofold: in the 
transformation U lies the opportunity to remove local 
and cyclic redundancies and also to introduce any 
symmetry which the molecule might have.” When this 
coordinate transformation is applied to the F matrix, 
there results a new force-constant matrix § which is 
taken with an appropriate G matrix" to form the 


8 J. C. Decius, J. Chem. Phys. 17, 1315 (1949). 

® Actually, because of the symmetrical nature of F it is neces- 
sary to take only 43n’(m’+-1) indices. 

10In machine computation the advantage of molecular sym- 
metry is not so much in the reduction of the order of the problem 
but rather in the fact that, once the observed frequencies have 
been separated into different species bv inferrences from band 
shapes, depolarization ratios, etc., this separation may be re- 
tained throughout the calculation. 

11 FE. B. Wilson, Jr., J. Chem. Phys. 7, 1047 (1939). 
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secular equation. If the symmetry coordinates contain 
one or more redundant coordinates, § will be of order 
n’ and G of order n. In forming the product GF, the 
nXn submatrix of F is used and the indeterminate force 
constants corresponding to the redundant (i.e., null) 
coordinates are thrown away. The secular equation 
in the form 


[oF ]£:=£0, (6) 


is then solved for eigenvectors £; and eigenvalues 
A. 

In as much as the exact Urey-Bradley force con- 
stants in the vector ® are seldom known in advance 
but are usually approximated, the roots of the secular 
equation will not be exactly equal to the observed- 
frequency parameters (A, =42*y). We therefore use 
first-order perturbation theory to refine the approxi- 
mate force constants so that the fit between observed 
and calculated ’s is improved; i.e., we seek a correction 
to & such that [A,—A,© ] will be zero. Assuming the 
zeroth-order normal coordinates to be fairly close to 
the true ones, this criterion implies that 


[G(P+A5) JO=L°A° 


CF9£9+0(AF) LLL, (7) 


where A° is a diagonal matrix of the \,. Combining 
(6) and (7) gives 


(AF) £°&02"(A*—A°) =£°(AA). (8) 


The eigenvectors of the secular equation are normalized 
so that 
L'FL=A (9) 


(10) 


and 
LL’ =S 


whence (8) reduces to 


(£°)'( AF) L°= (AA). (11) 


Rewriting the diagonal terms of (9) as a series of n 
equations, one for each root we immediately recognize 
the Jacobian of A with respect to 5: 


(£°) 2(L,9) FAFut (L°) 2(L°) FAFee+ * ++ 
+2(£°) Pe (Lo) ZAF 2+ 2(L°) 2 (£°) ZA5i3+ eee =Ani, 


(12) 
or in matrix notation 


§(AF) = (AA). (13) 


By solving these m equations it is possible, in principle, 
to determine m corrections to §. 

However, in the present analysis we are not par- 
ticularly interested in the elements of F, these being 
merely force constants in the working coordinates, but 
rather we wish to determine the corrections to the Urey- 
Bradley force constants, and thus we wish to transform 
the Jacobian (13) to Urey-Bradley space. The sym- 


1291 


metry we introduced in (5) now becomes an incon- 
venience and so, before setting up the matrix J, the 
normal coordinates are desymmetrized by the trans- 
formation 


L=U"'£ (14) 


and the J matrix is set up from these normal co- 
ordinates. Then, as the F’s are linear functions of the 
Urey-Bradley force constants, (4) also holds for the 
difference form 


AF=ZA®. (15) 


By combining (14) and (15), we see 


JZA®=AA. (16) 
The matrix (JZ) is sm where n is the order of the 
secular equation and m is the number of Urey-Bradley 
force constants; it may be simply interpreted as the 
Jacobian of A with respect to ®.” 

Clearly it is impossible to solve (16) if m>n and if 
more than ” Urey-Bradley force constants are required 
for a realistic potential function, either some of these 
must be constrained and the columns omitted from the 
(JZ) matrix or data from isotopic molecules may be 
included to give extra rows in (JZ). If there are fewer 
than n Urey-Bradley force constants, it is more satis- 
fying to solve (16) by least squares; we accomplish this 
in the usual way" by introducing a diagonal weight 
matrix P and forming the matrix equation 

(JZ)’P( JZ) (A®) =(JZ)’P(AA). (17) 
The solutions of this equation A® are the least-square 
corrections we seek to the Urey-Bradley force con- 
stants. However, as the normal coordinates in (12) 
were only approximate, the corrected force constants 
will still deviate from the true values and the perturba- 
tion must be repeated using the revised normal co- 
ordinates to set up a new J matrix. The cycle is re- 
peated until the calculated \’s converge to the ob- 
served-frequency parameters, or in the case where the 
potential function is over determined, until further 
refinement produces no change in the resulting force 
constants. 


2 Previous workers have used a Jacobian method to determine 
Urey-Bradley force constants, but have used different approaches 
to obtain the J matrix. Miyazawa [J. Chem. Soc. Japan, Pure 
Chem. Sec. 76, 1132 (1955) ] considers a variation 5K, in one of 
the UB force constants Ky and through a matrix A,y(F=ZA,K,), 
obtains Ja (i.e., d\a/9K x) which is equivalent to a single element 
of (JZ) Mann, Shimanouchi, Meal, and Fano,” obtained the 
Jacobian by a method similar to Miyazawa’s, but contrary to our 
practice, they did not redetermine the Jacobian for each refine- 
ment but merely at the beginning and before the final refinement. 
Curtis [dissertation, University of Minnesota (1959) ] has inde- 
pendently developed a method of handling J exactly like ours 
with the exception that he prefers to express Z in symmetry co- 
ordinates, thereby sacrificing the convenience of assembling Z 
from standard submatrices with a computer. 

#%D. E. Mann, T. Shimanouchi, J. H. Meal, and L. Fano, 
J. Chem. Phys. 27, 43 (1957). 
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Fic. 1. Block diagram of the main perturbation’cycle.{Shaded 
blocks represent the necessary input data. 


COMPUTER PROGRAM 


It is not our intention to present a detailed descrip- 
tion of our computer program as many of its features 
are determined by the peculiar characteristics of the 
Datatron 204 computer. However, our experience 
has brought to light certain points of general interest in 
the calculation of normal coordinates on a digital com- 
puter and we shall briefly review our technique. 

A block diagram of the main perturbation cycle is 
shown in Fig. 1. The required input is as follows: 


(i) A vector of approximate Urey-Bradley force 
constants @®, which are usually estimated by com- 
parison with similar molecules or groups. 

(ii) A Z matrix. 

(iii) A G matrix. 

(iv) The symmetry-coordinate transformation U. 

(v) Acbs, a vector of the observed frequency param- 
' eters arranged in descending order of magnitude within 
each symmetry block, the blocks being arranged in the 
same order as in the U matrix. 

(vi) A weight matrix P, usually taken as A~. 

In our program the secular equation is unsym- 
metrical! and we have used a particularly apt method of 
solution described by Wilkinson. This method, al- 
though using an iterative procedure to determine the 
dominant root and its modal column, uses a similarity 
deflation which circumvents the calculation of left 
eigenvectors. 

In our preliminary studies we used the eigenvectors 
of GF to set up the matrix J and then found JZ by 


“4 J. H. Wilkinson, Proc. Cambridge Phil. Soc. 50, 536 (1954). 
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simple matrix multiplication. However, for a secular 
determinant of order n, the width of J is $n(n+1) 
and the length of Z is similar and even for problems of 
moderate size these matrices make excessive demands 
on storage. With our relatively small computer these 
demands proved to be a severe limitation on the size of 
problem we could tackle. Now as soon as we construct 
JZ, the 3n(m+1) dimension disappears and the 
problem returns to moderate bounds. Thus we have 
abandoned the direct matrix-multiplication approach 
to JZ in favor of an indirect method which allows us 
to assemble it without forming J explicitly. Expanding 
JZ in terms of the elements of the eigenvectors, the 
typical element of JZ has the form 


(JZ) p= D5 ELE L PZ 


i=1 j=1 


(18) 


Thus, having ready access to the eigenvectors, we may 
take the elements of Z, one by one, and determine their 
contribution to the sum in (18), and by accumulating 
these contributions in storage cells assigned to the ele- 
ments of JZ, we have been able to assemble this matrix 
within limited storage. 

We have not fully tested the convergence of the 
perturbation but our preliminary results on ‘the car- 
bonyl halides and ethylene were very encouraging, 
indicating that even when the starting vector @® is a 
poor approximation convergence is relatively good. In 
the particular case of COF: we have been able to go 
from a set of force constants which gave frequencies 
differing by several hundred wave numbers from the 
observed values to a converged set of force constants 
in four cycles by applying the calculated values of 
A® directly. However, we have found that oscillations 
sometimes occur when the problem has almost con- 
verged and in these cases the final solution is difficult 
to find. We are presently investigating the effect of 
scaling the corrections to A® before adding them in 
and our preliminary results indicate that this effectively 
overcomes the oscillation problem. 


THE G MATRIX 


The G matrix, first proposed by Wilson," is a 
convenient way of introducing the kinetic energy into 
the molecular-vibrational problem. This well-known 
matrix is quite tedious to set up algebraically and in the 
past several short cuts have been proposed.” How- 
ever, the construction of this matrix still remains a 
major problem and provides innumerable opportunities 
for slips which can invalidate all subsequent work. 

Faced with the task of setting up a large number of 
these G matrices, we decided to use a computer for as 
much as possible of this work, for the fatigue factor, 
which is responsible for most of the errors incurred 


15 See, for example, the Decius tables of G-matrix elements. E. 
B. Wilson, J. C. Decius, and P. C. Cross, Molecular Vibrations 
(McGraw-Hill Book Company, Inc., New York, 1955), p. 55 ff. 
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when setting up a transformation algebraically, is 
entirely eliminated in a digital computer. 

The numerical G matrix may be computed by the 
simple matrix operation 


G=BM"'D’, (19) 


where M- is a diagonal matrix of the reciprocal atomic 
masses and B is the transformation from Cartesian to 
internal coordinates, 


R=Bx. (20) 


Thus, with standard subroutines for matrix operation, 
the calculation of the G matrix reduces to the deter- 
mination of the transformation B from the molecular 
geometry. 

In our program we have introduced the geometrical 
parameters in the most general way as the Cartesian 
coordinates of the atoms in an arbitrary reference frame, 
the atoms being identified by a code number which is 
recorded on a master plan of the molecule. The internal 
coordinates used to describe the molecular vibrations 
fall into a limited number of types (i.e., valence-bond 
stretches, valence-angle bends, out-of-plane deforma- 
tions, and torsions) differing only in the atoms in- 
volved. Wilson has given explicit expressions for the 
S vectors for these types of coordinate and the entries 
of the B matrix are just the components of these 
vectors in the x, y, and z directions. If the Cartesian 
coordinates of the ith atom are subtracted from those 
of the jth atom, we obtain a vector r,; of length r;; 
and pointing from i to j, i.e., 


¥4g= (xj—x)i—(yj—ys) J—(2;—-2,) kK. (21) 


On normalization of r,; to unit length, 


ej=Pi (Titi), (22) 
we then obtain the vector e,;, which may be substituted 
in Wilson’s formulas. The trigonometric ratios which 
are also required are determined from the e vectors by 
forming scalar and vector products. 

The several coordinate types mentioned in the pre- 
ceeding are reduced to a simple numerical code and the 
coordinate exactly defined for the computer input by 
the code designation and the numbers of the atoms 
involved (e.g., [01%,7] represents Ar,;, [02%,7, k] 
represents r,;;Aa,j, etc.) This coded input is broken 
down in the computer and the coordinate code used to 
transfer control to a subroutine which will construct the 
S vectors for the particular coordinate type. The 
indices i, 7, and & are used to pick up the Cartesian 
coordinates of the appropriate atoms and it is then 
merely a matter of straightforward computation to 
determine the rows of the B matrix, one at a time. 

We have programed the calculation of B matrices of 
order 60X20 and G matrices of order 20X20 and are 
able to dump these from the computer in a form 
suitable for input to the perturbation calculation. To 
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date we have not tackled a problem requiring larger 
matrices but they could easily be set up as mosaics 
with our present program. 

We have found it convenient to introduce symmetry 
in two different ways—either by operating on the B 
matrix or by transforming the final G matrix; i.e., 


@=UB, ¢=@M-'e’ (23) 


¢=UGU’. (23) 


Although we have succeeded in removing the fatigue 
factor from the preliminaries to the vibrational prob- 
lem, our technique is not without its attendant perils. 
We are reasonably confident that the program logic is 
correct as we have been able to reproduce many G 
matrices which had previously been set up by more 
conventional methods: in particular CH;F, CD,F, 
CH;Cl, CD,Cl, CH;Br, CD;Br, CH;I, CD;I, CH;CCH, 
C:H;Br (8 isotopic species) , CoH3F, (8 isotopic species) , 
B2H¢, B2D., and COCle. In those cases where we were 
able to reproduce the geometrical parameters exactly, 
the differences were in the seventh or eighth significant 
figure; in a few cases where we approximated the angles 
the agreement was good to only five figures. However, 
errors may still occur in preparing the input to the 
program, and although we have programed logical 
checks on the input data, there still remains a slight 
possibility of introducing an undetected error. 


THE Z MATRIX 


In order to make clear the construction of the Z 
matrix it is necessary to review briefly the problem of 
the Urey-Bradley force field. As the potential energy is 
expressed in terms of the Ar;, Aa,;, and Ag; which are 
not independent coordinates, the equilibrium condi- 
tion that 5v=0 does not necessarily imply that 
dv/dr;=0, etc. If the redundant coordinates Agq;; are 
removed by a substitution such as‘ 


Agig=5ij(Ars) +55 4(Arj) + (tagtjs)*(175/1s) (7 Acces) 
+1/2q 45 {447 (Ars)?-+t52(Arj)?—s45855(75/1s) (7: Aas)? 
— 2t sjtzs( Ar Ary) +2t458;5(7;/r:) (Ar Aa) 


+ 2t; 5s ij(Ar ¢ Aa;;) } (24) 


where 


Sig= (75-1; CoSay) /qiz, and ti=(r; sinay)/qis, 


the potential energy is then expressed in an independent 
set of coordinates, and the partials dv/dr; and dv/da,; 
may be equated to zero and the linear terms removed 
from V. However, this substitution (24) has the effect 
of introducing the F,;’ into the coefficients of the 
quadratic terms and we must determine these linear 
force constants along with the quadratic ones. There is 
an equation similar to (24) for each Ag, and the Z 
matrix is formed from the coefficients of these sub- 
stitution relationships. 
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TABLE I. Contributions to Z matrix from gem q;;, the 
notation is defined in Eq. (24). 








f vector Fij F's; 





(Ari)? 
(Ar;)? 
(7,05)? 
(Ar;Ar;) 
(Ariridai;) 
(Ar jriAai;) 


tistje (75/1) 

Sigs ji 

Sig (tigtja) 4 (15/1)? 
Sj (tistjx)* (15/ri)4 


—sij8ji(15/ri) 
—bijlji 
143834 (75/1) 


tyiSij 








At present we recognize two important types of qj; 
that where atoms i and j are bonded to a common atom 
k (gem q,;), and that where atoms i and j are bonded 
respectively to two other atoms & and / which are in 
turn connected by a bond &/, atoms i and j lying on 
the same side of the bond &/ (cis q;j). 

To illustrate the construction of the Z matrix con- 
sider the relatively simple gem 9,;. Inspection of (24) 
reveals that removal of this Ag,; introduces F,; and 
F,;' into the coefficients of the diagonal terms (Ar;)?, 
(Ar;)?, and (Aa,;)? of the F matrix and into the off- 
diagonal terms (Ar,;-Ar;), (Ar;*Aa,j), and (Arj-Aa;;). 
The coefficients of these terms are shown in Table I 
and this submatrix is the contribution of Agq,;(gem) 
to the Z matrix. The Ag,;(cis) submatrix may be ob- 
tained in a similar way and is shown in Table II. The 
diagonal force constants K; and H,; are unaffected 
by the removal of the redundant Ag;;’s and therefore 
each is represented by a single unit energy in Z, under 
the appropriate column and in the row corresponding 
to the diagonal element of F for that particular co- 
ordinate. 

As with the B matrix it is necessary to introduce the 
Cartesian coordinates of the atoms and the internal 
coordinates in a coded representation. These latter 
must be extended to include the Ag,;: at present our 
arsenal is limited to the gem q;; (07 i,j, k) and a cis qi; 
for the most general planar case (10, 7, k, /) although 
other types can readily be added as need arises. The 
program for construction of the Z matrix picks up each 
coordinate in turn and tests for the coordinate type. 
If it is a Ar; or Aa, type, a one is entered in the ap- 
propriate cell of Z; if it is a Ag,;, the type index is 
used to transfer control to a subroutine which con- 
structs the necessary geometrical parameters by vector 
analysis (cf. the B matrix) and enters the appropriate 
submatrix in Z. Provision is made for closing up the 
columns of the Z matrix and substituting F;;’ as a 
predetermined function of F;; before the matrix is 
dumped on IBM cards. 


LOCAL AND CYCLIC REDUNDANCIES 


As we previously remarked, it is often desirable to 
include more than the minimum number of valence 
coordinates necessary for a complete description of the 
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molecular configuration'’® and therefore when the 
Aqi;’s have been removed the coordinates are still not 
independent but are related by one or more redundancy 
relations, Ra(Ar;, Aa;;). Thus in order to introduce the 
equilibrium condition we must use Lagrange’s method 
of undetermined multipliers and seek the unrestricted 
minimum of 


(25) 


V'= V(Ar;, Aa;;) + Yo kaRa(Ari, Aaj) . 


The redundancy relationship is generally expressed 
in a Taylor series, taking terms through the quadratic. 
Thus, when V’ is minimized, the potential energy will 
contain the quadratic terms in R, as coefficient of a 
force constant xa, the intramolecular tension: this 
force constant will contribute a column to the Z 
matrix. 

In the particular case of a planar group, e.g., =CHka, 
the exact redundancy relationship contains only first- 


TABLE II. Contributions to Z matrix from planar cis qi;.* 








f vector Fi; F’;; 





(Ar;)? v7? (1-97) 
(Ar;)? D5? (1—9,;?) 
(ARii)? ai? bi? 
(Ar;Ar;) 
(Ar;A Rix) 
(ArjA Ri) 
(r;:Acxi1)* 

(7 ;Acxjx)? 

(r, Acer jc jx) 
(r:AaiiAr;) 
(r;AauAr;) 
(r:AciA Rit) 
(r;AajeAri) 
(r;AajxAr;) 
(r;AcarjrA Rut) 


55056 [cos (ai1t+arjx) — 21 ;05¢ ) 


+ dij; (a; 04; —COSex;1) 
(a; j0j5 — COSaxr jx) 
C(visqi5/ris) + (1 —ui;*) J 
C(ojagis/75) + (1—uji*) J 
— [cos (aje+erit) +05 545i] 
uj (Qisriviz) /ri 


— Bij; 


Uj jUji 
Ui ji; 
Ui Vi [ojimsj—sin (ajar) ] 
Ui ji; (sina: — a; jui;) 

[oi juj¢—sin (aje+ecir) ] 


uji (gis try) /1; 


Uji; 
~Ujidji 


Ujidij (sina j,— ji) 








® Notation. The cis gj; represents the interaction between atoms i and j 
which are bonded, respectively, to atoms / and k which are in turn joined by a 
bond &/. Angles aj, a jx lie between 0 and x. We have patterned our notation on 
that adopted Mann et al.,'® i.e., 


@ij=(Rei--75 Cosayi—rj Cosarjk) /gij, big= (ri Sinaji—rj Sina jx) /gij 
ui j= (a4; Sinai +bi; Cosay1), uji= (aij Sina jE—b;j5 COSar;x), 


vi j= (aij cosayj—b;; sinajy) and 0j;= (ai; cosa jEtbi; sinar;x). 


16 Tn a symmetrical molecule this complication arises when we 
wish to include complete sets of equivalent coordinates to carry 
the molecular symmetry through into the secular equation. 
However, even with molecules of lower symmetry we have found 
that inclusion of redundant coordinates improves the Urey- 
Bradley force field: for example, in a study of the planar vibra- 
tions of the carbonyl] halides we found it impossible to transfer 
force constants calculated from a force field which included only 
two of the angles around the carbon atom. 
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order terms if the motion is restricted to a plane and 
therefore no intramolecular tension enters the quad- 
ratic part of V. The same is true for planar cyclic 
molecules or groups.” Although in principle one should 
always consider the molecule in its most general dis- 
placed configuration, in which case the intramolecular 
tension should be included even when the equilibrium 
configuration is planar, we have adopted the simplified 
model for a number of planar molecules and to date 
have found no reason to include the intramolecular 
tension. 


CARTESIAN DISPLACEMENTS AND POTENTIAL 
ENERGY IN UREY-BRADLEY SPACE 


While the eigenvalues of the secular equation con- 
tain a complete description of the normal modes of 
vibration, these are not particularly easy to interpret. 
They are much more readily visualized when trans- 
formed to a Cartesian reference frame and in this 
representation the normal coordinates can be plotted 
to give a two-dimensional projection of the normal 
modes of vibration. 

The transformation from Cartesian to internal co- 
ordinates (20) has no inverse, the reverse transforma- 
tion being defined by a new matrix A, 


x=AR. (26) 


To relate A and B it is necessary to augment the in- 
ternal coordinates with translations and rotations, 
where it may easily be shown that'* 


BA=Isn6; (27) 


However, we know 
BM-'B’=G, 
whence 


BM~'B’G'=I;,_., (28) 


and after combining (27) and (28), we find 
A=M""'B’G, (29) 


17S. Califano (private communication). 
18 B. L. Crawford and W. H. Fletcher, J. Chem. Phys. 19, 141 
(1951); Bryce L. Crawford, Jr., ibid. 20, 977 (1952). 


Then, as R=LQ, we see 
x=ALQ=(M-'B’/GL)Q. (30) 


We may avoid the inversion of the G matrix by sub- 
stitution from (6), whence 


x=(M~'BFLA~)Q. (31) 


Equations (30) and (31) are equivalent; however we 
chose to use (31) which circumvents the matrix 
inversion. This transformation of the normal coordi- 
nates to a Cartesian reference frame is incorporated 
into the dump routine and at any time we may take 
out the Cartesian displacements for inspection. 

We have also found it worthwhile to display the 
contributions of the various Urey-Bradley force con- 
stants to the different normal modes; that is, to con- 
struct the potential-energy distributions in Urey- 
Bradley space. This we accomplish by forming the 
matrix product 


AJ Ze*, 


where #* is a diagonal matrix of the Urey-Bradley 
force constants, and the other matrices have the 
definition given previously. The elements of this matrix 
are the fractional contributions to the A; from the work 
terms associated with each Urey-Bradley coordinate. 
Again, we have programed the construction of this 
matrix into our dump routine and routinely print it 


out with our final output. 

As we do not have an algebraic check on our starting 
matrices, and it always remains a possibility to misread 
the input data, at the end of each problem we print out 
the Urey-Bradley force constants ®, the calculated )’s 
and v’s, and the matrices G, F, L, Z, and U. Clearly 
we cannot reproduce the whole of this output, and we 
have selected ®, u, L, and » as the most important 
results for inclusion in subsequent papers in this series. 
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Urey-Bradley force constants have been fitted to the observed vibrational frequencies of COF:, COCI:, 
and COBr: by the method described in the previous paper. These force constants have been used to calcu- 
late the frequencies of COCIF, COBrF, and COBrCl. Normal coordinates and the potential energy distribu- 
tion among the various Urey-Bradley coordinates have also been calculated. It is found that, despite the 
fact that the carbonyl stretching frequencies fall over a range of 100 cm™, the carbonyl stretching force 
constant is essentially the same for all molecules in the carbonyl] halide series. 





INTRODUCTION 


LTHOUGH the carbonyl halides are of limited 
chemical interest, they nevertheless constitute a 
simple series of molecules belonging to that important 
class of compounds containing carbonyl groups. Their 
simplicity makes them particularly attractive for a 
trial of the method of calculating force constants de- 
scribed in the previous paper, and one may reasonably 
hope that some of the results may be transferred to other 
more complex molecules containing the carbonyl 
group. In addition, a treatment of these molecules by 
the Urey-Bradley force field should be particularly 
rewarding as the interactions between nonbonded atoms 
have been found to be sizable in halogen compounds.!? 
Also, vibrational frequencies and reliable assignments 
are now available for many molecules in this series; 
these are summarized in Table I. With the exception 
of COF:, which is discussed in the following, we have 
found the presently accepted vibrational assignments 
in perfect harmony with the results of our calculations. 
Recently Mann et al.? have calculated force con- 
stants for a series of perhaloethylenes by using an 
eight-parameter Urey-Bradley potential function for 
the C2X4 molecules. They fitted these force constants 
by a method of least squares to nine observed funda- 
mentals and obtained good agreement between observed 
and calculated frequencies. The structural similarities* 
of these molecules to the carbonyl halides suggested a 
comparison of the force constants and in our work we 
have used the values obtained by Mann ef al. as start- 
ing approximations and in some instances have boldly 
transferred their force constants to the corresponding 
carbony] halide molecules. 


1T. Shimanouchi, J. Chem. Phys. 17, 848 (1949). 

2D. E. Mann, T. Shimanouchi, J. H. Meal, and L. Fano, 
J. Chem. Phys. 27, 43 (1957). 

’ The geometrical parameters Mann ef al. used for the perhalo- 
ethylenes are shown as follows: rcy=1.31 A, roci=1.72 A, and 
* ’cpr= 1.90 A, and a@xcx= 114°. 


SYMMETRICAL MOLECULES, COX; ‘ 
The potential function was taken in the form 


3 
2V = >0[2K i'r Ari +K (Ari)?] 
i=1 


+ > [2H ire? Aa tH «(roAa i) 2] 


iG 


+222F if QuAqut F (Aqi)?] (1) 


where the coordinates Ar; are the valence-bond stretches, 
Aa;; the valence-angle bends, and the Agq;; the changes 
in nonbonded interatomic distances. The scaling bond 
lengths 79 were taken as rcx for all the angles in the 
symmetric molecules. The out-of-plane deformations 
fall in a separate class ‘and have been discussed else- 
where’; accordingly, this coordinate is not included in 
(1). After the Ag;;’s have been removed, the potential 
function contains eight force constants in the coefficients 
of the quadratic terms, viz., Ko, Kx, Hox, Hxx, Fox, 
Fox’, Fxx, and Fxx’. These cannot all be determined 
from only five vibrational frequencies and we must 
introduce further simplifications. Following the prece- 
dent set by Shimanouchi,?* we have taken F,;;’= 
—0.1F ;; and thereby reduced the number of parameters 
to six. Thus, if we assume a value for any one, the re- 
maining five force constants may be evaluated by the 
method of the previous paper. At this stage, the poten- 
tial energy is expressed in terms of a set of six valence 
coordinates which includes a redundancy in the angles 
around the carbon atom. We have not reproduced the 
F matrices here, but have given in Table II the final 
® vectors for all the symmetrical molecules, and in 
Table III the numerical Z matrix’ for COCl:. The en- 


* The frequencies of COC], have been calculated previously by 
Miyazawa [J. Chem. Soc. Japan 74, 915 (1953)] from a set of 
a a force constants. His adopted values were Koi= 
1.75, Ko=12.5, Hoici:=0.1, Hoio=0.3, Foic:=0.65, and Foio= 
1.0 md/A. 

19 —— and J. C. Evans, Trans. Faraday Soc. 55, 1817 


6 Y. Morino, K. Kuchitso, and T. Shimanouchi, J. Chem. Phys. 
20, 726 (1952). 
7 J. Overend and J. R. Scherer, J. Chem. Phys. 32, 1289 (1960), 
issue. 
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TABLE I. Carbony] halides and related molecules; fundamental frequencies in cm™ and assignments. 





Molecule yy v2 V3 % 


M% % Source 





COF, 
COC} 
COBr: 


COCIF 
COBrF 
COCIBr 


1928 
1827 
1828 


1868 
1874 
1828 


626 
285 
181 


501 
398 
240 


567 849 


1068 
806 


584 
440 
350 


415 
335 
372 


774 
580 
512 


667 
620 
547 


Nielsen e¢ al. 
Catalano and Pitzer 
Overend and Evans 


Nielsen e¢ al. 
Patty and Lagemann 
Overend and Evans 





TABLE II. Urey-Bradley force constants for symmetric molecules, md/A. 





Molecule Comments 


Ko Kx Hox 


f 


Hxx 





COF; (i) 
COF; (ii) 
*COF; (iii) 
*COF; (iv) 
COF, (v) 
COF; (vi) 


COCI, (i) 
*COCI: (ii) 


COBr: (i) 
*COBr. (ii) 


Nielsen assignment 
Alternative assignment 
Nielsen assignment 
Alternative assignment 
Nielsen assignment 
Alternative assignment 


13.20 
13.23 
12.79 
12.85 
12.82 
12.87 


+ 
4 
12.68 2. 
1. 
1 
1 


4.162 
4.332 
4.64 

4.528 


0.674 
0.497 
0.250 
0.261 
0.246 
0.265 


0.327 
0.145 


0.318 
0.104 


ie ie 
RASS 
se 
Ss 
~I 


12.61 


12.85 
12.83 


co oo ososcco 
: = 
— 


2° 99 rrerne 
wm ans BAe 
$8 83 s2s¢ 


g 





tires in the Z matrices for the other molecules differ 
slightly from this on account of the geometrical nature 
of the terms, but all the matrices have similar form. 

The internal coordinates were taken in linear com- 
bination as symmetry coordinates to factor the secular 
equation and remove the redundancy in the angles. 
These symmetry coordinates are 


Si= Aro. 

S2=1/v2(Arx'+-Arx’*), 
S3=1ex/(6)4(2Aaxx—Aaxo!— Aaxo*), 
Sa=1/V2 (Arx!— Arx’), 

Ss=1cex/V2 (Aaxo'— Aaxo’), 


redundant 


coordinate S.= 1ox/V3 (Aoxx+ Aaxo'+ Aaxo*) ’ (2) 


and these coordinates must be taken with the L matrices 
given in Table IV. 

The geometric || parameters for COF2 were obtained 
from the microwave results of Smith® although, as his 
data were limited to one molecule, the geometry is not 
uniquely determined. By combining his results with the 
electron diffraction data,® we find rc-o=1.17 A, ror= 
1.32 A, and arcr=112°30’. Robinson” has determined 
the geometry of COC, from microwave measurements 
and gives 1co = 1.166 A, roci= 1.746 A, and acicc1= 
111°18’. The geometry of COBr2 was taken from the 


8D. F. Smith (private communication). 
( 8 0) T. Broun and R. L. Livingston, J. Am. Chem. Soc. 74, 6084 
1952). 
0D. W. Robinson, J. Chem. Phys. 21, 1741 (1953). 


electron diffraction results of Dornte” who _ gives 
Tco= 1.13 A, TCBr> 2.05 A, and QBrCBr— 110°. No experi- 
mental data are available for the structures of the mixed 
halides, and we have transferred the foregoing inter- 
atomic distances and angles from the symmetrical 
molecules, using linear interpolation where necessary. 

A complication arises from the fact that the vibra- 
tional assignment of COF: given by Nielsen ef al.” is 
not entirely free from ambiguity. The spectrum con- 


TABLE III. Z matrix COCh; Ri=Arco, Re=Arcx!, R3= Arcx?, 
Ri=1cxAaox', Rs=1cxAaox’, and Rs=rcxAaxx 





te 


Ko Ka 4Hec: Hoc Foci Feici 





1.0 1.3182401 
0.84797666 


0.84797666 


0. 18970403 
0. 18970403 
0.79188485 
0.79188485 


0.25715056 
0.25715056 
0. 71346882 
0.41925876 
0.32448897 


0.64979524 
0.64979524 
0.38653112 


0.41925876 
0.32448897 


DADUNDAMPAUPWAURWHAUPWNE 





1 R, W. Dornte, J. Am. Chem. Soc. 55, 4126 (1933). 
2 A. H. Nielsen, T. G. Burke, P. J. H. Woltz, and E. A. Jones, 
J. Chem. Phys. 20, (1952). 
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TaBLe IV. L’ matrices, symmetric molecules. 








v, cm Si (Arco) S2(Arcx) Ss (r7cxAa) S4 (Arex) 





1928.18 
964.99 
584.48 

1250.07 
627.75 


1827.87 
564.75 
284.80 
847.87 
439.28 


1828.04 
429.04 
181.00 


0.37950814 
0.04079931 
0.01075333 


—0. 19813167 
0.25054195 
—0.04493011 


0.48508783 
—0.23152197 
—0.46314641 
0.40597376 
—0.05469062 


0.64441555 
0.51847825 


0.38162997 
—0.01264356 
—0.00231234 


—0. 18115573 
—0.21746583 
—0.03902969 


0.45370953 
0.30442801 
0.35768890 
0.36122393 
—0. 10804602 


0.91314027 
0.42805826 


0.38173152 
—0.00931456 
—0.00096676 


—0.18141821 
—0. 18315612 
0.02941229 


0.44672887 
0.33705956 
0.24443000 


757.46 
350.00 


0.33191419 
—0. 11891306 


1.1132310 
0.36678771 








tains two overlapping bands at 626 and 584 cm™ 
which they assigned to vs and »;, respectively, basing 
their arguments on the relative intensities of the bands 
in the Raman spectrum, the 620-cm™ band being more 
intense than the 571-cm™ band. In view of the tenuous 
nature of their assignment, we have calculated two 
complete sets of force constants for COF2; the one using 
Nielsen’s assignment and the other taking v3 at 584 
and ys at 626 cm~". Both sets of force constants are given 
in Table II, and the relative merits of the alternative 
assignments are discussed in the following. 

As already remarked, before proceeding with the 
actual calculation of force constants it was necessary 
to supply a value for one of the six. We have explored 
several possibilities and our final preference is for the 
set obtained by transferring Hxx from the perhalo- 
ethylenes? (see Table V). A second set of force con- 
stants was calculated for each moleculeof the type COX, 
by constraining Hxx to be zero. Our original intention 
had been to use this simplified potential function, and 
our preliminary calculations on COCl: and COBrz were 
encouraging, the transferred force constants giving an 
excellent fit to COCIBr. However, when an attempt was 
made to use this simplified potential with COF:, its 
deficiencies immediately became apparent. Indeed, 
in our experience the fluorine-containing compounds 
show considerably more sensitivity to the form of the 


TABLE V. Urey-Bradley force constants in md/A for 
ethylene-type molecules (in-plane). 








Molecule Kec Kex Hxx Hex Fxx Fox 





C.F y* 0.67 
C.CLs* 2.66 
C.Br4* RAL 


C2H,> : 4.7 


5.20 0.45 
0.11 
0.06 


0.31 


0.10 
0.07 0.60 
0.05 0.50 
0.145 0 


1.37 
0.92 
0.71 
0.70 








® See footnote 2. 
> T. Shimanouchi, J. Chem. Phys. 26, 594 (1957). 


potential function. We also tried transferring the value 
of Fryr from perfluoroethylene to COF, as the F—F 
distance is almost the same in the two molecules, 
but under this constraint the other force constants 
converged to most improbable values—Ky becoming 
as low as 1.5 md/A, 

In our final dump from the computer we calculated 
the transformation L from normal coordinates to sym- 
metry coordinates (the eigenvectors of the secular 
equation), the transformation from normal coordinates 
to Cartesian displacement coordinates, and the poten- 
tial energy distribution of each normal mode in Urey- 
Bradley configurational space. We also dumped, in each 
case, the G matrix, the F matrix, the roots of the secu- 
lar equation, and the calculated frequencies. 


UNSYMMETRICAL MOLECULES, COXY 


The potential energy function for the unsymmetrical 
molecules was taken in the same form as Eq. (1), but 
in this case there are twelve independent force con- 
stants: with the approximation that F’=—0.1F, this 
number is reduced to nine. These were determined by 
transferring the values just obtained (Table IL) and 
using linear interpolation for Ko, Hxy, and Fxy, 
and we show these sets of force constants in Table VI. 
The ambiguity in the assignment of COF, leads to two 
sets of force constants for each molecule containing 
fluorine. That designated (ii) is in each case obtained 
by transferring the COF: force constants derived from 
the Nielsen assignment” and the other set (i) from the 
alternative assignment. These ® vectors were taken in 
turn with the appropriate Z and G matrices in the 
calculation of vibrational frequencies and the results are 
summarized in Table VII. 

The practice of multiplying by a bond length to scale 
the angle coordinates leads to complications in the un- 
symmetrical molecules. As before, it is advantageous 
to remove the redundancy in the angles, but Eq. (2) 
no longer accomplishes this because the angles are 
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TABLE VI. Force constants used in calculation of mixed carbonyl halides, md/A. 





—_ 
=: 
~~ 


(ii) CoBrF (i) 


(ii) (iii) COCIBr 


= 
~e 
~~ 





Sea 
BEReees 


SS eo erer 
om 


rorosoresS 


RS 


12.84 
4.528 
1.565 
0.297 
0.261 
0.104 
1.578 
0.631 
0.824 


12.82 
4.64 
1.565 
0.297 
0.261 
0.104 
1.298 
0.631 
1.066 


12.84 
4.528 
1.565 
0.297 
0.261 
0.104 
0.578 
0.631 
0.779 


Ko 
Kpr 
Kei 
Hs :c1 
OBr 
Hoc 
Fosr 
Foci 
Fgrci 


Qeeesorr>» 
-- © uns 
SSeESIERS 


wn 
i) 
wn 








TABLE VII. COXY molecules, observed and calculated frequencies in cm. (Av=vobs—Vveale). The sets designated (i) and (ii) 
correspond to the alternative sets of force constants (see Table VI). 








YVobs Veale 


Av 


vi % 


Veale 





731 
1876 
384 
1099 
374 


COBrCl 519 
1828 
236 
806 


371 


1828 
240 


806 
372 








necessarily scaled differently. We have used the trans- 
formation” for the unsymmetrical molecules. 


Si= Aro, 

S2= Arx, 

S3= Ary, 

Si=1/V2(Rxo— Rxy), 

Ss=1/A[— Rxo— Rxy+2(rx/ry) Ryo, 


redundant 


coordinate So= 1/BL Rxo+ Rxyt+ (rx/ry) Ryo], (3) 


where 


A=[A(rx/ry)?+2}, 


B=([2+ (rx/ry)*}, (4) 


and Rxo => rxAaxo, Rxy = rxAaxy, and Ryo = ryAayo. 


13 This U matrix, although normalized, is not orthogonal, and 
consequently one is no longer able to substitute U’ for U-!. Ac- 
cordingly, we have symmetrized F by §=(U-)’FU™ rather 
than the more familiar UFU’, which requires orthonormal 
symmetry coordinates. 


In each case we operated on B and G with (3) and 
were able to demonstrate that this transformation 
gave essentially null elements in these matrices for the 
redundant coordinate, thereby giving us a cross check 
on some of the geometrical transformations. It should 
be noted that these coordinates (3) are the ones to be 
used in interpreting the L matrices for the unsym- 
metrical molecules in Table VIII. 


VIBRATIONAL ASSIGNMENT OF COF, 


Before discussing these results in detail, we first con- 
sider the assignment of COF». As was stated in the pre- 
ceding, Nielsen e¢ al. chose their assignment (v3=626 
cm™', v»3=584 cm™') so that the A; mode has the 
stronger Raman line: they also noted that this puts 
the rocking mode at higher frequency than the s bend- 
ing mode. When we first calculated Urey-Bradley force 
constants from Nielsen’s assignment, we were much 
surprized by the high value of Frr(1.604 md/A) 
compared with previously obtained values (C2F,; 
Fyp=0.67 md/A?, CF,, etc.; Frr=1.35 md/A!; we had, 
in fact, expected a value close to that in C2F,. Accord- 
ingly, we reversed the assignment of v; and », and 
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TABLE VIII. L’ matrices, unsymmetrical molecules. 





vy, cm7! 


Si 


Se 


Ss 


Ss 


Ss 





COBrCl 


1877.33 
1117.15 
761.61 
485.08 
424.68 


1876.25 
1099.52 
730.69 
383.90 
373.71 


1827.84 
805.73 
518.67 
370.55 
235.58 


0.38025657 
0.02920943 
0.01733796 
0.00437586 
0.00621691 


0.38029887 
0.03071775 
0.01357487 
0.00700221 
0.00158794 


0.38168034 
0.00277236 
0.01017689 
0.00364276 
0.00149865 


—0. 14963816 
0.32996055 
0.06508049 

—0.00575749 

—0.01979349 


—0. 15013201 
0.33245739 
0.05124932 

—0.01139463 

—0.01010338 


—0.12760624 
—0.22547058 
0.11355943 
0.12115168 
—0.03349295 


—0. 11962609 
—0. 18787041 
0. 20373284 
0. 14124634 
—0.02882866 


—0.11948637 
—0.17153374 
0.17547726 
0.10155914 
—0. 10492222 


—0.12878001 
0. 26663709 
0.15166406 

—0.02928164 

—0.01885081 


0.35623365 
0.28396011 
—0. 46859462 
0. 14274351 
—0. 24587533 


0.33667796 
0.28449274 
—0.50813017 
—0.07658195 
—0. 19806976 


0.41383131 
—0.51989834 
—0. 12986113 
—0.31436288 
—0.29008034 


—0.23741102 
0.57929435 
—0.31166544 
0.29287982 
0.34276317 


—0.22216618 
0.59196057 
—0.41161469 
0.39157079 
0.14675014 


—0.23407869 
—0.84466540 
0.37879652 
—0.20875475 
0.14159634 








TaBLeE IX. Unsyimmetrical molecules COXY. Potential energy distributions in Urey-Bradley space. 








ycm7 Ko Ky Kei 


Hye Hor Hoc For 





1117 10 
762 24 
485 eae eae 29 
425 rae 2 


1877 89 1 
1 
1 





v cm7! Kp; 





1876 : 1 
1100 6 
731 15 
384 19 
374 ye 21 





COBrCl 


vy cm! 





1828 
806 
519 
371 
236 





calculated a second set of force constants which is some- 
what more appealing because the value of Frr drops 
to 1.120 and that of For rises to 1.578 md/A. This order 
is the same as that previously found in the chloro 
compounds, e.g., Foc:=1.0% and Foic:=0.65 md/A.! 
Also, the fact that the values of the carbon-halogen 
stretching force constants Kx, obtained in the present 
analysis, fall between those of the CX, type molecules 
and those of the C2X4 type seems to favor that value of 


TaBLe X. Summary of Urey-Bradley force constants, md/A. 





Molecules K. oO K x H. xx H ox 





COF;» 
COCI, 
COBre 


12.85 4.528 0.450* 0.261 
12.61 . 1.99. 0.11 0.145 
12.83 1.565 0.060" 0.104 








® These values assumed and constrained. 


“J. Nakagawa, I. Ichishima, K. Kurtari, T. Miyazawa, T. 
Schimanouchi, and S. Mizushima, J. Chem. Phys. 20, 1720 (1952). 


Fxx in COF, which lies between those found in CF, 
and C2F,, i.e., Frr (COF2) =1.120 md/A). 

Further evidence supporting the alternative assign- 
ment of COF; is supplied by the calculations on the un- 
symmetrical species, COCIF and COBrF. While the 
two alternative sets of force constants yield similar 
values for the calculated frequencies, in each molecule 
the agreement of calculated and observed frequencies is 
slightly better with set (i) than with set (ii). Inspection 
of Table VI reveals that the two sets of force constants 
for the unsymmetrical molecules differ significantly 
only in the values of For and Fxg, and turning to the 
distributions of the potential energy in the Urey-Brad- 
ley coordinates (Table IX), we see that certain fre- 
quencies are strong functions of these particular 


% Tt must be admitted that the potential ener, 
we reproduce were calculated from the preferred sets of force 
constants, i.e., those co nding to the alternative assignment 
in COF:. However, the Nielsen assignment gives very similar 
distributions, and for this argument the choice is immaterial. 


distributions 
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TaBLe XI. Symmetric molecules COXY, potential energy distribution in Urey-Bradley space. 





y cm! Ko Ky 


Hyy Hor For 





52 


965 
1928 
584 


1249 
626 


3 31 
3 2 
32 11 
8 
64 





y cm 





965 
1928 
626 


1249 
584 





ycm-! 





567 
1827 


849 
440 








A 


By 





® Present assignment. 
© See reference 10. 


force constants, and hence, the calculated values of these 
particular frequencies should prove a useful criterion in 
choosing an assignment for COF:. In COCIF, » is 
dominated by Frc: and the deviations between ob- 
served and calculated values of this frequency are 1.8% 
for set (i) and 4.8 for set (ii), thereby indicating a 
preference for set (i). Similar results are found for the 
other molecules, and in Table V we have indicated those 
frequencies which are sensitive to Fox and Frx. In 
each case, set (i) gives calculated frequencies closer to 
the observed ones. 

Thus, while it is not possible to make an unequiv- 
ocal assignment, the wealth of evidence favors a 
reversal of Nielsen’s assignment, with v3 being taken at 
584 cm™ and vs at 626 cm—. For the purposes of this 
discussion, we assume the revised assignment to be 
correct. 

DISCUSSION 


The force constants of the COX: molecules sum- 
marized in Table X parallel those of the C2X4 molecules 
(Table IV). The values of Kx are significantly lower 
in the former series, which fits in well with the relative 
stabilities. 

The constancy of the C—O stretching force constant 
within the series of carbonyl halides is quite remarkable, 


the total variation being only about 2%, and is in good 
agreement with the results of the structure determina- 
tions which show the CO bond to be roughly the same 
length in COF,, COCl, and COBr. (The apparently 
lower value of Kc: is anomalous, but a similar result is 
found in the perhaloethylenes which is slightly com- 
forting.) Now Table I shows that the frequencies of the 
CO stretching vibrations vary over a range of 100 cm™ 
(i.e., 5%) in going from COF: to COC, and COBr, 
and if all this variation were to be explained by differ- 
ences in the strength of the CO bond, the variation in 
Ko would have to amount to 10%, which is clearly 
contrary to our observations. From where, then, does 
the high frequency of ».(COF2) derive? 

Halford has shown that the CO stretching frequency 
of the molecule COX; is relatively insensitive to the 
mass of the atom X and if mx>12 amu, variations in 
vco stemming from the kinetic energy terms are entirely 
negligible; therefore, the origin of the high frequency of 
the CO stretching mode in COF: must be sought in the 
potential energy. Turning to Table XI, where we dis- 
play the potential energy distributions in Urey-Bradley 
space, we find that in COF: only 84% of 2 derives from 


Ko, the remainder coming from Kr (8%), Hrr (3%), 


16 J. O. Halford, J. Chem. Phys. 24, 830 (1956). 
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Fic. 1. The normal modes of COF, in Cartesian displacements. 
The displacement vectors, corresponding to unit change in the 
normal coordinate, are drawn to twice the scale of the inter- 
atomic distances. 


and For (2%). It is the contribution from these work 
terms over and above the CO stretching constant that 
causes the frequency of vco to be so high. The physical 
origin of the effect is illustrated most strikingly in Fig. 
1 which shows the relative displacements of the atoms 
in the different normal vibrations of COF2. In v2. we 
note that as the CO bond stretches, the carbon atom 
moves back into the two fluorine atoms, thereby com- 
pressing the CF bonds and opening up the FCF angle.” 
’ Now, in COF, the force constants associated with these 
secondary displacements are relatively large, and con- 
sequently, these work terms make an extraordinary 
contribution to ». The 2% contribution from For 
is not unusual, cf. COCl, and COBre. 

A puzzling feature of these results is the high value of 
Fyr in COF, compared with the values of the corre- 
sponding force constants in the C2X, series. In view of 


COCIF 
1868 cm™ 1095 cm” 


776 cm" 


ae 


Fic. 2. The normal modes of COCIF in Cartesian displace- 
ments. Vectors twice the scale of interatomic distances. Note that 
there is no single vibration corresponding to the symmetric 
stretch in Fig. 1. 


17 The same argument applies, mutatis mutandis, for compres- 
sion of the CO bond. 


the assumptions made about the form of the Frp 
potential (i.e., that F’=—0.1F), this could indicate 
either that the potential energy hypersurface has higher 
curvature in this coordinate, corresponding to greater 
overlap between the two fluorine atoms, or that the 
slope of the potential energy is greater, indicating a 
much larger repulsive term in COF: than in CoF,. 
Neither explanation is particularly compatible with the 
chemical facts and known structures which suggest 
that the two values of Fry should have similar magni- 
tudes, and our result may well be due to a deficiency 
of the simplified potential function. 

For each molecule, we routinely calculated the normal 
coordinates expressed in terms of the symmetry coordi- 
nates and also in terms of Cartesian displacements. 
The latter are much easier to visualize, particularly 
in the case of a planar molecule, when they may be 
plotted out so as to display the normal modes pic- 


COBrCi 


Fic. 3. COBrCl; Normal modes expressed in Cartesian dis- 
a. Displacement vectors twice the scale of interatomic 
istances. 


torially. From our results, we have selected the pictures 
of COF:, COCIF, and COBrCl, which we reproduce in 
Figs. 1-3. Figure 1, which is typical of all the COX, 
molecules, shows that the popular descriptions of the 
vibrations of the symmetric molecules, viz., CO stretch, 
symmetric CX stretch, XCX bend, asymmetric CX 
stretch, and CO rock, correspond reasonably well with 
the true normal modes. However, the vibrations of the 
unsymmetrical molecules are more complex as may be 
seen in Figs. 2 and 3, and although » may be fairly 
accurately described as an XCY asymmetric stretch, 
there is no single vibration which may be assigned as 
the corresponding symmetric stretch, but this coordi- 
nate, mixed up with the bending motions, contributes 
to both v3 and %. 


TRANSFERABILITY OF UREY-BRADLEY FORCE 
CONSTANTS 


In conclusion, it is pertinent to review the results of 
these calculations in an evaluation of the transferability 
of Urey-Bradley force constants, both within this series 
of closely related molecules and in the much more gen- 
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eral field of carbonyl- and halogen-containing molecules. 
Referring to Table VII, we find that the vibrational 
frequencies COBrCl calculated from the transferred 
force constants are in quite good agreement with the 
observed frequencies, and our results for COCIF are 
almost as encouraging. Mann, Meal, Fano, and 
Shimanouchi met with similar success when they trans- 
ferred Urey-Bradley force constants from the sym- 
metrical perhaloethylenes to the mixed chlorofluoro- 
ethylenes. 

COBrF does not show particularly good agreement 
between observed and calculated frequencies, but we 
note that the differences are systematically negative, 
i.e., the calculated frequency is invariably too high. The 
discrepancy is most serious in vs which, by Table IX, 
contains a major contributions from Fypg;. It would be 
possible to alleviate this discrepancy by lowering this 
particular force constant, remembering that it was ob- 
tained from COF, and COBr: by linear interpolation, 
but it also appears from the general trend of the cal- 
culated frequencies that the molecule is, in general, 
somewhat “looser” than a linear hybrid of COF: and 
COBn. 
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With these reservations, we conclude that Urey-Brad- 
ley force constants may be transferred within the car- 
bony] halide series to give fairly accurate representa- 
tions of the potential energy. Further studies on the 
acetyl halides are presently in hand, and we hope to 
fit these into the same scheme as the carbonyl halides. 

On the broader question of the transferability of 
Urey-Bradley force constants to molecules outside this 
limited series, it is not yet possible to formulate general 
principles. Comparison of the present results with the 
perhaloethylenes reveals marked parallels, but it is 
obvious that there are significant differences. We hope 
to use the present technique of machine computation to 
accumulate many data on different molecules and to 
correlate empirically some of these differences in the 
Urey-Bradley force constants with other structural 
parameters and so facilitate their transfer. 


ACKNOWLEDGMENT 


We should like to thank Dr. L. K. Frevel and Dr. 
W. J. Potts for helpful discussions and Dr. M. Naka- 
mura for his invaluable assistance in interpreting the 
Japanese papers. 





THE. JOURNAL OF CHEMICAL PHYSICS 


VOLUME 32, NUMBER 5 MAY, 1960 


Computation of the Equilibrium Composition of Burnt Gases 


Rosert L, Potrer* AND WOUTER VANDERKULKf 
Bell Aircraft Corporation, Buffalo, New York 
(Received May 15, 1958) 


The multicomponent chemical equilibrium composition problem is discussed generally and a formulation 
of it is presented in a form suitable for digital computer calculations. A geometric interpretation of the 
equations used to specify the chemical system is also given. 





1. INTRODUCTION 


ITH the advent of high-speed computing ma- 

chines it has become feasible to formulate and 
solve problems involving the equilibrium composition 
attained in multicomponent homogeneous and hetero- 
geneous systems. The solutions thus obtained are useful 
in flame temperature, detonation, and shock calcula- 
tions, and in the analysis of engine cycles. Several such 
programs have been formulated and published.! A com- 
putational method is being developed at Bell Aircraft 
Corporation, which has features that are in some ways 
similar to methods developed by Brinkley! and by Huff 
et al.1; however, there are distinct features in it that 
are unusual. Because this problem is important and 
evokes continued interest, it seems appropriate to 
communicate at this time some of the methods which 
have proven satisfactory to date. After this was written 
and submitted to this journal the article by White, 
Johnson, and Dantzig? came to the attention of the 
authors. 

The plan will be to discuss the specification of the 
system first in familiar terms, and then it will be 
shown how these equations may be transformed into 
the new forms required in the present scheme. Like 
Brinkley, it is found convenient to focus attention on 
certain species and to call these components. It is 
found that a very simple system for ideal gases results 
when the sum of the mole fractions in the gas phase is 
used as the dependent variable, and the chemical 
potentials are used as independent variables. In par- 
ticular, the component conservation equations are 
related to the components of the gradient of the sum of 

* Present address: American Cyanamid Co., Stamford, Conn. 

t Present address: IBM Corp., Dept. 513, Owego, New York. 

1S. R. Brinkley, Jr., J. Chem. Phys. 14 563, 686 (1946); 15 
113 (1947); S. R. Brinkley, Jr., and B. Lewis, U. S. Bureau of 
Mines Report Investigation 4806 (1952); S. R. Brinkley, Jr., 
Ind. Eng. Chem. 43 2471 (1951). S. R. Brinkley, Jr., High Speed 
Aerodynamics and Jet Propulsion (Princeton University Press, 
Princeton, N. J., 1956), Part 1, Sec. C; Combustion Processes, 
ibid, Vol. II. F. J. Krieger and W. B. White, J. Chem. Phys. 16, 
358 (1948); V. N. Huff and C. S. Calvert, NACA TN 1653 
1948); P. F. Winternitz, Third Symposium on Combustion and 
Flame and Explosion Phenomena, (Williams and Wilkins, Balti- 
more, Maryland, 1949), p. 623. D. S. Villars, NAVORD Rept. 
5326 (October 16, 1956). Huff, Gordon, and Morrell, NACA 
Rept. 1037 (1951). J. S. Martinez and G. W. Elverum, Jr., Jet 
Propulsion Laboratory, California Institute of Technology Memo 
20-121, (1955). N. M. Williams and W. S. McEwan, NAVORD 
Rept. 3421 (January 12, 1955). 

2 White, Johnson, and Dantzig, J. Chem. Phys. 28 751 (1958). 


the mole fractions of gas species in chemical potential 
space. The proof of this is given for the general case, 
and the results then are specialized to the ideal gas 
case. The number of equations specifying the system is 
one greater in general than those required by Brinkley, 
because he removes algebraically the total number of 
gas moles by normalizing the components to one. How- 
ever, the procedure of normalizing the components to 
one is not always possible over the entire range of 
mixture strengths for all choices of components. It 
turns out to be just as convenient to keep the extra 
equation and the extra unknown. Further, it is not 
necessary to separate the program into various parts 
depending on mixture strength, thus resulting in use of 
different components at various mixture strengths. 
With the use of one set of components, a simple initial 
value program is required to give suitable starting 
values for the iteration procedure. It also turns out 
to be possible to treat solids within the same frame- 
work. The rapidity of the program is remarkable, even 
with the inclusion of the extra equation specifying the 
system. 


2. SYSTEM SPECIFICATIONS 


A chemical system, at a fixed pressure and tempera- 
ture, is specified by the moles of all the species present, 
ni, i=1, -++N. Of these, any independent set of M may 
be chosen as components. These are the “ultimate 
components” of Gibbs.* Then, if @ denotes gaseous 
component, Ais is the coefficient of component @ 
exhibiting the production of species i. The component 
balance equations are 


(2-1) 


N 
go= > dia, a=1, -°°M, 
i=1 


where the q, is the moles of component a. The sum is to 
extend over all phases. Brinkley’ normalizes the qo. 
However, this is not always possible for a particular 
choice of components. If some of the species are ionized 
gases and free electrons are present, it is convenient to 
choose electrons as a new component, and if the gas is 
electrically neutral, setting g (electrons)=0 auto- 
matically satisfies the requirements of electrical neu- 
trality. In case solids are formed, it is not necessary 


3 The Collected Works of J. Willard Gibbs er spent Green 
and Company, Inc., New York, 1931), Vol. 1, p. 172. 
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to choose them as components, however, species that 
coexist in gas and condensed phases cannot simul- 
taneously be chosen as components. 


3. THERMODYNAMIC EQUILIBRIUM EQUATIONS 


The Gibbs free energy, G, is minimized subject to the 
constraints Eq. (2-1). There result linear relations 
between the chemical potentials u, thus, 

i= Diallo (3-1) 
These can be transformed into the familiar equations 
involving the m;, the pressure p, and the temperature T. 
There are a total of N equations between Eqs, (2-1) 
and (3-1), and hence the N unknowns n; can be 
solved, assuming p and 7 are known. 


4. EQUATIONS IN TERMS OF CHEMICAL POTENTIALS 


We shall, in the present section, rewrite the equations 
of Secs. 2 and 3 in terms of the chemical potentials 
Me Of the gaseous components. We split G into G, for 
the gas phase, and pimi+--+ for the condensed 
phases where g denotes gas and c condensed phase. 
We assume each solid species forms a separate phase. 
G, further can be written as n@ where ¢ is the free 
energy per mole and m is the sum of the moles of 
gaseous species. We define a chemical potential by 


o—- D> iin (6/Ayie) 
Lie 


which reduces to pi, at > yj,=1. The y; are the mole 
fractions of j in the gas phase. The yj, can be obtained 
from the yi,’. We further define a function, 


No 
F=)-yi,. 


i=l 





Mig = (0¢/dyig) + , (41) 


(4-2) 
It follows that 
od F=— } 'yigduie' + (86/0) y, rdpt (06/8T)y, dT, 
(4-3) 
in which 
PS, an D> ie(86/d yi.) 
Dievic i 





(4-4) 


In case ¢ is given by 
$= LiviLuid(T)+RT Inpyig tui (ie, P, T)] (4-5) 
‘9 
where pi,®, the excess chemical potential, is homo- 
geneous of degree zero in the yj,, Eq. (4-4) reduces to 
o=—RT. 
At equilibrium, in view of Eq. (3-1), it follows that 


—o(0F/du.’) = Drie (4-6) 


And in view of Eq. (2-1), it is seen that 
—a(dF/dp.’) te eotte= (qa/m) re. Dia (ni./n) ’ 


a=1,-++M. (4-7) 


The left-hand side of this is related to the components 
of the gradient of the sum of the mole fractions of the 
gas in chemical potential space. Equation (4-6) cannot 
be obtained using the normal definition of yi,. Equa- 
tion (4-1) has the advantage that the form of yi,’ is 
identical with yi, even when F does not equal one. It 
is important to note that during the iteration procedure 
developed below F only attains one at the conclusion 
of the iterations. The set of equations to be solved is 
then Eq. (4-7), Eq. (4-2), specialized so that F=1, 
and Eq. (2-1) for each solid phase formed from 
gaseous components. Thus, the equations are 


M 
(i) Driaite= wid (N.<M—1) 


(ii) F (us’, ?, T) ua’ =ve= 1 (1) 
(iii) —0 (OF /pe’) narmve= (qo/n) — Dodiea(mic/n) (M) 


te 


(4-8) 


from which ni./n, 1/m, and yw. can be solved as func- 
tions of p and 7. Once yw. is known as a function of p 
and 7, the mole fractions yy; can be obtained. 

There is some duality between the system (2-1), 
and (3-1), on the one hand, and the system described 
above. The first system is obtained by minimizing a 
nonlinear function, G, on a linear (N—M)-dimensional 
space defined by the balance of matter equations, the 


-second system is obtained by maximizing 


M 
G= 2 Mobe! 


on the nonlinear (M—1—N.)-dimensional surface Y 
defined by Eqs. (4-8) (i) and (ii). 

The (M—1)-dimensional surface Z defined by F=1 
is convex; moreover, it is “open,” i.e., is unbounded. 
Since Y is the intersection of Z with the linear space 
defined by Eq. (4-8) (7), Y is also convex. However, Y 
can be open or closed depending on the direction of the 
linear space 


M 
> Vicopte= Mic. 
a=] 


In case condensed phases are present, this set of 
equations will have one solution 4. when Y is open and 
will possess two solutions when Y is closed. The fol- 
lowing criterion, in the case of ideal gases, will dis- 
criminate between these two possibilities in the event 
only one species is allowed to coexist in both gas and 
condensed phases. Let S be this species. If S lies outside 
the convex cone spanned by all the remaining species, 
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then only one solution is possible. Otherwise, two solu- 
tions are possible. The convex cone is defined as the 
collection of all vectors of the form 
ki Siat+++ kx Six; k,>0, ***ke>O0 (4-9) 
where S; denotes a mole of species i. 
It can be also shown that the Eq. (4-8) will admit 
a solution if it is true that the vector 


M 
290Se 


lies in the interior of the convex cone spanned by all 
the species Si in the system. 


5. ITERATION EQUATIONS FOR IDEAL GASES 


In the event the gas phase is ideal then the function 
G, in Sec. 4 is defined (with the 1“=0) by 


i Gy= > nil pif(T)+RT Inp(ni,/n) ] (5-1) 


"9 


where » is the sum of moles of gas. From this we see 
that ¢ can be chosen as follows; 


o= Livie (uid + RT Inpyi,). (5-2) 


Solution of yi, in terms of pi,’ yields 
yig=p™ exp[ (ui,’—pi,?)/ RT]. (5-3) 


Hence, utilizing Eq. (3-1), yi, is described as a function 
of the yu.’ by the formula, 


yio= Pp expl— (uie/RT)+ Die (us'/RT)] (5-4) 
and F by 
P= Dip expl—(uit/RT) + Drie (ue'/RT)]. (5-5) 
Introducing 

Z.=—Inp+[(ue'—pe°)/RT]=In(ne/n), (5-6) 
we can write Eq. (5-4) as follows, 

ni,/n= Ki, exp( Dial.) 

where 


Ki,= pou 2, iga) “exp ( oo pig+ > Aiyopte?) /R ‘aft (5-8) 
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F can be described in terms of Z, by 
F= LK i, exp( DrinZe) : 
and the Eq. (4-8) becomes 
(i) —InKie= (uiP— > oriap.”)/RT— > rica Inp 


= DV riaZa, 


(5-9) 


(ii) F(Z., p, T)=1, 


(iii) OF /8Z.= (qo/n) — > ~rica(nie/n). (5-10) 
The Eqs. (5-10) can be solved numerically by an 
iteration method obtained by linearization of F. 
However, more rapid convergence is obtained by first 
rewriting Eq. (5-10) in terms of the function f=InF, 
and then linearizing f. The reason for this is that of the 
two convex functions F and f, f is ‘more’ linear than F, 
ie., f has smaller second derivatives than F. For the 
system of equations involved here, savings of 50% 
in the number of necessary iterations were experienced 
when using f instead of F. 

Let Z.™ denote the kth approximation to the solu- 
tion Z, of Eq. (5-10). Then the &th approximation, 
yig™ to the mole fraction ni,/n of the gaseous species 
Si, can be computed from Eq. (5-7). 

The &th approximation for 1/n and ni./n may be 
found by solving N.+1 of the Eq. (5-10) (iii). The 
adequacy of the &th approximation can be tested by 
substitution of this approximation into Eq. 5-10, 
and by comparing the left sides of the equations so 
obtained with the corresponding right sides. If it is 
necessary to calculate a (k+1)st approximation one 
can proceed as follows, 


£,=Z,4V—Z,, (5-11) 


Then, linearization of Eq. (5-10), using f in place of 
F, i.e., 
fe=fO+ Di (Af/0Z.)%.=0, 


yields the following equations 
(i) Driata=0, 
(ii) F®-InF®+ >°F,£,.=0, (5-12) 
(iii) Fo+(14+InF®)+ > Fe ,f=vqe— >_ricavic 
b Pp 
where 
F®=S yi; FM= DL riayi, 
ig ig 
F.p= Do rigehignyig™; v=1/n; vie=nie/n. (5-13) 


From the V.+1+M Eg. (5-12), one can solve for &. 
From this one can find Z,“+ [cf. Eq. (5-11) ] and 
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repeat the cycle. This iterative technique presupposes 
a fixed pressure and temperature. 

To illustrate how solids are handled, we shall discuss 
the case of carbon which is allowed to coexist in the gas 
and condensed phase. Calculations are permitted under 
either one of the hypotheses: solid carbon present and 
solid carbon absent. Usually, such information is 
available. However, near the boundary where solid 
carbon forms, such information is not readily obtain- 
able. In order to handle these cases near the solid 
carbon boundary, a feature is added to the program by 
means of which at the end of each calculation, the 
hypothesis inserted at the start of the calculation can be 
checked in order to be sure it is indeed correct. If 
incorrect, the computer automatically restarts the 
calculation with the correct hypothesis. The mecha- 
nism used for this feature will now be described. 

If solid carbon present is assumed, the computer 
tests whether ¢,/n is positive. If not, the computer is 
automatically instructed to repeat the calculation with 
solid carbon absent as hypothesis. If solid carbon 
absent is assumed, the computer tests whether the 
partial pressure pnc,/n, of carbon gas exceeds the vapor 
pressure of solid carbon at the temperature specified. 
If so, the computer automatically repeats the calcu- 
lations with solid carbon present as hypothesis. 


6. INTERATION EQUATIONS FOR NONIDEAL GASES 


When the gaseous species are nonideal, the function 
¢ introduced in Sec. 4 is given by Eq. (4-5) where the 
quantities yi,”, instead of being zero as in the ideal gas 
case, are known functions of the yj,, p, and T. As a 
consequence, explicit analytical determination of yj, 
and F as functions of yu’, p, and T becomes cumber- 
some, if not impossible. Yet it is still possible to use 
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substantially the same iterative technique used for 
ideal gases and discussed in Sec. 5. 

For nonideal gases parameters Ki,’ are necessary, 
similar to those defined by Eq. (5-8), which not only 
are functions of p and 7, but also depend on the mole 
fractions nj,/n. We shall represent Ki,’ by 


Ki,'=Wi,(nj,/n, p, T) = Ki,-exp(D Visape® — pi”) 
(6-1) 


where the right-hand side must be thought of as a 
known function of the N,+2 parameters nj,/n, p, T. 
The Ki, are defined by Eq. (5-8). The iterative tech- 
nique proposed for the nonideal case is the same as that 
for ideal gases with the exception that the Ki,”s after 
each iteration must be ‘updated’ with the information 
gained from the previous iteration. This can be done 
in various ways. We shall outline here two different 
methods. 

Let us by Ki,/™, yi, and Z. denote the kth 
estimates for Ki,’, ni,/n, and Z,. Before executing the 
next iteration, new estimates Ki,’/“+ can be obtained 
by using either the formula 

Ki, *%=Wi, (yj, p, T) (6-2) 
where 


yig® =Wi,(yi,*-, p, T) exp(>_Ai ale”), 
or the formulas 


Ki,/@» =Vi, (Ji, p, T) ’ (6-3) 


and 
(6-4) 


Fi =WVi,(yi™, p, T) exp( > rinZ™). 
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The statistical mechanical theory of the diffusion coefficients in binary liquid solutions is developed from 
the viewpoint of the pair space linear relations. Equations for the composition dependence of the ratios of 
the friction and diffusion coefficients are developed. For solutions which are regular it is found that the 
ratio of the two self-diffusion coefficients is in the inverse ratio of the corresponding molar volumes. The 


assumptions of the theory are discussed critically. 





I. INTRODUCTION 


HE complexity of the diffusion process in liquids 

has led to the development of numerous theories, 
each designed to explain or elucidate some given aspect 
of the phenomenon.! The researches of Fick paved the 
way to various formal descriptions which have culmi- 
nated in the development of the so-called phenomeno- 
logical relations that serve to describe heat conduction 
and thermal transport of matter as well as ordinary 
diffusion. The classical investigations of Einstein 
on the theory of Brownian motion? have stimulated the 
study of diffusion as a manifestation of the irregularity 
of molecular motion. In the more recent past, Eyring 
and his school’ have fruitfully regarded diffusion as an 
activated rate process analogous to those of chemical 
kinetics and have achieved rather useful results based 
upon the cell model of the liquid state. 

Recently, we have succeeded in deriving the hydro- 
dynamic equations of transport for multicomponent 
fluid systems from the Liouville theorem of statistical 
mechanics and have obtained the phenomenological 
relations from the exact equations by the postulation of 
linear expressions for the distribution functions in 
terms of'the velocities of the components and gradient 
of temperature.‘ Explicit evaluation of transport 
coefficients is not to be achieved from such general 
considerations, and, viewed in this perspective, the 
objective of more detailed theories is to determine the 
precise forms of the nonequilibrium distribution func- 
tions. To accomplish this, it has been assumed variously 
that only binary collisions are of importance, that it 
suffices to use the equilibrium distribution functions, 
or that cell or lattice models accurately describe the 
molecular configuration of the liquid state. We have 
been able to avoid these hypotheses by the introduction 
of a plausible assumption that falls within the spirit 
of the linear phenomenological theory and which we 

1 For a recent review of some of the current theories as well as a 
summary of available experimental data, we refer the reader to 
P. A. Johnson and A. L. Babb, Chem. Revs. 56, 387 (1956). 

2A. Einstein, Imvestigations on the Theory of the Brownian 
Movement (Dover Publications, Inc., New York, 1956). 

3S. Glasstone, K. J. Laidler, and H. Eyring, The Theory of 


—— (McGraw-Hill Book Company, Inc., New York, 
1941). 


#R. J. Bearman and J. G. Kirkwood, J. Chem. Phys. 28, 136 
(1958). 


believe to have considerable merit. To introduce it, we 
first observe that the average force plays an important 
role in determining the motion of a fluid. Thus, we have 
found it possible‘ to define a mean frictional force 
F,“-)* on a molecule of species a in a vy component 
system, such that, isothermally, 


F,¢ NF Let (U.—Us) ? 


(1.1) 


where U, is the mean velocity of species a, Ca is the 
concentration of the species and {as are well-defined 
friction coefficients. The principal assumption, men- 
tioned in the foregoing, consists of two parts and is 
concerned with the mean frictional force Fas, on a 
molecule of species a under conditions when a 
second molecule of species 8 is located in its neighbor- 
hood. We assume first that it is a linear function of 
the average velocity Ug of a in the presence of 8, 
with associated friction tensors (ag... Secondly, we 
replace the friction tensors, which in principle depend 
upon the distance between the two molecules, by their 
values at large distances where they are simply related 
to the ordinary friction coefficients [.s. In physical 
terms, we suppose that the mean frictional force on a 
in the presence of @ is related to the velocities in 
precisely the same way as in its absence, provided that 
the correct average velocity of a, namely, Us, is 
introduced. Stated thus physically, the assumption has 
considerable intuitive appeal combined with the virtue 
of simplicity. Using it, we derive a differential equation 
which relates the nonequilibrium pair correlation func- 
tion to the radial distribution function, and this then 
permits the expression of the transport parameters as 
averages over equilibrium ensembles. 

We have previously applied our technique to the 
study of the heat of transport,® thermal conductivity,® 
and thermal diffusion’ in binary solutions. In these 
theories the diffusion coefficients have arisen as param- 
eters which must be evaluated experimentally. We now 
find again that we cannot predict the magnitude of the 
diffusion and friction coefficients. We are able to obtain, 

5 R. J. Bearman, J. G. Kirkwood, and M. Fixman, Advances 
in Chem. Phys. 1, 1 (1958). 


®R, J. Bearman, J. Chem. Phys. 29, 1278 (1958). 
7R. J. Bearman, J. Chem. Phys. 30, 835 (1959). 
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however, equations for their ratios which are of interest 
in their own right. Furthermore, only the ratios of 
self-diffusion coefficients appear in the equations for the 
heat of transport and thermal diffusion factor, so that it 
becomes possible to express these coefficients entirely 
in terms of equilibrium parameters. The reader may 
prove this readily by substituting our present results 
into the formulas derived in the references. 

Because the equilibrium theory of solutions is as yet 
incomplete, we introduce further simplifying assump- 
tions to obtain numerical results. In the present 
instance, we find that for solutions which in a certain 
sense are regular the ratio of the two self-diffusion 
coefficients are in the inverse ratio of the molar volumes 
of two components. However, our general results, 
although unwieldy, do not depend upon the hypotheses 
of any specialized solution theory. 

It is a feature of our approach that the diffusion 
coefficients can be treated independently of the vis- 
cosity coefficient. In our treatment of viscous flow, 
which we hope to publish later, the familiar products of 
the viscosity coefficient and diffusion coefficients do 
appear. 


Il. PHENOMENOLOGICAL THEORY 


Diffusion exists when the components of a system 
undergo relative motion. Its magnitude at a point of 
interest is measured in terms of the fluxes of each 
component across a plane moving with an arbitrary 
velocity. For theoretical purposes,® the most convenient 
velocity is that of the center of mass which we may 
denote by u, and the flux of a is then c,(u.—u). How- 
ever, in experimental arrangements, the volume velocity 
w®, defined by the relation 


ca 
w= ) cadaa 


a1 


(2.1) 


may often be taken to be zero,® so that diffusion co- 
efficients are measured with reference to it. For this 
reason we shall be concerned in this paper solely with 
the diffusion fluxes j=c.(U.—u°). These are evi- 
dently subject to the condition 


> taja=0. (2.2) 


Mutual Diffusion 


Restricting ourselves to the case of two components, 
we may write the phenomenological equations for 
isothermal mutual diffusion® 


2 


iit ja ua > 2.Vup, 


b=1 


where yg are the chemical potentials and Qag are the 
phenomenological coefficients. When in addition the 


a=1, 2, (2.3) 


8 R. J. Bearman, J. Chem. Phys. 28, 662 (1958). 
9L. J. Gosting, Advances in Protein Chem. 11, 429 (1956). 
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system is at uniform pressure, Fick’s law follows from 

Eq. (2.3) and the Gibbs-Duhem equation, 
= j= DVa 


1 
p=-(™*) 
c2\ 0c T.P 


(2.4) 
(cQu— cM) ’ 


where 7 is absolute temperature and # is pressure. An 
alternative diffusion coefficient may be defined by 
writing Fick’s law for the second component, but by 
Eq. (2.2) and the relationship 


5,V+b2Ve2=0 (2.5) 


it also is equal to D. In other frames of reference the 
two coefficients will not be equal. 

Strictly speaking, there exists a slight approximation 
in the application of Fick’s law under the assumption 
that the volume velocity is zero. For, when it vanishes, 
the center of mass velocity u does not, and by the 
Newtonian equation of motion® a gradient of pressure 
will in general be present. This gradient then contributes 
to the phenomenological equation, creating an addi- 
tional term in Fick’s law. In practice, the correction is 
usually completely negligible. 


Self-Diffusion 


Self-diffusion is the name given to the diffusion 
through a system, otherwise in equilibrium, of a trace 
of a substance identical with one of the components, 
save for some trivial distinguishing characteristic. It 
is described by a Fick’s law equation for the motion of 
the trace component. For example, denoting the labeled 
component corresponding to the first component by 
1*, we have 


— fice=DiVey- (2.6) 
hi e=( Uj 
where D, is the self-diffusion coefficient of component 1. 


Ill. STATISTICAL MECHANICAL THEORY 


The mean nonequilibrium force F,” on a molecule 
of species a may be represented as the sum of the 
average forces exerted by all other molecules in the 
system,‘ * 


> dV 
cok, = > I etek O(n, nde, (3.1) 
p=1 dr r 


where Vg.(r) is the potential of intermolecular force, 
assumed central and pairwise additive, between mole- 
cules of species a and 8, r=f.—Tf; is the position, with 
magnitude r, of the center of mass of the 6 molecule at 
r2 relative to that of the a molecule at r,and cag” (13,1), 
defined more completely in the references, is the density 
in pair configuration space of molecules of species a 
at m, and B at fe. The integral in Eq. (3.1) may be 
represented with trivial inaccuracy as the sum of two 
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terms, the first of which leads to the phenomenological 
equations for the heat and matter fluxes while the 
second leads to the Newtonian stress tensor,‘ 


CaF a = CaF a % 


2 rrdV, 
+4V :1* Doce(t)e9(t1) [psa (ty, Ber, 
B= r dr 
CaFa’?* 
J rdV, 
= 4D ca()ea(m) [= "Tegag (Fr ¥) 
B=1 r dr 


— gee” (ty, ¥) |r, 
Zap” (Ti, £) =Cap™/Ca( 11) ca(Te). 


(3.2) 


In Eq. (3.2), gas™ is the pair correlation function. 
Intuitively, we may regard the total force on a 
molecule not in equilibrium to be the sum of two con- 
tributions. One of these is nonvanishing even at equi- 
librium and is due to the presence of concentration 
gradients. The other, a frictional force, is of primary 
interest and arises from the existence of velocities and 
temperature gradients. Accordingly, we define the 
frictional force for the isothermal case as the actual 
force F, less the force F.4 in an equilibrium, en- 
forced by the presence of external fields and assured 
by the Gibbs’ criteria, in which the concentration dis- 
tribution is the same as in the diffusing system.** Thus, 


F,0.0 =F,©-—F,0 


F,4.0*— F@*_ Fa.0* 
CaF a! = CaF a * 


rr dV sa 


gems Sea" (Wi, ¥)d*r 


+4V,1° Cats 
B=1 


(3.3) 


sae 1% T dV 6a (2,0) (2,0) 
Cala *=4) cate | - Leap? — gen?) Jd? 
B=1 r dr 


Zag? a Lap suns Lap” 0) 


where the equilibrium pair correlation function gag?” is 
the ordinary radial distribution function of statistical 
mechanics. To proceed further we now introduce linear 
expressions for the distribution function perturbations, 
conditioned by the restrictions that the microscopic 
equaiions must lead to the phenomenological relations 
for the matter flux and to the Newtonian stress tensor,! 


r 
Lap?" / gag? = Vag (r) “y (Us—U,) tas (r) V-u 


+s (1) 


#*=symVu—43V-ul 


(3.4) 


r-e*-r 
2 


r 


symVu = 3(Vu-+ Vutranspose)) | 
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The first term in Eq. (3.4), a first-order spherical 
harmonic, contributes to F,“-2* whereas the second 
and third terms, zero and second-order spherical 
harmonics, lead to the formula for the stress tensor. 
By the definition of simple Fickian diffusion which we 
treat here, the viscous terms will be negligible, and thus 
from Eqs. (3.3) and (3.4) we are led to the result,* 


F,0.0* = F000 = — Yep oa(Ua—Up) 
p=1 


dV. 
fap=} i 2 Ty 28 +050 Teen? dr ( 3.5) 


where the friction coefficients {4s are defined by the 
second of Eqs. (3.5). 
‘The partial equations of motion of Bearman and 
Kirkwood‘ reduce to the simple form, 
F,0.0*= Vy, (3.6) 
for quasistationary isothermal, isobaric diffusion pro- 
cesses. From Eqs. (3.5) and (3.6) we find that the 
gradients of chemical potential are linearly related 


through the friction coefficients to the relative velocities 
of the components, 


ice — Destao(e—Up). (3.7) 


From Eq. (3.7) it is possible to derive the following 
expressions for the mutual and self-diffusion coefficients 
in a two-component fluid”: 


Daw (oat /ru)| 1+(5 =), ; 


= (0kT/¢ of+( | 


ts] Inc, 


2 
De=kT/ta, a=) Cotes 
p=1 


(3.8) 


where f; and f2 are the activity coefficients of 1 and 2, 
respectively, 3; and 5, are their partial molar volumes, 
and & is the Boltzmann constant. 

Up to this point our considerations have been of a 
fairly general nature, combining statistical mechanics 
with the ordinary phenomenological theory of irre- 
versible processes. We are now prepared to introduce 
our final major assumption, which concerns the average 
frictional force on a molecule when it is in the neighbor- 
hood of another molecule. The average force on a mole- 
cule of species a at point fr, in the system when a second 


10 Footnote reference 6, Appendix. 
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molecule of species 8 is at rf, may be denoted by 
Fis1 (11, f2),!! and the average force on the second 
molecule by Fag2 (1, f2). It is convenient to combine 
these formally into a vector of six components, 
F.s(11, 2), which may be written as their direct 
sum, 

Fas (11, ¥2) = Fasi® ® Fas. (3.9) 
Similarly the average velocities of the two molecules 
Us (Ti, f2) and Uss2(t, 2) may be combined 
into the six-space vector Ues” (11, f2), 

Uap (1, 2) =Uas a? OUas 2” (3.10) 
The pair space frictional force F.s? is simply the 
difference between Fs” and the corresponding force 
F.s®” in the equilibrium state specified above. We 


suppose (i) that the frictional force obeys the linear 
relation, 


F,3° — F 32 = Fi? rap Sr Le Las: 20° {Uap (Ti, f2) 


—(u,(t) @u.(t2))}, (3.11) 
and (ii) that the pair friction tensor {as;,. may be 
replaced by its asymptotic form obtained upon com- 
parison of the relations for the singlet and pair forces 
with recognition that the pair and singlet forces, and 
also velocities, must approach each other at large 
distances between molecular pairs so that, 


Cap; 0 = CoS a7y11 Deo p02, (3.12) 
where 1, and 12 are the unit tensors at r; and f, re- 
spectively. Equations (3.11) and (3.12), taken to- 
gether, are the principal assumptions which permit 
unification of the theories of the several transport 
parameters in simple liquid mixtures, and form the 
basis of our current series of papers. Combined with 
the partial equations of motion and Eq. (3.4) for the 
distribution function perturbations, they provide differ- 
ential equations’ for the reduced perturbation param- 


eters Was=(Dat+Ds)Was in terms of the equilibrium 
radial distribution functions gas, 


dr’ 


Las? wt Vas + (+5. 32 De 
r 


dr dr 


gag? _ deg? 
aoret dr ’ 





(3.13) 


subject to the boundary conditions that Yag approach 
zero as r approaches infinity and, for potentials which 


For more _— definitions in terms of ensemble averages 
the reader is referred to footnote references 5 and 6 
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are infinite for r<b, 


lim Wed 1 12 


robt dr 


From Eq. (3.5) and the definition of Yas, we may 
write down expressions for the ratios of the friction 
coefficients, 


fuvkT/ (aivut xt) =§ [< vg Or, 
vkTS12{1/ (ait aroha) +1/ (xe rib) } 


= [ven Or, (3.14) 


Se2kT / (x2f2e+aitie) =3 {[< Veg Or, 


where » is the molar volume of solution and x and 22 
are the mole fractions. The friction coefficient {2 need 
not be considered separately, for, by its definition in 
Eq. (3.5), it is equal to {12. Since there are only two in- 
dependent ratios of three quantities, the second of Eqs. 
(3.14) must follow from the other two. We have not 
shown this generally, but we have discovered in the 
special case discussed in the following that the three 
relations appear to be consistent. Although we are 
unable to calculate the magnitude of each of the fric- 
tion coefficients, they are well defined experimentally, 
for they may be evaluated with the use of Eq. (3.8) and 
data on the two self-diffusion coefficients and one 
mutual diffusion coefficient at any given composition. 
In principle, each of the integrals appearing in Eq. 
(3.14) may be calculated from the solutions to the 
differential equations, Eq. (3.13), and a knowledge of 
the equilibrium radial distribution functions gas?” 
and the potentials of intermolecular force Vag. In 
practice, however, even for the simplest molecules, the 
labor involved is formidable. Upon reflection, this 
appears reasonable, for this situation is already en- 
countered in equilibrium statistical mechanical theory, 
and we would not expect the theory of transport to be 
any simpler. To achieve comparison with experiment, 
one must introduce simplified physical models or ap- 
propriate mathematical approximations. In the present 
instance, we find it most convenient to adopt the view- 
peint,of the of the theory of regular solutions of Hildebrand™ 


2 The a gr eee of Bearman, Kirkwood, and Fixman,® which 
preceded the general formulation of Bearman and Kirkwood! and 
the nonisothermal theory of Bearman, is readily altered to con- 
form to the later developments without change of any equations. 
It should be observed that Eq. (3.13), derived for two-com- 
ponent systems, holds, subject to our hypotheses, for all multi- 
component systems including those undergoing self-diffusion. 
There, the trace species is treated as an extra component with 
intermolecular potential parameters identical with those of one 
of ithe SS 

J. H debrand and R. L. Scott, The Solubility of Non- 
Electrolytes (Reinhold Publishing Corporation, New York, 1950), 
3rd ed., Chap. VII. 





1312 


wherein volumes are assumed additive and the radial 
distribution functions are taken to be independent of 
composition. It then follows from Eq. (3.13) that the 
distribution function perturbations Wag are also com- 
position independent, and therefore the integrals of 
Eq. (3.14) are similarly constant. Their values may be 
determined by letting the mole fractions approach 
unity. We thus find 


dV 
fugu" Or = vk 3s 


dV. 
1 Veg OPr=wkT, 
$22/fu=v/n, 
$12/Se2= 01/02. 


Substitution of Eq. (3.15) into the left-hand side of the 
second of Eqs. (3.14) gives 


(3.15) 


dV ie 
4 [vgn OPer= (v,+ 02) kT. 


(3.16) 


All three of Eqs. (3.14) are therefore consistent with 
the assumption that the radial distribution functions 
are composition independent. By Eq. (3.15) for the 
friction coefficient ratios and Eq. (3.8) for the diffusion 
coefficients, we find the simple relations 


D,/ D.= V2/ VY, 
§2/fu= (D,/Dz2) . 


Wh pfi+(: af) | 
0 Inc; TP 


The last equation is identical with one proposed pre- 
viously“ from more heuristic considerations. The 
present derivation provides a formal basis,?and, as well, 
suggests the limitations of the result. 


(3.17) 


IV. DISCUSSION 


Our principal assumptiors fall into three categories 
concerning (i) the dynamical behavior of the mole- 
cules, (ii) their nonequilibrium statistical behavior, 
and (iii) their equilibrium behavior. With respect to the 
first, we have assumed that the molecules obey the 
laws of classical mechanics and that they have pairwise 
additive central forces dependent only upon the 
magnitude of the distance separating the centers of 
mass of the molecular pairs and not upon their relative 
orientations. It is evident that of all species the heavier 
rare gas molecules most nearly approximate this be- 
havior, and even with these the assumption of addi- 
tivity is by no means exact. For more complex mole- 
cules the assumptions apply with rapidly diminishing 
accuracy, so that in many cases of interest they have 


4 Footnote reference 1, Eq. (114). 
6 'T, Kihara, Advances in Chem. Phys. 1, 267 (1958). 
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only qualitative application. With respect to the 
second category, the most important assumption is 
contained in the equations which linearly relate the 
pair space forces to the velocities through the use of 
asymptotic friction coefficients. To justify the equa- 
tions, we note that they are plausible, that they lead 
to relatively simple results, and, not the least im- 
portant, that they permit the unification of the theories 
of the transport parameters in simple liquid mixtures. 
Moreover, the consequences of the equations are in 
agreement with current theories of electrolytes and 
the Kirkwood theory of Brownian motion.” The degree 
of approximation which is involved can be better un- 
derstood by comparison of our current theory® of the 
heat of transport with those of earlier workers. Previous 
results were obtained on the assumption that the pair 
space velocity Ugg,” may be set equal to Ua, or, equi- 
valently, that nonequilibrium perturbations to the 
distribution functions may be neglected. In our for- 
mulation we take into account the differences between 
the velocities, although we retain the condition that the 
friction tensor maintains its asymptotic value. Thus, 
in this sense our theory represents a second approxi- 
mation to the final answer. With respect to the third 
category, we have assumed for the purposes of simpli- 
fying our results that the radial distribution functions, 
like those of the regular solution theory, are composi- 
tion independent. At the present time it is difficult to 
assess the importance of this approximation and sepa- 
rate it from the others. The work of Alder'* on mixtures 
of hard spheres suggests that it is not particularly good, 
except, perhaps, when the molecules are of the same size. 
Its effect on our final equations, however, depends 
upon the sensitivity of the integrals in Eq. (3.14) to the 
values of the distribution functions, and we have not 
yet determined this. 


From the foregoing analysis, it appears that, because 


_of their simplicity, the best systems for the comparison 


of the theory with experiment are the liquified rare gas 
mixtures. However, because experimental data are still 
scarce, we are forced to turn to more complex systems. 
The values of both self-diffusion coefficients have been 
obtained by Carman and Stein” for the system ethyl 
iodide(1)-—n—butyl bromide(2). The ratios of the diffu- 
sion coefficients, D,/D2, at 19.35°C, calculated from 
parabolic least squares fits of the data, are presented in 
Table I as a function of composition. The ratio is 
fairly constant over most of the range, but is lower than 
the ratio v/v, which is 1.41.” To two significant figures 
the agreement is good—1.1 for D,/D2 compared with 1.4 
for 22/0. It appears better when it is remembered that 

16 E, Helfand and J. G. Kirkwood, ‘Theory of the heat of 
transport of electrolytic solutions” (to be published). 

17]. G. Kirkwood, J. Chem. Phys. 14, 180 (1946). 


#8 B. J. Alder, J. Chem. Phys. 23, 263 (1955). 
(1956) C. Carman and L. H. Stein, Trans. Faraday Soc. 52, 619 

956). 

20 J. Timmermans, Physico Chemical Constants of Pure Organic 
Compounds (Elsevier Publishing Company, Inc., New York, 
1950). 
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equilibrium solution theories have also not been 
eminently successful in quantitative prediction.” The 
classical Stokes-Einstein relation,? derived for the 
Brownian motion of particles of macroscopic dimension, 
predicts that the product of the diffusion coefficient 
and viscosity is proportional to the reciprocal of the 
radius of the particle. The extension to the present case 
would suggest that the ratio of the self-diffusion co- 
efficients should be in the inverse ratio of the cube root 
of the molar volumes.” For the ethyl iodide-n-butyl 
bromide system this is 1.1, and is therefore closer 
to the experimental value than our prediction. How- 
ever, this need not be interpreted as a failure of the 
theory presented here since the system under con- 
sideration does not meet all of the requirements for 
the validity of the simplified formulas. In particular, 
we should not expect the radial distribution func- 
tions to be composition independent since the molar 
volume of n-butyl] iodide is one and a half times greater 
than that of ethyl iodide. In the limit when the vol- 
umes become equal, the ratio of volumes approaches 
one, as does the cube root of the ratio, so that a critical 
comparison of the two theories may not be feasible. 

Finally, we would like to suggest that our formulation 
may be extended readily in a variety of ways, some of 
which could prove useful for the empirical representa- 
tion of data. We shall consider only the simplest 
case in which we assume arbitrarily that the friction 
coefficients are independent of comparison. From Eq. 
(3.8) we find 


DP=0v,kT/fu, D,°=v2kT/f12, 
Ds =vkT/S2, D,°=0,kT/t12, (4.1) 


where D,°, D.° are the self-diffusion coefficients of (1) 
and (2) in pure (1) and (2), respectively, and D,” and 
D-” are the coefficients of each at infinite dilution. We 


217. Prigogine, The Molecular Theory of Solutions (Interscience 
Publishers, New York, 1957), Chap. XI. 

2 J.C. M. Li and P. Chang, J. Chem. Phys. 23, 518 (1955). 

23In this connection, we would like to call attention to the 
similar approach of R. W. Laity, J. Phys. Chem. 63, 80 (1956), 
who attacked the problem with purely phenomenological tech- 
niques. 
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TABLE I. D,/D, for the system ethyl] iodide (1)-n-butyl iodide (2). 





D,/Dz 


3 





13 
14 
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1 

1 

1.14 
1.14 
1.13 
1.12 
1.12 
1.11 
1.11 
1.08 
1.07 





then have 
D,°/D2° = 02/1. (4.2) 


If we combine Eq. (4.1) and Eq. (3.8), assuming addi- 
tivity of volumes, we may express the composition 
dependence of D, in terms of D,° and D,” or alter- 
natively in terms of D,° and D,*, 


1/ D,= (xyD,°+ x22D,°) / wD,” 


Uf % X2 
=a} 


If, in addition, we introduce the assumption that the 
radial distribution functions are independent of com- 
position and therefore that v2/2=D,/D.=D,°/D,”, we 
then find from Eq. (4.3) that D,=D,°, or that the self- 
diffusion coefficient is constant over the entire com- 
position range. Thus, sufficient conditions for the con- 
stancy of the self-diffusion coefficients are the additivity 
of volumes and the independence of the radial distribu- 
tion functions and friction coefficients on composition. 
By Eq. (3.8), the mutual diffusion coefficient is con- 
stant when the volumes are additive, the activity 
coefficient is unity, and the friction coefficient fy. is 
composition independent. 


(4.3) 
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Measurements of the diffusion coefficient for a trace of carbon dioxide in a mixture of helium and nitrogen 
of varying composition have been made at room temperature and atmospheric pressure using the point 
source technique. The results are shown to be in agreement with the results of Fairbanks and Wilke in that 


an equation of the form 


Di-miz= CDe(%%/Dix) 7 
Gh 


can be used to relate the diffusion coefficient of a trace of species 7 in a mixture of composition given by the 
mole fraction x; to the binary diffusion coefficients );%. Some data are presented on the separation of the 


mixture in the diffusion zone. 





N a recent paper,! a detailed study of a new method 

of measuring molecular diffusion coefficients in 
gaseous systems was presented. This technique uses the 
change in concentration downstream of a point source 
of a trace gas located in a uniform laminar jet of a 
second gas to determine the binary diffusion coefficient. 
The technique has good precision (+1-2%) and, 
because the trace gas concentration is essentially zero, 
the ambiguity in the conventional diffusion measure- 
ments arising because of composition changes can be 
conveniently avoided. In fact, this feature has been 
used to measure the small effects of concentration on 
binary diffusion coefficients.?* The present paper is 
concerned with another interesting application of the 
point source method. If a multicomponent mixture 
is used for the carrier gas, the diffusion of the trace gas 
through the mixture can be studied. This is actually a 
multicomponent diffusion process, but the unique fea- 
ture of the point source technique (a trace amount of 
one component) simplifies the necessary theoretical 
considerations and permits a simple relation between 
the measured diffusion coefficient and the individual 
binary diffusion coefficients to be established. Measure- 
ments of this type provide a check on the complex 
kinetic theory of multicomponent systems.‘ 


THEORY 


The theoretical foundation for the problem of diffu- 
sion from a’ point source of a trace gas into a uniform 
laminar jet of a second (carrier) gas has already been 
given,’ although it is necessary to reproduce in part 
some of the derivation for the case of a multicomponent 


* Supported by contract with the Bureau of Ordnance, U. S. 
ares E. Walker and A. A. Westenberg, J. Chem. Phys. 29, 1139 
COE. Walker and A. A. Westenberg, J. Chem. Phys. 29, 1147 
OE. Walker and A. A. Westenberg, J. Chem. Phys. 31, 519 
OO. Hirschfelder, C. F. Curtiss, and R. B. Bird, The Molecular 


Theory of Gases and Liquids (John Wiley & Sons, Inc., New York, 
1954), p. 541. 


carrier gas. The theory is developed for a binary carrier 
gas (species 2 and 3), although extension to more com- 
plicated mixtures is easily accomplished. The assump- 
tions employed in reference 1 are used here, namely, 
(a) steady state, (b) no chemical reaction, (c) con- 
stant unidimensional stream velocity U, (d) no ex- 
ternal forces, (e) constant temperature and pressure, 
and (f) species 1 present only as a trace. Assumptions 
(e) and (f) permit one to assume that the gas density 
p and the various multicomponent diffusion coefficients 
Dj; are constant. By using these many assumptions, the 
differential equation for the trace component becomes 


U (8n;/dz) + (n?/p) [m2D2V?(n2/n) 
+m3D,3V?(n3/n) ]=0 (1) 


with n=m-+n2+n;. In this equation, m; is the mo- 
lecular mass of the ith component and m is the (con- 
stant) molecular density. The multicomponent diffu- 
sion coefficients are related to the several binary diffu- 
sion coefficients by a complicated expression involving 
concentration of species, molecular masses, and binary 
diffusion coefficients.‘ For this particular problem, 
where it can be assumed that the mole fraction 1;~0 
and x2 and 3 are constant, Eq. (1) can be simplified to 


U (dm,/d2) + (x2/Di2) + (%3/Dis) FV2m=0. (2) 


Equations for species 2 and 3 become complicated 
expressions involving all three pertinent binary diffu- 
sion coefficients (Diz, Des, Diz), and the presence of 
species 1 indicates that ordinarily the species 2 and 3 
will separate in the presence of the trace gas—it has 
been the assumption in this analysis that the amount of 
separation is small and could be neglected in evaluating 
the diffusion coefficients. That this is the case is demon- 
strated in the following experimental study. A quanti- 
tative understanding of this separation phenomenon 
would require the solution of equivalent equations for 
species 2 and 3. 

Equation (2) has a form identical to the equation 
for a single-component carrier gas except the binary 


1314 





DIFFUSION COEFFICIENTS FOR CO:—He—N:z 


diffusion coefficient has been replaced with an effective 
diffusion coefficient 


Dy-mix™= [ (42/Di2) + (%3/Dis) T}. (3) 


For a mixture of more than two components, Eq. (3) 
is given as 


Dy-mis= [20 (%i/Di) (4) 
i¥i 

Equation (4) has been given by Hirschfelder and 
Curtiss® and Fairbanks and Wilke® for multicomponent 
diffusion with one component present in trace amounts. 
The application of Eq. (3) to the point source method 
of measuring diffusion coefficients permits an inde- 
pendent method of checking multicomponent kinetic 
theory. Fairbanks and Wilke® have already reported 
data in substantial agreement with Eq. (4) for the 
diffusion of ethyl propionate into hydrogen-air mix- 
tures and toluene into hydrogen-argon mixtures. 


APPARATUS 


The experimental measurements reported in this 
paper were obtained in much the same manner as the 
data reported in reference 1. In view of the separation 
of the carrier gas species, however, it became necessary 
to modify the sampling and thermal-conductivity gas 
analysis apparatus used to detect the small concentra- 
tion of trace gas. Ordinarily, a gas sample was con- 
tinuously removed from the flow system with a quartz 
microprobe and passed to one cell of the thermal- 
conductivity gas analysis cell, the cell pressure being 
regulated at about 1 cm Hg. The reference cell was 
continually purged at 1 atm with pure carrier gas. 
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Fic. 1. Schematic of gas sampling and analysis system. (a) 
Method of measuring CO, concentration. (b) Method of measur- 
ing separation of the He—N: carrier gas. 


5 J. O. Hirschfelder and C. F. Curtiss, Third Symposium on 
Combustion, Flame and Explosion Phenomena (Williams and 
Wilkins, Baltimore, Maryland, 1949), p. 124. 

*D. F. Fairbanks and C. R. Wilke, Ind. Eng. Chem. 42, 471 
(1950). 
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TABLE I. Comparison of measured effective diffusion coefficients 
for the CO2(trace)—He—Nz2 system and computed values (using 
experimental end points) (T=299°K; p=1 atm). 


Calculated 





Mole 
fraction 
helium 


Mole 
fraction 
nitrogen 


Experi- 
mental 


XNa 


He 
Doo.-He Deor-nez 


cm?/sec 





XHe XNe cm?/sec 





1.000 0.171 
0.206 
0.242 
0.312 
0.402 


0.611 


(0.171) 
0.201 
0.242 
0.304 
0.402 

(0.611) 











By using carbon dioxide as a trace gas, it was possible 
to obtain quantitative trace gas composition measure- 
ments with the usual thermal-conductivity gas analysis 
by splitting the sample. Part of the sampled gas was 
passed to the reference cell through a liquid nitrogen 
trap to remove the carbon dioxide. See Fig. 1(a). In 
this way, the carbon dioxide concentration could be 
measured against a slightly varying reference gas com- 
position and the data handled in the usual fashion. 
Checks were made with binary systems (CO-N2 
and CO.-He) to insure that the split lines were suffi- 
ciently long to insure isolation between the reference 
and sample cells and that the carbon dioxide was 
quantitatively removed by the liquid nitrogen trap. 
Measurement of the amount of separation of the 
helium and nitrogen carrier was accomplished by purg- 
ing the reference cell with sampled, carrier-gas mixture, 
where the sample withdrawn from the mixing zone was 
passed through a liquid nitrogen trap to remove the 
carbon dioxide before being analyzed. See Fig. 1(b). 
The helium and nitrogen gas flows were regulated 
through critical orifices and the mixture proportions 
were continually monitored with a Gow-Mac thermal- 
conductivity cell. The nitrogen (super dry) and carbon 
dioxide (extra dry) were supplied by the Southern 
Oxygen Company and the helium was supplied by the 
Naval Gun Factory. The purity of the carbon dioxide 
was checked with a mass spectrometer and found to be 
sufficiently free from light gases and condensables. 


RESULTS 


Experimental measurements of the effective diffu- 
sion coefficients for the CO:(trace)-He-N2 system 
are given in Table I and Fig. 2. The entries in Table I 
represent average values of four or more runs (the 
reproducibility of these runs was about +1%). Various 
mixtures of helium and nitrogen carrier gas were in- 
vestigated. Also included in Table I are values of the 
effective diffusion coefficients calculated with Eq. (3) 
using the experimental values of the binary diffusion 
coefficients (Dco,-n, and Deon) determined at the 
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Fic. 2. Measured and calculated values of Doo .—mix as a func- 
tion of carrier gas composition. 


end points. The end point values of the binary diffusion 
coefficients are for carbon dioxide as the trace species 
(this procedure avoids the concentration effect that 
would be important in the He-CO. system). The 
agreement between the experimental values and the 
calculated values of the effective diffusion coefficient is 
good and substantiates that Eq. (3) is quite satis- 
factory in expressing the effective diffusion coefficient 
for multicomponent systems where one component is 
present as a trace. 

In addition to the measurements of multicomponent 
diffusion coefficients, we have made a cursory set of 
measurements to determine the amount of separation 
of the carrier gas mixture in the diffusion zone. One 
such set of profiles for the three components is given 
in Fig. 3. This figure is to be regarded as a qualitative 
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Fic. 3. Profiles of concentration changes downstream of a 
point source of CO, in a He—N; jet. (s=1.00 cm, xg.=0.498). 


picture of the separation phenomenon and the details 
of the helium and nitrogen profiles are not to be con- 
sidered real. In contrast to the profile of the change 
in the nitrogen concentration, it is of interest to note 
the nearly uniform and low value of the change in the 
helium concentration. The transverse profile for the 
CO, concentration agrees well with the point source 
equation.! 
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The theory of preferential etching at dislocations has been presented by Cabrera. In the present report 
the theory is reviewed and compared to empirical observations on the dissolution of lithium fluoride. The 
observed dissolution behavior is consistent with Cabrera’s theory as modified by the effect of dissolution 


poisons. 





INTRODUCTION 


HE correspondence of etch pits to emergent dis- 

locations was first suggested by Shockley and Read! 
to account for certain etch patterns observed by 
Lacombe and co-workers? on high purity aluminum. 
Since that time the preferential etching at dislocations 
has been observed on a wide variety of crystals. The 
comprehensive work of Gilman and Johnston’ on dis- 
location motion in lithium fluoride indicates the mass 
of information that can be obtained by simple etching 
techniques. 

The theory of preferential etching at dislocations has 
been presented by Cabrera.‘ He has demonstrated the 
existence of a region of undersaturation such that 
dissolution should proceed preferentially at dislocations 
as opposed to perfect surfaces. 

Recently it has been shown’ that the preferential 
etching of lithium fluoride by dilute ferric fluoride 
solutions agrees in all qualitative detail with Cabrera’s 
conclusions subject to one modification. It is insufficient 
to preferentially create dissolution steps at dislocation 
sites to obtain a sharply defined etch pit. It is also 
necessary to have a solute present in the etching solu- 
tion that adsorbs at the advancing dissolution steps 
and poisons the dissolution process. The ferric fluoride 
in the water solution serves that purpose with lithium 
fluoride. 

It is the purpose of the present paper to describe 
some recent results which confirm further details of the 
dissolution mechanism. 


EXPERIMENTAL 


A. Dissolution in Distilled Water 


A freshly cleaved crystal of lithium fluoride bounded 
by {100} type planes was weighed on an analytical 
balance to the nearest milligram. It had been pre- 
viously scratched on one surface, which was arbi- 
trarily used as the bottom surface. The crystal was 
placed bottom down on the bottom of a two-liter flask 

1 W. Shockley and W. T. Read, Phys. Rev. 78, 275 (1950). 

2P. Lacombe, Report on Com ference on ‘Strengths of Solids 
i pear eye of London, 1948), p. 91. 


ilman and W. G. Johnston, Dislocations and Mechanical 
a ee of Crystals (John Wiley & Sons, Inc., New York, 1957), 


p. 1 
‘ x. "Cabrera, J. Chem. Phys. 53, 675 (1956). 
T. J. Gilman, W. G. Johnston, and G. W. Sears, J. Appl. Phys. 
29, 747 (1958). 


containing 1000 g of water. A motor driven glass stirrer 
was introduced through a six-inch length of glass tubing 
fitted by a ground joint to the neck of the dissolution 
flask to avoid evaporation of solvent. The stirring rate 
was slow enough to avoid moving the crystal over the 
surface of the flask. 

After two weeks the crystal was removed, dried, and 
weighed. Only 0.401 g had dissolved compared to the 
reported 1.33 g/ liter solubility at 25°C.°” The upper 
surface did not recede uniformly during the dissolution 
process as can be seen in the photomicrograph of Fig. 1 
at 300 X. In Fig. 2, an edge of the crystal is shown at 
500 X showing the lack of uniformity in solution rate. 
Thin tapered platelets of lithium fluoride are banded 
by repeated interference colors. They remain attached 
to the main crystal. 

To view the crystal in cross section, it was cleaved 
and observed through the cleavage surface. The cleav- 
age plane is a {100} type and is normal to the top 
and bottom surfaces of the crystal. In Fig. 3 the crystal 
is viewed at 300 X (parallel) to the top surface. Large 
tapered pits can be observed which are at most 200 u 
in depth and correspond to the large rectangular holes 
shown in Fig. 1. 

An even more striking effect is seen when the crystal 
is viewed through a cleavage plane at the bottom sur- 
face. The large pits characterizing the top surface are 
absent. Figure 4 is a photomicrograph at 500 X taken 
below the cleavage plane showing interference colored 
channels which run predominantly in a {100} direction 
with some segments in a {110} direction. The channels 
have uniform interference colors over short segments 
indicating that they frequently jog from a {100} 
direction. They are about 2 u wide as observed at 500 X 
and less than 1 thick as judged by their interference 
colors and 100 yp in length. 


B. Dissolution in the Presence of Antedotal Solutes 


It was known that ferric fluoride in very low concen- 
trations is a poison for both the dissolution® and growth® 
of lithium fluoride in aqueous solutions. It was sus- 
pected that the solution process in current experi- 
ments was inhibited by ferric fluoride provided by the 

sy. ~ 6). HH. Pay! Payne, J. Am. Chem. Soc. 56, 947 (1937). 

1K. H. Mey er and M. Dunkel, Z. Physik. Chem. (Bodenstein 


Festband) 556 (1931). 
8 G. W. Sears (unpublished results). 
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Fic. 1. Upper surface LiF crystal after 14 days dissolution in 
distilled water. 500X (reduction 60%). 


dissolving crystal. This possibility was investigated by 
studying the dissolution of lithium fluoride in dilute 
solutions with two solutes that reduce the ferric ion 
concentration in solution below the value character- 
istic of a ferric fluoride complex ion, sodium cyanide 
and ammonium hydroxide. 

The dissolution of lithium fluoride in 0.044 molal 
ammonium hydroxide was carried out as before. After 
24 hr the cleaved sample was removed from solution, 
dried and reweighed. A weight loss of 0.750 g was found. 
The weight loss increased to 0.936 g after a second 24-hr 
solution period. 

The upper surface was more uniformly dissolved 
than in the absence of ammonium hydroxide. In Fig. 5, 
a region of the upper surface is observed at 1057.5X 
after 24-hr dissolution. The surface is covered with tiny 
tiny holes and what appear to be foreign particles. 
In Fig. 6, the surface of a lithium fluoride platelet 
grown from aqueous solution is photographed at 
1000X for comparison. 


Fic. 2. Upper edge of crystal in Fig. 1. 500X. 


SEARS 


Fic. 3. Crystal in Fig. 1 viewed parallel to the top surface 
through a cleavage surface. 500X (reduction 60%). 


The dissolution of lithium fluoride in 0.01 molal 
NaCN solution was next studied. After 21 hr a weight 
loss of 0.893 g was measured. In an additional 20 hr, 
the weight loss had increased to 1.009 g. The surface 
was even more uniformly dissolved than in the presence 
of ammonium hydroxide. In Fig. 7, a surface area is 
photographed at 750X to indicate that the same type 
of surface roughness shown in Fig. 5 is present on a 
crystal that has been dissolved in the presence of 
sodium cyanide. 


DISCUSSION 
A. Preferential Dissolution at Dislocations 


‘'The formation of long narrow channels in [100] 
directions is attributed to preferential etching along 


Fic. 4. Crystal in Fig. 1 viewed parallel to the bottom surface 
through a cleavage surface. 500X. 
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dislocations in the presence of a poison contributed by 
the dissolving crystal phase. The channels may be 
regarded as negative whiskers. Their morphology is 
determined by undersaturations in an analogous way 
by which supersaturations determine whisker mor- 
phologies. It may be deduced that preferential etching 
of the channels occurs at quite low undersaturations. 
Channels were observed after etching in a 0.01 molal 
NaCN solution containing an initial concentration of 
0.936 g/liter of LiF. These channels were as much as 
0.1 mm deep, and were formed in a 20-hr etching 
period. 

It will be assumed that the concentration gradient 
along a channel is constant. An approximate equation 
for estimating the average concentration difference is 


(Ac) wz (10%pi?/20- At) (g/liter). (1) 


Introducing the numerical values /=10-? cm, D= 10-5 
cm? sec~!, At= 7X 10* sec, and p= 2.6 g/cm’, a value of 


Fic. 5. Upper surface of LiF crystal after 24 hr in 0.044 molal 
NH,OH. 1410X (reduction 75%). 


concentration difference between the tip of a channel 
and the solution is calculated as 


(Ac) w+0.2 g/liter. 


This difference in concentration combined with the 
body concentration gives an approximate concentration 
of 1.14 g/liter at the dissolving end of a channel. 
The average concentration difference is not over- 
estimated. It is concluded that the preferential etching 
of channels in LiF may occur at undersaturation ratios 
at least as large as 0.85, i.e., at near saturation. 

If a,=0.85 is taken as that saturation ratio at which 
Af *=0 for dissolution at a dislocation, Eq. (A 10b) 
may be solved for the surface energy of lithium fluoride 
in contact with its water solution. It is written 


v= (b/r) {GpRT |na./M (1—v) }}. (2) 
Introducing the values G=5.5X10" dynes/cm?,? y= 


*jJ. J. Gilman, Trans. Am. Inst. Mining, Met. Petrol. Engrs. 
209, 449 (1957). 


Fic. 6. As-grown surface of LiF crystal from distilled water. 
1000X. 


0.33, b=4.01X 10-8 cm” in Eq. (A 10b) yields the result 
= 165 erg/cm’. 


This value is an upper limit since the value of a, was 
not underestimated. It is noted that the interfacial 
energy of potassium chloride in contact with aqueous 
solution" (11) is 46 erg/cm? as compared to ~80 
erg/cm? ” for fused potassium chloride. The ratio of 
the interfacial tension to the fused salt value is 0.58. 
The surface tension of fused lithium fluoride’* is 250 
erg/cm? and the corresponding ratio is 0.66. 

Consider the saturation ratio a necessary to cause 
unit nucleation rate on a perfect surface. (Nucleation 
rate is such a sensitive function of undersaturation 
that unit rate and measurable rate are synonomous). 


Fic. 7. Upper surface of LiF crystal after 21 hr in 0.01 molal 
NaCN. 1000X (reduction 75%). 


10 Handbook of Chemistry and Physics (Chemical Rubber Pub- 
lishing Company, Cleveland, Ohio, 1952), 34th ed., p. 2265. 

11 G, W. Sears, J. Chem. Phys. 29, 979 (1958). 

12 Handbook of Chemistry and Physics (Chemical Rubber Pub- 
lishing Company, Cleveland, Ohio, 1959), 40th ed., p. 2143. 
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It is written that 
o=exp{—zay*M/pRkT? |nB}, (3) 


where B10” sec and the other values have been 
previously cited. The saturation ratio for an ap- 
preciable nucleation rate is calculated as 


a,=0.52. 


Thus there is a region of undersaturation in which 
dissolution pits at dislocations are created with no 
nucleation barrier, whereas nucleation does not occur on 
a perfect surface at an appreciable rate. 

It appears that preferential etching of LiF occurs at 
undersaturation ratios in the solution in the immediate 
neighborhood of the crystal surface such that steps are 
generated spontaneously at dislocations and not at 
all at perfect surface sites. 

Equation (A 10b) shows that the pertinent elastic 
modulus and the surface energy determine the upper 
bound of undersaturation for which spontaneous dis- 
solution may occur at a dislocation for a given crystal. 
Since Gb? is almost as large for LiF as for a metal 
crystal, while the pertinent surface energy is larger for a 
metal crystal, spontaneous dissolution will occur at 
dislocations in metal crystals only at very small under- 
saturation ratios. There is a well-defined region of under- 
saturation in which preferential etching can occur at 
dislocations in metal crystals, but the upper limit of 
undersaturation ratio is quite small. Vermilyea® recog- 
nized this feature and attributed the difficulty in dis- 
location etching pure metals to the fact that small 
undersaturation ratios cannot be maintained in the 
solution phase. Real crystals used in etching experi- 
ments have many steps and sources of steps not in- 
volving nucleation processes, i.e., crystal edges, screw 
dislocations, and high index planes. The empirical 
inability to maintain small undersaturation ratios over 
a specific metal crystal implies the absence of a suff- 
ciently effective dissolution poison. 


B. Dissolution Poisoning 


The most important effect of a poison in the forma- 
tion of etch pits depends upon the inhibition of the 
dissolution process. It has been shown that severe 
hindrance!’ of growth and solution at a step is as- 
sociated with complete coverage of the adsorption sites 
on the step. It is necessary to postulate that an origi- 
nally clean step moving across a crystal surface is 
rapidly poisoned by diffusion of poison from the body 
of solution. If this did not occur the solution would 
become saturated in the neighborhood of the crystal 
surface and preferential dissolution at dislocations 
could not occur. 

It is possible to make an estimate of the poisoning 
time for an initially clean set of steps by the following 


18 PD. Vermilyea, Acta Met. 6, 381 (1958). 
4 G. W. Sears, J. Chem. Phys. 29, 1045 (1958). 
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procedure. Suppose that the interstep spacing is 10-* 
cm. The available sites for adsorption of poison would 
be approximately 10% cm~*. This quantity of poison 
would be contained in the solution within 10~’ cm of 
the surface if the poison concentration was 10 mole 
fraction. If the diffusion constant, D, for poison is 
established at 10-° cm? sec“, the Einstein equation 


2Dr=).!, (4) 


relating mean free path of diffusion \, and diffusion 
time 7 can be solved to give a poisoning time of 10-° 
sec. Even including a generous allowance for a material 
accommodation coefficient of less than unity, a poison- 
ing time larger than 1 usec is hardly conceivable. 

The formation of an etch pit at a dislocation occurs 
by the generation of loops of step concentric to the 
dislocation. As a given loop expands the number of 
adsorption sites, s, for poison increases according to the 
equation 


$= 2nNof, (5) 
where No is the number of sites per unit length of step. 
The pit size is limited by the largest diameter loop of 
step. It is expected that the half-life of an adsorbed 
poison molecule is long so that interchange between 
adsorption sites can be ignored with respect to diffusion 
transport from solution. The validity of this assump- 
tion can be deduced from earlier results.' In a solution 
having a body undersaturation ratio of 0.15 with respect 
to LiF, pits at edge dislocations were much deeper than 
pits at screw dislocations although the diameter of 
both types of pits was identical. Since the pits at edge 
dislocations must necessarily involve a larger number 
of total poison adsorption sites, the rate of pit growth 
involves primarily the effect of the lengthening step 
given in Eq. (5) rather than the total number of ad- 
sorption sites at a dislocation. 

The equiconcentration lines in the diffusion field 
will be approximately hemispherical about a dislocation. 
The net effect of expanding step loops and the diffusive 
transport of poison will be to establish a quasi-steady- 
state population of filled adsorption sites on the col- 
lection of steps comprising the etch pit. The population 
will depend upon the undersaturation of the solution 
with respect to the dissolving crystal phase, the con- 
centration of poison in the etchant, the radius of an 
etch pit and the spatial relation of etch pits one to 
another. The further complexity of different types of 
dislocations and dislocation directions with respect to 
the surface, as well as varying degrees and kinds of 
adsorption and/or precipitation upon dislocations from 
solid solution will be ignored in the present discussion. 
It was found® that it was necessary to reduce the 
poison content in an etching solution having an under- 
saturation ratio of 0.15 in LiF to maintain the same 
pit size for a given etching period as in the absence of 
LiF. For a given poison concentration in solution and a 
given etch pit radius, the steady-state population of 
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filled adsorption sites would be larger for slower rates of 
step motion. The population of poisoned sites can also 
be changed by modifying the diffusion field, i.e., 
reducing the poison content in the etching solution will 
reduce the rate of transport of poison to a surface 
site. Qualitatively the observed reduction in poison 
content in solution was necessary to maintain a poison 
concentration on the step at a value such that a fixed 
step motion was maintained in the presence of a partial 
saturation of LiF. 

Since the dissolution rate at a step is a sensitive 
function of the fractional coverage of adsorbed poison, 
it is expected that the poisoning action characteristic 
of a given poison concentration in solution should be 
sensitive in some cases to the temperature of the 
system. The etching of sodium chloride crystals by 
glacial acetic acid containing small amounts of ferric 
ion shows an effect attributed to change in adsorption 
isotherm with temperature." The size of etch pits after 
a 1-min etch is many times larger if the etching is carried 
out at 50°C than at 25°C. 


C. Antedotal Action 


The very slow rate of solution of lithium fluoride in 
distilled water was attributed to the presence of 
poison contained in the lithium fluoride crystal. The 
approximately thirty-fold increase in solution rate in 
the presence of ammonium hydroxide and sodium 
cyanide gives strong confirmation to the interpretation. 

The uneven dissolution rate over the crystal into 
distilled water is characteristic of the action of poisons 
during growth. The tapered platelets showing con- 
secutive bands of interference colors is similar to the 
formation of tapered laths of LiF colored by inter- 
ference bands when grown from a solution containing 
small amounts of ferric fluoride. 

The identity of the active poison is believed to be 
ferric ion impurity in the lithium fluoride crystal. The 
impurity might be either in solid solution or as pre- 
cipitate particles in the parent crystal. 

The etching behavior is complicated by the presence 
of many precipitate particles which litter the surface of 
a heavily etched crystal as shown in Figs. 5 and 7. 
The grown surface of Fig. 6 contrasts in the absence 
of particles. The growth step undergoes repeating 
pinning and release from precipitate particles. This 
action tends to pile up growth steps to form step 
heights that are multiples of unit steps and whose 
dissolution behavior differs from that of steps of unit 
height. 


CONCLUSIONS 


Empirical observations on dislocation etching of 
lithium fluoride are consistent in great detail with the 
predictions of Cabrera’s theory of etching as modified 
by the effect of dissolution poisons. The formation of 
etch pits occurs when the undersaturation ratio in the 
immediate neighborhood of the crystal surface is less 
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than the critical value at which spontaneous dissolution 
occurs at dislocation sites. Etch pitting can only 
occur in the presence of dissolution poisons since this is 
the only way in which the local undersaturation can be 
maintained below the critical level. Poisons also serve 
to pile up step loops around dislocations so that the 
pits are visibly contrasted to the surrounding crystal. 
Conversely, it can be deduced that a polishing solution 
ideally requires the complete absence of any solute 
that might poison the particular dissolution reaction 
being used. 
APPENDIX 
Résumé of Cabrera’s Treatment 


It is convenient to briefly review Cabrera’s theory of 
dissolution at a dislocation before discussing the 
present results. A formulation used by Cahn® for the 
nucleation of an incoherent second phase from solid 
solution upon a dislocation line is followed. 

The dissolution nucleus is taken as a cylindrical hole 
in the crystal surface, one atom layer deep, a, and of 
radius r, with the dislocation normal to the surface. 
The free energy of nucleation, Af consists of a strain 
energy term, Af., a surface energy term, Af, and a 
volume energy term Af,. It is written that 


Af=Af. +Af.+Afo. 
The strain energy contribution is given by 
Af.=—a@A In(r/m)+B (r>1), (A2) 


where A and B are dependent upon the nature of the 
dislocation and the degree of solute adsorption upon 
the dislocation. For a clean edge dislocation, A= 
Gb?/4x(1—v) and for a clean screw dislocation A= 
Gb?/4r where G is the elastic shear modulus, » is the 
Poisson ratio and 6 is the Burgers vector of the dis- 
location. It follows that 


Af=—aA I|n(1r/r9)+2xayr—ar’af+B, (A3) 


where y is the appropriate interfacial energy and f is 
the negative of the volume free energy of dissolution, 
i.e., f>0 for dissolution to occur. 

The behavior of the free energy curve is determined 
by considering the first two derivatives of Af 


dAf/dr= —aA/r+2xay—2rarf, (A4a) 
PAf/dr=aA/r’—2raf. (A4b) 


Equating the first derivative to zero gives a quadratic 
equation having two roots 


: . ‘opal 
r| 2 ly (1—eya)’ 


where § =2Af/ry?. When 0<é<1 there are two real 
roots, r, corresponding to a maximum and r_ corre- 
sponding to a minimum. When £=1, there is a double 


16 J. W. Cahn, Acta Met. 5, 169 (1957). 
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root r,=r_=7/2f. When &>1 there are no real roots, 
i.e., there is no nucleation barrier to the formation of a 
dissolution nucleus. 

When the second derivative is equated]to zero, there 
is a single positive real root 


r*=8(y/2f). (A6) 


Thus every free energy curve has an inflection point. 
For = 1 the slope of the free energy curve is zero at the 
inflection point. The equation for the slope at the 
inflection point is obtained by combining Eqs. (A4a) 
and (A6) to give 


(dAf/dr)*= (dAf/dr) »=2eay(1—)#. (A7) 


For <1 the slope is positive at the inflection point while 
for £>1 the slope is negative at the inflection. 

The undersaturation in the immediate neighborhood 
of a surface site is pertinent in determining the nuclea- 
tion rate of monolayer holes in that area. For a given 
solute-solvent system & can be changed only by altering 
the undersaturation in. the etching solution, i.e., by 
changing the free energy of dissolution. 

For <1 the critical free energy for nucleation of a 
monolayer hole at a dislocation is written 


Af*=Af(rt) —Af(r-). (A8) 
The combination of Eqs. (A3), (A5), and (A8) yields 


in itoer 


_ —¢)! nie. 
Af *= (may’/f ) (1—&) Santas FETS 


(A9) 
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which is valid for r>r9 and <1. When 


t1 Af*0 (A10a) 


or when 


fory/2A (A10b) 


For £1, the second term on the right hand side of 
Eq. (A9) approaches zero more rapidly than the first 
term and it is written 


Af *&(may’?/f )(1—&)! for §~1. 


The competing process of nucleating a monolayer 
hole in a perfect crystal surface has a critical free energy, 
Afo*, given by 


Af *0. 


(A11) 


Afo*=nay*/f. (A12) 


It is apparent for &>1, i.e., f>2y?/2A, that there is 
no barrier to the formation of a dissolution nucleus at a 
dislocation, while there is a nucleation barrier at a site 
on a perfect surface. For £1 the nucleation barrier is 
smaller by the factor (1—£)! at a dislocation than at a 
perfect surface site. 

The dissolution rate in layers per second at a dis- 
location must exceed the net dissolution rate on the 
surrounding perfect crystal surface. On one hand, 
the number of perfect surface sites is much greater 
than the number of dislocation sites. On the other 
hand, some of the perfect surface nuclei are wasted in 
that many more holes may be nucleated in a given 
layer than are sufficient for the dissolution process. 
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A method is given for calculating the coupling between the nuclear and electronic motion in the hydrogen 
molecule ion using the exact wave functions. Calculations are carried out for the transition 1s*s—2so and 
compared with values obtained from simple approximate methods. Estimates are made of the cross sections 
for excitation and capture into the 2s state during a proton-hydrogen atom collision, using approximate 
H,* wave functions to describe the state during collision. Finally, it is shown that a Born-Oppenheimer 
separation carried out in relative coordinates should be slightly more accurate than the usual treatment 
using fixed space coordinates. Two different types of relative coordinates suggest themselves for use at 


different ranges of internuclear separation. 





I, INTRODUCTION 


E quantum mechanics of molecules is greatly 
simplified by the Born-Oppenheimer separation,!:* 
which makes it possible to study the motion of the 
electrons and the motion of the nuclei separately. 
In this procedure, the electronic motion is calculated 
with the nuclei held in fixed positions and then the 
slower motion of the nuclei is calculated using a po- 
tential energy produced by the moving cloud of elec- 
trons. 

This separation explains the Franck-Condon prin- 
ciple, and is consistent with the characteristics of most 
molecular spectra. The size and character of the inter- 
actions between nuclear and electronic motion which 
are neglected in performing the separation is not clear, 
though a number of physical effects are known to be 
due to its failure. Kronig has explained the perturba- 
tions sometimes observed in spectra and the process of 
predissociation as an interaction of otherwise inde- 
pendent states.” Similarly, Van Vleck has shown that 
the coupling terms dropped in performing the separa- 
tion provide an explanation of the phenomenon of A 
doubling.* 

The analyses made of these effects reproduce the 
observed selection rules and the observed dependence 
on rotational quantum numbers, and also predict the 
proper order of magnitude for the effects. Only crude 
estimates of the electronic matrix elements of the 
coupling are needed to show that the mechanism of the 
process is properly described. Consequently, more 
accurate analyses which show how the coupling terms 
depend upon the properties of the electronic motion 
have not been made. 


* This work was supported by the U. S. Atomic Energy Com- 
mission. 

1M. Born and J. R. Oppenheimer, Ann. Phys. 84, 457 (1927). 

1s We will sometimes use the phrase BO separation or BO ap- 
proximation. This should not be confused with the modification 
of the Born approximation of scattering theory to include ex- 
change which is also called the Born-Oppenheimer approximation. 

2R. Kronig, Z. Physik 50, 347 (1928). 

3 J. Van Vleck, Phys. Rev. 33, 467 (1929). 


The most interesting cases of nonadiabatic transition 
arise in chemical reaction kinetics. Pelzer and Wigner 
have shown that, at least in simple substitution reac- 
tions, nonadiabatic behavior is likely only at points 
where the potential surfaces corresponding to different 
electronic states have nearly the same energy.* 

It appears that the greatest probability of non- 
adiabatic transition is found between electronic energy 
states which approach each other but do not cross 
because of the Wigner-Witmer noncrossing rule. 
Such cases can be handled by a simple procedure due to 
London.’ Two zero-order wave functions can usually 
be written down for this pair of states. The energy 
curves for these zero-order functions actually cross. New 
approximations of the true wave functions are then 
formed which are linear combinations of these two 
functions. The combination constants are obtained 
by the variational principle. The energy curves of the 
new functions do not cross. Passing through the crossing 
region, the mixture of the two zero-order wave func- 
tions in each of the new wave functions changes so that 
each new wave function is nearly one zero-order func- 
tion in the first region and nearly the other beyond the 
crossing point. The variation of the coefficients in these 
linear combinations in the region of transition gives 
the wave functions a strong dependence on the nuclear 
coordinates, and hence, as can be seen from our for- 
mulas, gives large matrix elements of coupling. The 
calculation of the corresponding transition probability 
has been worked out by a number of authors.* The 
probability of transition is large both because these 
matrix elements are large and because the states are 
close together. 

This type of situation is probably responsible for 
most of the observed nonadiabatic transitions, but 
may not be involved in all observed phenomena pro- 


4H. Pelzer and E. Wigner, Z. Phys. Chem. B15, 445 (1932). 

5 F, London, Z. Physik 74, 143 (1932). 

* L. Landau, Physik. Z: Sowjetunion 1, 89 (1932); 2, 46 (1932); 
C. M. Zener, Proc. Roy. Soc. (London) A137, 696 (1933); A140, 
660 (1933); E. C. G. Stueckelberg, Helv. Phys. Acta 5, 370 (1932). 
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duced by coupling between the electronic and nuclear 
motions. A much weaker coupling should be capable of 
producing transitions from stable states where it has 
plenty of time to act. In particular it would seem likely 
that weak forms of predissociation with less diffuse 
lines may not involve the enhanced coupling due to 
curve crossing. It is thus interesting to study the 
nature of the coupling terms for the spontaneous 
transitions between states whose electronic energy 
curves are far apart. In this case the calculation is more 
difficult. 

In this paper the Born-Oppenheimer (which we shall 
refer to as the BO) cross terms between two states of 
the hydrogen molecule ion are obtained. By using the 
exact wave functions in this problem we feel that we are 
assured that the curves obtained as a function of inter- 
nuclear separation describe physical effects and are not 
merely properties of the wave functions employed. The 
matrix elements between the states 1so* and 2so, are 
calculated. For this pair of states the cross terms involve 
partial derivatives of the electronic wave function with 
respect to the internuclear separation, and hence might 
be given erroneously by approximate wave functions. 
Comparison is made with the result from LCAO calcu- 
lations and from a perturbation calculation using the 
united atom wave functions. The magnitude of the 
coupling between this pair of states is then estimated 
by a calculation of the excited cross section. 

Calculations have been carried out by Dalgarno and 
McCarroll’ on the coupling terms between the states 
iso, and 3dz,. This matrix element is a coupling of 
electronic and nuclear angular momenta rather than 
between the electronic motion and the vibrationlike 
transition studied here. This work is part of a large 
group of calculations of molecular properties, using 
exact wave functions, carried out by the group at 
Belfast. It is hoped that our work will fit into their 
program. 

Recently there has been interest in the diagonal 
terms of the Born-Oppenheimer separation which are 
due to differentiation of the electronic wave function 
with respect to nuclear variables. As Born showed, the 
diagonal terms should be added to the electronic 
energy to obtain the potential of the nuclear motion. 
The diagonal terms are the corrections to the solutions 
of the Schrédinger equation for clamped nuclei, which 
must be made in order to account for the reactions of 
the nuclei to the electronic motions. These terms do 
not vanish for either the united atom or the separated 


7A. Dalgarno and R. McCarroll, Proc. Phys. Soc. (London) 
A70, 502 (1957). 

8 Wu and Bhatia made calculations of the diagonal terms for 
interactions of + agen and helium atoms and found that they 


are not negligible at large separations [T. Y. Wu, and A. B. 
Bhatia, J. Chem. Phys. 24, 48 (1956); T. Y. Wu, sbid. 24, 444 
(1956) ]. However, the calculations of Dalgarno and McCarroll 
[A. Dalgarno and R. McCarroll, Proc. Roy. Soc. (London) A237, 
383 (1956); A239, 413 (1957)], do not agree with those of Wu 
and Bhatia. They found that the diagonal terms are only appreci- 
able for the interaction of atoms in excited states. 
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atom configurations. As a matter of fact, in these 
limits, the diagonal terms correspond to the corrections 
resulting from using the effective masses of the electrons 
in place of the actual electron mass. This suggests the 
desirability of considering, as the first approximation, 
the separation between the centers of mass of the 
reacting species to be held clamped rather than the 
corresponding nuclei. When the centers of mass of each 
of the reacting species are held clamped, both the 
diagonal and nondiagonal BO correction terms become 
zero at infinite separations. Since different methods of 
clamping establish different relationships between the 
variables and since the correction terms depend upon 
the derivatives with respect to these variables, different 
results can be obtained by considering different methods 
of clamping. From the standpoint of physical meaning- 
fulness, the best procedure would lead to the smallest 
correction terms. At the present time we do not know 
the best way of considering problems involving inter- 
mediate separations. 

Actually one obtains different correction terms if one 
separates off the motion of the center of mass of the 
system before separating the motions of the electrons 
and nuclei rather than following the usual procedure 
of calculating the electronic motion with the nuclei 
held fixed in space. All these various possibilities are 
discussed presently. 


II. BORN-OPPENHEIMER SEPARATION 


Instead of basing our discussion of the BO separation 
on the original treatment of Born and Oppenheimer, 
we will follow a later method which has been given by 
a number of authors.’ The original method is more 
involved and assumes explicitly that the nuclei remain 
near a minimum of the electronic energy. The latter 
method avoids this “near equilibrium” assumption 
and gives the terms which must be neglected to achieve 
separation in a more convenient form. 

The quantum mechanical motion of the system of L 
electrons with coordinates r;, i=1, +--+, L, and N 
nuclei with coordinates R,, a=1, «++, N, is given by 
the Schrédinger equation 


(20 (p2/2m) +20 ( pe?/2Ma)+V(r, R)W 


=ih(d/dt)v. (1) 


The electron mass is denoted by m, and the nuclear 
masses by M,. We denote by p, the quantum-me- 
chanical operator for the momentum of particle 
The arguments r and R in V signify dependence on all 


®M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Oxford University Press, New York, 1954), pp. 406-407; M. 
Born, Nachr. Akad. Wiss. Gottingen 1 (1951); fo. Hirschfelder, 
and C. F. Curtiss, and R. B. Bird, The Molecular Theory of Gases 
and Liquids (John Wiley & Sons, Inc., New York, 1954), pp. 
925-929; R. Kronig, Z. Physik 46, 814 (1927); 50, 347 (1928); 
H. S. W. Massey and R. A. Smith, Proc. Roy. Soc. (London) 
A142, 142 (1933). 
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the electronic and all the nuclear coordinates, re- 
spectively. 

By dropping the nuclear kinetic energy terms from 
the Hamiltonian we obtain an “electronic” Hamil- 
tonian 3, which contains the nuclear coordinates as 
parameters rather than variables. The eigenfunctions 
¥» of this Hamiltonian, satisfying 


HRapa(r, R) = E,(R)va(r, R), (2) 


describe the motion of the electrons when the nuclei are 
held fixed. 

The y,, form a complete set in the space of electronic 
variables, so it is possible to expand the wave function 
of the system of electrons and nuclei in the form 


v= Dixn(R)va(r, R). (3) 
Since the y,’s are known, we have reduced the problem 
to finding the x,’s which are functions of the nuclear 
coordinates only. Substituting this series into the 
Schrédinger equation and forming matrix elements in 
the electronic variables, we obtain the following set of 
coupled equations for the xn’s: 


C(pa2/2Ma) + Ew (R) + (hi/i) (8/At) xn (R) 
rane DCwn(R, P)xn(R). 
Here the C,-,(R, P) is a function of both the inter- 


nuclear separations (indicated by the R) and the 
nuclear momenta (indicated by the P), 


Carn = > (1/Ma) (Ann @ Lf Pat Buin) 


Ann = fowls, R) Pavn(r, R)dr, 


Bua =3 [Yw*(r, R) Patba(, Rare (4) 


If the ¥, are chosen to be real, the diagonal elements 
A,» can be written as a gradient of the normalization 





Avn= [¥n*(3/@Ru2) Vaid 
ae f Yo *VnneVadre, 
Darn wy [v¥w*(0/aK)Vudra 


Fun=t [Yu*ViVadra 


integral, 
Ans(R)=—H(i8)(9/0R2){ fvstndes}=0. (8) 


This enables us to combine C,, with £,*°(R) to give 
the nuclear potential function 


Uy (R) = En (R)+ 25 (1/Ma) Burn’ (R). (6) 


The equations can now be written 


C>(p.?/2Ma) + Un (R) + (i/i) (8/dt) Ten (R) 
oa — 2 Cwrnxn(R). (4’) 


The zeroth-order approximation corresponds to 
dropping the terms on the right side of this equation 
to give the usual nuclear Schrédinger equation, 


CY (pa?/2Ma) + Uns (R) + (Hi/i) (8/at) Txne9( R) =0. 
(7) 


The wave function for the whole system becomes 
W=yn:(r, R)xn°(R), (8) 


where x,’ is some solution of the nuclear equation, 
Eq. (7). 

The original perturbation method of Born and 
Oppenheimer led to a power series expansion in (m/M)* 
and showed that under the conditions imposed, the 
zeroth-order approximation is valid up to the fourth 
power of (m/M)*. The experimental evidence also 
shows that the influence of the terms neglected in 
performing the separation is very small. Thus we may 
use the y and x° obtained by performing the separation 
to determine the size and character of the quantities 
Awa™ and By»™ which make up the error terms. 

For a homonuclear diatomic molecule it is simplest 
to use the relative coordinates 


R=Rp=R.—-R, A=}(R:+R:) (9) 


to describe the positions of the two nuclei. In these 
coordinates the expressions for the cross terms become 


Ann = (h/i) (—Ann+3Dyn) ? 
Ann® = (h/i) (+Annt+3Dyn), 


Barn + Byrn sapieatis h? (Barat Fran) . 
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Some of these expressions can be put in a more easily 
calculated form by the use of a relation satisfied by the 
electronic wave function. The momentum operator for 
the system as a whole is the sum of the momentum 
operators for all of the particles. That is, 


Protai= 2UPit+ 2 Pa (11) 


Since Ptotai is the total momentum of the system, 
changing to relative coordinates would give 


Protal= (h/t) (/AR.) . 


Here R, is the position of the center of gravity of the 
molecule. Since the usual electronic wave functions are 
written in coordinates measured relative to the nuclei, 
they do not depend on the position of the center of 
mass. Hence we have 


(0/AR.) P= (7/R) Prota =0. (13) 


This relation enables us to write the gradient of the 
electronic wave function with respect to the center of 
mass of the nuclei (0/0A)y in terms of electronic 
derivatives. Since the sum of the momentum operators 
of the nuclei is the momentum of their center of mass 


(12) 


ha 


i. 9 
an iar” 


i dA 
(14) 


In particular, this gives for the hydrogen molecule ion 


(/dA)p~=—(0/dr.)y Vaep=Vr2p. (15) 


Hence, 


Dun=— [¥ar*(0/0t)Valro 


potas f Ynr* Ve Ware (16) 


These formulas relate D,,, and F,-, to the momentum 
dipole and kinetic energy of the electron, respectively. 


The quantity D,,, is related to the dipole matrix 
element by the formula 


Darn = (m/F?) (Ey E,) f Yu*taadre (17) 


This formula‘is a trivial consequence of the commuta- 
tion rule 


[5C., Pe ]=— (h?/m) (d/dr.). (18) 


We shall not discuss D,,, further, since it vanishes by 
the optical selection rules for the transition studied 
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here. Calculations have been made for a number of 
pairs of states.” 
If we use the Schrédinger equation, we find that 


Fun = (m/2H2) f YurVWndre— (m/ 282) E8qrm, (19) 


where V is the electronic potential. 

In order to carry out the differentiation with respect 
to the nuclear variables in Ay,» and Brn, either the 
coordinate system or the form of the derivatives must 
be changed. The coordinate system usually used for the 
electrons in these integrals is fixed to the nuclear 
skeleton, hence some of the nuclear coordinates do not ~ 
appear as parameters in the wave function. It is usually 
easier to transform the derivatives to a coordinate 
system moving with the nuclei than to carry out the 
differentiation on the complicated function obtained 
when the wave function is expressed in fixed coordinates. 

The Z axis of the coordinates system used in the 
electronic Schrédinger equation for a diatomic molecule 
is usually along the axis of the molecule. The azimuthal 
angle of the electronic motion can be measured from 
any line perpendicular to this axis. As the molecule 
rotates about its center of mass, the direction of the 
molecular axis can be given by the spherical coordi- 
nates a and B measured in a fixed reference frame. The 
azimuth of the axis of the molecule is a and its zenith is 
8. We measure the azimuthal angles for electronic 
motion from the line perpendicular to the molecular 
axis which lies in the fixed XY plane. The positive 
direction on this new X axis is chosen so that the angle 
8, which can be considered to be a rotation about this 
axis, is a positive rotation. The relation of the co- 
ordinate systems is shown in Fig. 1. 

The transformation of the derivatives to this moving 
system is! 


4/8R2=R(d/AR) + R“BL(9/aB) — (i/h) Jz] 
+ (&/R sin8) [(8/da) — (i/h) (coss) J.— (i/h) (sin8) Jy] 
Vans? = (1/R*) (8/AR)[R*(8/AR) + (R sin8)—! 
X[ (8/88) — (i/h) Jz ]sinBl (8/08) — (i/h) Jz] 
+ (R? sin’?8)—"[(/da) — (i/h) (cos8) J, 
— (i/h) (sin8) J,P. 


The symbols R, f, and & are unit vectors forming the 


(20) 


10D. R. Bates, J. Chem. Phys. 19, 1122-1124 (1951); A. Dal- 
arno and J. T. Lewis, Proc. Phys. Soc. (London) A69, 285-292 
1956), and references cited. 

1 R. Kronig, Z. Physik 46, 814 (1928); 50, 347 (1928), J. Van 
Vleck, Phys. Rev. 33, 467 (1929). This form of the relations can 
be found in D. R. Bates, H. S. Massey, and A. L. Stewart, Proc. 
Roy. Soc. (London) A216, 457 (1953). 
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Fic. 1. Relationship be- 
tween the space fixed co- 
ordinates axes XYZ and 
the molecular coordinate 
axes X’Y’Z’. 





basis in the spherical coordinate system. The deriva- 
tives in these expressions are to be taken with the 
coordinates of the electrons in the moving system held 
constant. Actually the derivatives with respect to 
a and @ are not needed because the wave function does 
not contain these variables. In these formulas J is 
the electronic angular momentum, which may or may 
not contain the spin, depending on the type of coupling 
chosen. In Hund’s case A the spin is included and in B 
it is omitted.” 

We can simplify the selection rules for the matrix 
elements by rearranging terms and making a slight 
change in the choice of the basis vectors. We form a 
row vector e whose components are made up of com- 
binations of the symbols R, f, and &, and write the 
expression for A,,-, as the matrix product of e with a 
column vector of scalar components. Thus 


e=([R, (B—ia)/2R, (B+ia)/2R] 
a/R 


0/ORw=(R, (B— ia) /2R, (B+ia/2R) }|—iI,/h 
—iJ_/h 
— (i/h)&(cotB/R) J. 
Vans = (1/R?) (8/9R)[R*(8/AR) J— (#R?) I? 
— (WR?) (cot?B—1) J? 


+ (i/f?R*) cotB(J4+—J-) Jz. (21) 
Here J, and J_ are the familiar raising and lowering 
operators. 

If the spin of the system is quantised along the axis 
of the molecule, J equals L+S in these formulas. 
Denoting the spin quantum numbers of the initial and 
final wave functions by S and S’ and the corresponding 
Z component quantum numbers by 2 and 2’ we may 
determine the spin dependence of these expressions. 


12 G, Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand 
Company, Inc., Princeton, New Jersey, 1950), second edition, 
p. 218. 


In this way we obtain 
a/R 
0/ORw2=5s-,s{Le] — (i/h) L,| — (i/h) &(cot8/R)L, ]bzrz 
—(i/f) L 


a+ip 


— EL (S+2+1)(S—2) Meza 


a cotsés,,2——> 
wa —=+1) (S+2) Meo}, 


Vr: = bl (/ R’) (8/8R) (xe) (?R’)7'L? 


+ (#?R?)-(1—cot’B) L?+ (i/f?R*) cote(L,—L_) L, 


S(S+1) . (1—cot?8)> 
— (23/RR) Ly 5 SS (;1-+2) 





+ (id/AR?) cots Ly L-) ins 


~[(S—2+1) (s+2)1)] als 


oe wi cot6( = Reet 2) foe 2-1 


+E(SHEH) (S—2) PL (ARAL 
+ (i/R2) cot (iL +3) Tie a} 


The explicit expressions for L, and L_ are given in 
Eq. (37). For the transition considered in our calcula- 
tion, the spins are coupled to fixed axes so that we 
set J=L in Eq. (21) and omit all further considera- 
tion of spin. 


III. CALCULATION OF COUPLING TERMS USING THE 
EXACT WAVE FUNCTIONS OF THE HYDROGEN 
MOLECULE ION 


The electronic Schrédinger equation for the hydrogen 
molecule ion has the form 
—3VY+[—(1/n) —(1/r)+(1/R) W= Ey. (23) 
Here 7; and rz are the distances of the electron from the 
nuclei and_,R is the internuclear separation. All quanti- 
ties are expressed in atomic units. This equation can be 
separated in the prolate spheroidal coordinates. 
u=(nt+r)/R, 


v=(n—1)/R, ¢, (24) 
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Fic. 2. Geometri- 
cal relations used in 
connection with the 
spheroidal _coordi- 
nates. 
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to yield the equations 
(/dg?) b= —m*4, 
(d/dv)[(1—v*) (d/dr) S)] 
+{p°?— A—[m*/(1—r*) ]} S=0, 
(d/du)[(u?—1) (d/du) VU] 
+{—pyP+2Rut A—[m*/(u2— 


where 


(25) 


(26) 


1) }}U=0, (27) 


y=N“@SU, 


p= —(E—R")5R’. (28) 
This p” is the symbol for the energy parameter usually 
used in the equations for H,*. It is not related to the 
momentum. The factor N-+ is the normalization; A 
and m are separation constants. We solve these equa- 
tions by the methods instituted by Hylleraas." 
Equation (25) gives immediately 
&=exp(img) 


m=0, +1, +2, +3, +++. (29) 


Equation (26) is solved by expanding S in the form 


S™(A, pv) =Didi(A, p)Pims!™ (x), (30) 


where P,,™ is the associated Legendre function. Sub- 
stitution in (26) yields a three-term recursion relation 
for the coefficients 

i(i—1) 
(2i+-2 | m | —1)(2i+2 | m| 





d. 
=—s) 
(i+2 | m|+1)(i+2|m|+2) 
(2i-+2 | m | +3) (2i+2|m]+5) 
+f | m |) (¢+ | m| +1) —2 | m P— 
(2i+2 | m | +3) (2i+2 | m| —1) 
(i+ | m|) (i+ |m|+1)+A4 
ee, r 
For any given ~, the separation constant A is deter- 


mined by requiring the convergence of a certain con- 
tinued fraction obtained from this recursion relation. 


a 











foro. (31) 


13 E. A. Hylleraas, Z. Physik 71, 739 (1931); see also W. T. 
(1998) and H. R. Hasse, Proc. Cambridge Phil. Soc. 31, 564 
1935). 


Equation (27) is solved by expanding U in the form 


U= Divekel™ (32) 


where 


Ly!" = (u?—1) 4! exp(— 4/2) Leg imi!™! (x) /(| m |+)! 


and 
x=2p(u—1). (33) 


Here the L,"(x) are the usual associated Laguerre 
polynomials.’ Substitution of the expansion (32) into 
Eq. (27) gives the three-term recursion relation for the 
coefficients: 


(| m | +k+1)[k+1—(R/p) Fre 
+kk+ | m| —(R/p) na 
{(k+ | m|)(|m|+1)—p+2R+A 
—(2k+ | m| +1)[2p+ | m | +2+1—(R/p) ]}n=0. 
(34) 


For a given ~ and a value of A obtained in the solu- 
tion of Eq. (26), this recursion relation, converted to a 
continued fraction, implicitly determines R. Values of 
p and A as functions of R are tabulated in the litera- 
ture.4 

In order to perform calculations with these wave 
functions, the expressions (21) must be written in 
spheroidal coordinates. The necessary relations can be 
obtained from the geometry of Fig. 2 and Eq. (24): 


P= R(w+r—1), cosd=pr/(u*+v?—1)4. (35) 
The first derivatives we need are given by 
p(9/dp) = (u’—v*)—"[»(1—r*) (0/dv) +u(u?—1) (0/du) J, 


jon ~~ *)} 





[v(9/du) —u(9/dr) }. (36) 


From these expressions we obtain formulas for the 
angular momentum operators, 


I, = Rb ms.i,m&4. 
£5 = (0/00) Fm cotd 


_¥(i— —yv)i 7) m 
wre | wt -Grasta)| 


eo ny? 


=) (37) 


“LL. Pauling and E. B. Wilson, Jr., Introduction to Quantum 
M — (McGraw-Hill Book Company, Inc., New York, 1935), 
p. 131. 

%D. R. Bates, K. Ledsham, and A. L. Stewart, Phil. Trans. 
Roy. Soc.-(London) A246, 215 (1953); R. F. Wallis and H. 
Hulburt, J. Chem. Phys. 22, 774 (1954). 
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Relations derived in the Appendix convert the other 


two expressions which are required to spheroidal co- 
ordinates: 


(9/OR) o,.=(0/AR) »»— (1/R)[1/(w*—r*) ] 
X[v(1—v*) (0/dv) +u(u?—1) (0/du) J, 
Vaeg? = 3 (u?+r?—1) Vyr,¢? 
+ (1/R?) (8/9 R) wR?(9/9R) 
—[2/R(w?—r*) J[r(1—r*) (9/r) 
+u(u?—1) (0/dpu) ](0/0R),.» 
—[2/R*(u2—v*) JLv(1—v*) (8/dv) +u(u?—1) (0/du) J. 
(39) 


After making these substitutions, it is possible to 
write the expressions in a form so that all integrations 
can be carried out analytically. Complicated expres- 
sions are obtained involving the expansion coefficients, 
parameters, and the first derivatives of these quantities 
with respect to R. These expressions can be evaluated 
by using the tables in the literature.’* 


(38) 


IV. RESULTS OF THE CALCULATIONS 


Calculations of the matrix elements A, B, and F 
of Eq. (10) were made for the transition 1s0,—2sq, 
for internuclear separations between 1 and 5 Bohr 
radii. The various series involved for these states all 
converge rapidly and only two to three terms were 


-4 
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Fic. 3. A as a function of internuclear separation for 1so,— 
Fg. 


16 The details of this work are given in University of Wisconsin 
Naval Research Laboratory Report WIS-AEC-19, September, 
1958, which is available on request. 
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Fic. 4. B as a function of internuclear separation calculated 
(1) from exact wave functions, (2) from perturbation theory, and 
(3) from LCAO wave functions. 


required in each of them to obtain accurate wave 
functions. However, the matrix elements depend in a 
sensitive fashion on the exact shape of the wave func- 
tions, so that their accuracy is not as great. The 
dependence of the wave functions on the internuclear 
separation R is complicated by the fact that the 
spheroidal coordinates themselves contain R as a 
scale factor. This dependence is larger than the actual 
physical effect and leads to internal cancelation in the 
calculations. This greatly reduces tne accuracy of 
the results, particularly at small values of R. Thus, 
the inaccuracy in the final results for Bis,.2%, which 
involves the most complicated calculation, is prob- 
ably about 10%. The matrix element A should be 
more accurate. The results for A and B are shown in 
Figs. 3 and 4, respectively, along with results obtained 
from LCAO wave functions and from perturbation 
theory. 

According to Eq. (10), the quantity F should be 
added to B to give the complete contribution to the 
coupling. However, F no longer appears as one of the 
cross terms if the center of mass motion is removed 
from the equations before the Born-Oppenheimer sepa- 
ration is carried out. This will be shown in Sec. VI. 
Consequently we have graphed B rather than B+F in 
Fig. 4. For the united atom, F is 11% of B. The com- 
parison at larger internuclear separations is given in 
Fig. 5. 

Comparison of the curves for A and B calculated 
from the exact functions with the results of the LCAO 
method show clearly that most of the size of the 
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Fic. 5. Comparison of the error term (B+-F) for separation in 
fixed coordinates with the term B obtained for a relative co- 
ordinate separation. 


matrix elements is due to distortion. The wave func- 
tions chosen for the LCAO calculation are 


Viso, = (1/3) (diz t+bis) 


200, = (1/N")*(des+G2p,+boe+bep,). (40) 
The atomic orbitals used here are hydrogenic wave 
functions. These functions are exact at infinite separa- 
tion.” The wave functions are not orthogonal, but it was 
found that, including the differentiation of the nor- 
malization factor, the results of the calculation are 
negligibly different from those obtained when a small 
amount of the 1so function is mixed into the 2se 
function to obtain orthogonality. 

Unfortunately, the method used for calculating the 
exact results has rot proved practical for small values 
of the, internuclear distance. Consequently, it is de- 
sirable to obtain some information at small inter- 
nuclear separations by a perturbation method using the 
wave functions of the united atom Het. These results 
are exact at zero internuclear separation, but do not 
fit together with the exact results obtained at R=1. 
The method should also be useful for other molecules. 

The Schrédinger equation for the motion of the elec- 
tron in H;*+ an be written as 


[5c +5¢ Jy = Ep 
where i 
E=E®— Ro, 


HO =—3V2—2 | r[-1, 


x =— |r—al— | rtal42|r[-. (41) 
3 is the Hamiltonian for the united atom, and 3¢C® 
is to be treated as the perturbation. The nuclei have 
positions a and —4Q; Ir is the electronic coordinate. 


17 A level diagram is given by H. Bethe, Handbuch der Physik 
(Springer-Verlag, Berlin, 1933), p. 528. 


This is shown in Fig. 6. The usual formula of first-order 
perturbation theory is 


¥; (1, a) =9;(r) 
+ DLW sseY;) /(Ej—E)W(r). (42) 


4; 47 


After taking the gradient of this expression with 
respect to a we obtain 


(a/aa)y,(x, a) 
= D'W8(r) /( Es Es) (0/aa) (W3eY,). (43) 


By another differentiation the Laplacian can be ob- 
tained: 


(a/aa) -(a/aa)yi(r, a) 
= DW) /(E,- Bd ve fv" 
X(— | r-al— | r+al'+(2/r) War. 
It is well known in electrostatics that if 
V(a)= | [o(e)/| ra [er 
then 


V°V (a) i —4rp(a) ’ 
which means 


v2| [Loe =a [ard] =—tno(a), 


On applying this formula, we obtain 


Voi (r, a) = Doda [¥(r) /(Ej— Es) ] 
x (Wi*(a)y;(a) +¥.*(—a)y;(—a)) 


or, since R=2a, 
Biy=(WPVRW) =[0/(E;— Ei) ] 
K L¥i* (ayy (a) +yi*,(—a)yj(—a)), 
(49) 
and, in particular, 
Bago 180, = — (4/39?) V2 (2— R) exp(— 3), 


R=R/a. (50) 


Fic. 6. The vectors 
used in determining the 
matrix elements approx- 
imately by perturbation 
theory. 
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f£xamination of the higher orders of the perturbation 
shows that these results are exact at R=0. To obtain 
a similar expression for A we use the Neumann expan- 
sions of the potentials appearing in Eq. (43)." 


1/re= Do[(r<)"/(r>)"**]Pa(cosbie) 


OY = — 2>°11(a/r) 2nP,,(cosd) a<r 


n=1 


5 = (2/7) — 2 a-1(r/a) "Pon (C058) a>r. (51) 


For the transition 1sc—2so all of the terms except for 
n=0 integrate to zero by symmetry. This leaves 


Asse so = [Pos (0/OR) Vr ] 


=[2m/( E1.— Exe) (0/00) [vale2/n —(2/a) Wur'dr 


(52) 


where R= R/ao. 


(53) 


V. CALCULATION OF THE CROSS SECTION 


It is interesting to check whether the A’s and the 
B’s are of the proper size to give inelastic collision 
probabilities in agreement with those obtained using 
other methods of scattering theory. A simple answer 
to this question can be obtained by ‘using the ap- 
proximate matrix elements we have obtained from 
perturbation theory, which have a convenient analytic 
form, and calculating the transition probability from 
time-dependent perturbation theory, assuming the 
nuclear motion represented by plain waves. This gives 
a crude form of the method of perturbed stationary 
states discussed in scattering theory.” 

Unfortunately, information on the 1so—2so transi- 
tion is not sufficient to obtain a physically meaningful 
collision cross section because of the homonuclear 
degeneracies of H+. The electronic wave function 





(G20, 1¢rs0) = (h?/M yp) exp(—3R/2)[(4v2/3) (2— R) + (16v2/9) R(9/AR) J, 
(C(3.R?/4) — (R*/8) ] exp(—5R/6) 


(spe, [epe) = + (hi2/M p) (256V2/45) 
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describing a free proton and a hydrogen atom in the 
ground state becomes 


i=V2" (Vise, +W2p0,) » 


in terms of H;* wave functions. The same combination 
of wave functions, with a minus sign between them, 
describes a system with the electron bond to the other 
proton. Similarly, the wave functions associated with 
the two possible arrangements of a proton and a 
hydrogen atom in the 2s state are given by 


14 =V2-' [Wore Vepe, ]. 


From the matrix elements of these wave functions we 
can obtain both the probability of excitation into the 2s 
state by collision and the probability of the electron 
being captured into the 2s state associated with the 
colliding proton. The transition probability for excita- 
tion P.xcit is proportional to the square of the interac- 
tion matrix element between the initial combination 
of H+ wave functions and the final combination which 
assigns the electron to the same nucleus to which it was 
assigned by the initial wave function. The probability 
of capture Pa, is proportional to the square of the 
matrix element involving the transition between the 
initial wave function and the 2s combination which 
assigns the electron to the opposite nucleus. Thus, we 


have 
Pexeit, cap © (bys I¢r) [? 


a} | (2sa4, [1sa,) 2 
+}(3po,, 12po,) (2so,, [1s0,) 
+4 | (3pou, I2pou) |? (54) 


The g—g, u—u selection rule eliminates the other terms 
which might be expected in this formula. Each matrix 
element, of course, also includes integration over the 
nuclear variables. 

Knowledge of the matrix elements for the 2p0—3p0 
transition is necessary to calculate either of these cross 
sections. It is hoped that the same perturbation method 
used for 1ss—2po gives a reasonable approximation to 
the corresponding exact results in this case. Thus, 
expressing R in Bohr units, we have 


(55) 


— (30 720/R*) (§)°(9/AR) 
(16/R*) (§)°+ (8/R®) (3)° 


+3 (h?/M,) (32 768v2) 


+ (2/R?) (§)’+ (1/3R) (§)$ 


exp(—5R/6)(8/8R). (56) 


+4 (5)5+ (R/480) (§)*+ (R8/12 800) 


18H. Eyring, J. Walter, and G. E. Kimball, Quantum Chemistry (John Wiley & Sons, Inc., New York, 1944), p. 370, v. 6. 


19 N. F. Mott and H. S. Massey, The Theory of Atomic Collisions (Clarendon Press, Oxford, 1949), second edition, p. 153 ff; D. R. 
Bates, H. S. Massey, and A. L. Stewart, Proc. Roy. Soc. (London) A216, 457 (1953). 
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These expressions are substituted into the usual formula of time-dependent perturbation theory which gives the 
differential cross section for excitation, cexcit(@), and the differential cross section for capvure,” Ocqp (0) : 


Texcit,cap (9) ree (k/Ro) (unuce/2rh?)? J exp[_ (—ik-R) ](¢y:, I¢;) exp(iko- R) dr 


Unlike the exact results, the approximate expressions 
for the matrix elements go to zero for large separations 
of the nuclei. This error is actually fortunate since 
scattering theory is not possible without this property. 
The exact results would also go to zero in this way if the 
BO separation were carried out in a suitable set of 
relative coordinates, but the Schrédinger equation 
could not be solved by separation. A simple change to 
relative coordinates also justifies dropping the terms 
in the interaction arising from the motion of the 
nuclear center of mass, as we have done to obtain 
Eq. (57). Both these points will be discussed in the last 
section of this paper. 


TABLE I. Total cross sections for the proton hydrogen atom 
collision. Here Q-xcit is the total cross section for excitation from 
the 1s to the 2s atomic state. The Q.a, corresponds to the capture 
of the 1s electron into the 2s state of the collising proton. 








Energy 
(ev) 


Qexeit/rac 


Qeap/ mad? 





20.39 


486.6 
554.7 
632.5 
721.3 
822.9 
939.0 
1072 
1223 
1397 
1595 


.000 

.789X 10° 
.094X 107 
-979X 1077 
-562X 1077 
-384X 107 
.140X 10 
-030X 10-¢ 
.604X 10-* 
.387 X10 
13010 
-996X 10% 
-523X 10-5 
.217X10 
.097X10~ 
-935X 10-4 
.417X10~ 
-035X 10~ 
.067X 10-3 
.887X 10 
.340X 10 
.912X10-% 
047X107 
.851X107 
-269X 10 
5.756X 10 
-010X 107 
- 760X107 
.044X107 
.211X107 
.803X 107 
463 

385 

795 

.871 


0 
1 
1 
1 
3 
6 
1 
2 
3 
6 
1 
1 
3 
6 
1 
1 
3 
6 
1 
1 
3 
5 
1 
1 
3 


MmoWN OO Wre re 


oo 
8 


0.000 
1.543 10° 
8.806X 107% 
1.545107 
2.687 X107 
4.630 1077 
7.901107 
1.335X10* 
2.23210 
3.689X 10-¢ 
6.023X10-* 
9.698 10-* 
1.53710 
2.39210 
3.645 X10 
5.41310 
7.789X10% 
.078X10~ 
-417X10~4 
.742X10~ 
-954X 10-4 
-945X 10-4 
.740X10~ 
-960X 10 
-982X10~ 
. 758X103 
.643X 10% 
-589X 10 
022X107 
.362X 10 
032X107 
-152107 
-020X 107 
-468 
548 
. 186 








20See L. I. Schiff, Quantum Mechanics (McGraw-Hill Book 
Company, New York, 1949), second edition, Chap. 8, especially 


pp. 199-201 and 205-208. 


(57) 





The differential cross section becomes 
Fexcit,cap(9) =2%(k/ b)| FL9/3(4K4 9)" 


(37—(4K?/5)p 
[4K*+ (25/9) 


(11/125) — (108K?/625) +(7776K*/78 125) 
[4K?+ (25/9) 


4374 25 \\])2 
sisi lake cacnasccommmeic wnekaailas 58 
1 953 125 in(1+-555)) » (58) 


K°=k?+k?—2kkp cos6, 





+2 





+(o+&)( 


where 


and 
ke? —k?=p=3M,/8u.. 


The minus sign gives the differential cross section for 
excitation, and the plus sign gives the cross section for 
capture. It is difficult to determine which 2s wave 
function assigns the electron to which nucleus, so this 
assignment has been made on the physical assumption 
that the excitation cross section is larger than the 
capture cross section. 

The Ferranti Mercury computing machine at Oxford 
was used to integrate numerically the differential cross 
section o(@) over all angles @ to obtain the total cross 
sections Q. The resulting total cross sections Qexcit 
and Qeap are given in Table I. The cross section for 
transition of particles in the ise state to the 2so state 
which is obtained by using the expression of Eq. (55) 
as the interaction is 


o(0) =k/Ro( My/ue)*[2"/ (4K?+9)*], 
Qs—2/mag? = (2'5/Sko?) (M p/we)?L (4Lbo— & P+9) > 
— (4[ko+k?+9)-]. (59) 


For some reason this is exactly the Born approximation 
for the excitation of the atom to the 2s state by colli- 
sion with the proton as given by a simple adaptation 
of the treatment given by Schiff.'* Figure 7 shows the 
behavior of these cross sections. At low energies the 
1so—2so transition gives the predominant contribution 
to both the excitation and capture cross sections. The 
contribution from the 2/0—3p0 transition is small at 
low energies, but becomes larger than the 1so—2so part 
around 300 ev. The two contributions add to give the 
excitation cross section and subtract to give the cross 
section for capture. At higher energies our calculated 
values of the 20— 30 contribution continue to increase 
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until the results become too large to be physically 
sensible. The Born approximation curve (3) in Fig. 7 
should indicate the proper behavior at high energies. 
This type of failure of the theory has been discussed in 
detail by Bates for a very similar method for treating 
scattering. It appears that the electron cannot follow 
the rapid rotation of the nuclei in the “molecular 
complex” formed during the collision. 

It is tempting to believe that the proper exact matrix 
elements would give similar but slightly smaller cross 
section curves. The approximate A curve obtained by 
the perturbation calculation would match up with the 
exact curve at R=1 if it were reduced by a factor 
of the square root of two. This would reduce the cross 
sections obtained by about one-half. However, definite 
conclusions await calculation of the exact curves for 
smaller internuclear separation. This work is being 
considered. 


VI. BORN-OPPENHEIMER SEPARATION IN RELATIVE 
COORDINATES 


Instead of directly performing the BO separation as 
already outlined, it is possible to separate off the motion 
of the center of mass from the Schrédinger equation 
before performing the separation. The two approaches 
give essentially different Born-Oppenheimer separa- 
tions, with different accuracy and somewhat different 
cross terms between the electronic and nuclear motions. 
If the center of mass motion is removed from the 
Schrédinger equation, the center of mass of the system 





(2)/ (3) 








Te 


400 ~~ 1000 
E(ev.)— 





Fic. 7. Total cross sections for proton-H atom collision. Here 
the three curves are (1) Excitation to 2s state; (2) capture into 2s 
state on the colliding proton; (3) excitation cross section obtained 
using the Born approximation, Q,_.. 


1D. R. Bates, Proc. Roy. Soc. (London) A243, 15 (1957); 
A245, 299 (1958). 


Fic. 8. The “Ry” 
relative coordinate sys- 
tem. The point marked 
CM is the center of 
mass of the system. The 
point marked CMN is 
the center of mass of @— 
the nuclei. ' 2 





remains fixed in space because it has been separated 
from the equations exactly. As the electrons carry out 
the motion described by the electronic Schrédinger 
equation, the nuclei must move slightly to balance the 
motion of the electrons and keep the center of mass of 
the system fixed. 

The most convenient set of relative coordinates for 
the hydrogen molecule ion gives the Schrédinger equa- 
tion 


{—34?[ (Mit Me) +-m71\V2— 38? (Mi +Ms) Vay? 
+V}¥=ih(d/dt)¥. (60) 


The electron coordinates are referred to the center of 
mass of the nuclei, 7; and re are the distances of the 
electron from nuclei 1 and 2, respectively, and the Ri» 
coordinate is the distance between the two nuclei. This 
coordinate system is shown in Fig. 8. We choose the 
electronic Schrédinger equation to be 


{2 (M+ Me) m 7 WV2—1 1+ RW 
= Ep. 


Note that the kinetic energy term contains a relative 
mass. Putting 


(61) 
Y= Dixa(Rw)¥a(r, Rie), (62) 


and carrying through the separation procedure in the 
obvious way, we obtain only the two correction terms 


Ann= | ¥n'*(8/ARw) padre, 


Byn= | bar*VauVadro (63) 
instead of the four quantities given in Eq. (10). These 
quantities appear with the same coefficients as in the 
previous treatment. Calculation of the coupling terms 
gives us the opportunity to determine which of these 
two ways of performing the separation more effectively 
isolates the electronic motion from the nuclear motion. 
Although the difference is small, Fig. 5 shows that the 
terms B and F add rather than subtract, so that re- 
moving the center of mass motion before performing 
the separation, at least between this pair of states, 
decreases the amount of coupling The coupling is 
probably decreased for most of the other transitions as 
well, as we shall see. 

The Born-Oppenheimer separation performed after 
the center of mass motion has been removed from the 
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e Fic. 9. The “p” relative 
coordinate system. The 
point marked CM is the 
center of the system. The 
point marked CMA is the 
center of mass of the atom 
made up of the electron 
and nucleus 2. 
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equations is not unique. By using different sets of 
relative coordinates it is possible to obtain different 
BO. separations. For example, another separation in 
relative coordinates is possible which is particularly 
appropriate to the atom plus particle problem. The 
coordinates are the position of the center of mass of 
the system, Rey, the relative position of the particle 
from the center of mass of the atom @ and the position of 
the electron relative to the nucleus of the atom rz. 
These coordinates are shown in Fig. 9. 

To illustrate the different separations, it is con- 
venient to write down the cross terms in the special case 
when the nuclei are far apart and the electron is bound 
to one of them only. For this case we can obtain three 
different sets of cross terms depending upon whether 
we use fixed coordinates or either of the two sets of 
relative coordinates. We assume that the electron is on 
nucleus 2, and that the mass of each nucleus is M,. 
The Schrédinger equation for the last set of coordinates 
is 


[—30?(My+m.*) V2— 3h [My + (Mpt+m.))V,? 


+V¥=ih(d/dt)¥. (64) 
The Schrédinger equations for the other two separations 
are given in Eqs. (1) and (60). The three separations 
beginning with the three equations (1), (60), and (64) 
will be referred to as the fixed coordinate separation, 
the Ri separation, and the p separation, respectively. 

The electronic Schrédinger equations, obtained by 
dropping the nuclear kinetic energy terms in these 
equations, are all nearly the same. In calculating the 
cross terms we will use the same electronic wave 
functions for all three cases. Using the proper wave 
functions for each case would not change the results 
appreciably. 

The true wave functions for this case can be obtained 
without any BO separation since nucleus 1 is assumed 
to be far away. They are the wave functions of the 
hydrogen atom. These wave functions depend only on 
the vector between nucleus 2 and the electron r.— Ro. 

We convert all of the nuclear derivatives to the fixed 
set of coordinates so that they can be compared with 
each other as follows: 


0/8R»=43[(0/AR2) — (0/AR:) |, 





0/de=— 


Sccclee a 


te : 
aR: +), (65) 


2M,+m,. dR, | 2M,+m, 


Since the wave functions depend only on r.— Re, 
(0/dRe) Ve ee (0/dr.) Vey Vee - Vive, 
(0/ARi)y.=0. (66) 


This enables us to write the cross terms for the three 
separations as: 
I. Separation in fixed coordinates 


Can=— (i?/M,) [vw*(a/ar.Yndre (0/dRe) 


— (#/2M;) [da*VAndre 
II. The Ry separation 


Cun=— (i2/2M,) f Yur*(8/O%.) Waders 


7 [(0/dRe) sgints (d/AR,) ]- (h?/4M,) Vn *Vebndte. 
III. The p separation 


Owe =0. (67) 


These values for I and II agree with the limits at infinite 
separation of the graphs of Fig. 9. We see that the p 
separation is exact in this limit. The Ry separation is 
probably more accurate when the nuclei are close to- 
gether. Unfortunately our evaluation of the cross terms 
cannot be adapted to the p separation, so this will not 
be checked here. All of these separations are approxi- 
mations to the three-body problem: different separa- 
tions appear to be optimal for different internuclear 
separations. 

Wu” and also Dalgarno and McCarroll” have calcu- 
lated the terms added to the electronic energy to give 
the potential of the nuclear motion for a number of 
light molecules. Wu uses the straightforward separa- 
tion in fixed coordinates. McCarroll and Dalgarno 
separate off the motion of the center of mass, but, by 
moving the term 


—[h?/(Mi+M2) V2 


in the kinetic energy from the electronic equation to the 
cross terms, they obtain results equivalent to the fixed 
coordinate treatment. Although there is disagreement 
between these authors, both find certain cases in which, 
at large internuclear distance, this correction is not 
negligible in comparison with the van der Waals inter- 
action. 

We have shown that the Rj separation is always 
more accurate than the treatment in fixed coordinates, 
so that it is likely that the results of these studies would 
be more meaningful if based upon a relative coordinate 

2T,. Y. Wu and A. B. Bhatia, J. Chem. Phys. 24, 48 (1956); 
T. Y. Wu, ibid. 24, 444 (1956). 


23 A, Dalgarno and R. McCarroll, Proc. Roy. Soc. (London) 
A237, 383 (1956); A239, 413 (1957). 
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separation. We believe that the p separation would be 
the logical choice of relative coordinates for such 
studies on H,*, and would probably yield the smallest 
correction. For more than three particles the number of 
possible sets of relative coordinates increases.* This 
makes possible a greater variety of different Born- 
Oppenheimer separations than in the case of three 
particles. Again an appropriate separation can be 
picked out which is exact at infinite separation of the 
colliding systems by choosing the vector between the 
centers of mass of the two systems as a coordinate. 
This system probably gives the smallest correction 
terms. It should be pointed out that a fundamental 
difficulty arises for a general chemical reaction of the 
form A+B-—>C+D because the coordinates which are 
appropriate initially, when the reactants are far apart, 
will not be appropriate after reaction, when the products 
are at large distances from each other. 
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APPENDIX 


The use of other relations between R, 0, @ and 
u, v, simplifies the conversion of (0/0R)», and 
Vr,o,¢°- From the fact that 


u=}$[1+ (2p/R)?+2(2p/R) cosé]}! 
+3[1+ (2p/R)?—2(2p/R) cosd}}=fi(p/R, 6), 
v=4[1+ (2p/R)2+2(2p/R)cosd} 


—3[1+ (2p/R)?—2(2p/R) cosb}}=fo(p/R, 0), (At) 


*D. W. Jepsen and J. O. Hirschfelder, Proc. Natl. Acad. Sci. 
U. S. 45, 249 (1959). 


it follows that 
(0u/AR) o,.= — (o/R) (9u/9p)o,n; 
(v/AR) o,o= — (o/R) (dv/Ap) o,r, 
and thus we obtain 
(0/AR) o,o= (8/AR) y»— (p/R) (9/dp) 0,2. (A3) 


If we combine Eq. (A3) with one of the formulas of 
(36), we get the conversion of (0/0R)o,, as 


(0/9 R) 0,.=(9/AR)p»—R* (w— vr?) 
X [o(1—r*) (8/dv) +u(u?—1) (8/dp) J. 
Rearranging (A3) and squaring gives 
(8/AR®) uo= (/IR*) o,p+2(p/R) (8/dp) 0,2(9/AR) 0,» 
+ (p?/R’)(#/dp*)0,n- (A4) 


We use this expression along with (A3) to convert 
Vin.e.¢)? to (p?/R*)V.,0,5)* plus first derivatives in p 
and derivatives with respect to R with uw and » held 
constant, obtaining finally 


Vro,¢)"= (p?/R) V0.6)" 
+(1/R?) (0/OR) p»R?(9/OR) w 
— (2p/R) (8/dp) o,2(8/AR) p»— (2p/R*) (0/dp)0,n, (AS) 
or, using (36) again, 
Vinee =4(wW+r—1) Varo)? 
+ (1/R?) (8/OR) y-R?(9/IR) 
—[2/R(w—r*) J[v(1—*) (0/07) 
+pu(u?—1) (9/du) ](0/AR) > 
—[2/R*(u?—1*) I[r(1—r*) (9/dr) 
+u(u?—1) (0/du) J. 


(A2) 


(38’) 
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The author’s earlier theory of sputtering has been simplified to a form from which direct computations 
are possible without extended numerical analysis. A considerable analytic simplification is obtained by a 
new choice of boundary conditions, and certain mathematical expressions have been modified by physical 
considerations where a detailed analysis is not justified by the present state of experimental information. 
The special cases of very high and very low energy sputtering are examined in some detail. The (InEy)/Z» 
high-energy results of Goldman and Simon are shown to be fortuitous but still significant. Low energy re- 


sults are of the form reported by Wehner. 





I. INTRODUCTION 


N two earlier papers! the author has presented a 
theoretical treatment of the cathode sputtering 
problem. This paper discusses a simplification and 
extension of the theory detailed in (A), with particular 
attention devoted to the regions of very high and very 
low sputtering energies where significant simplification 
of the model is possible. 

The mathematical structure of- the theory will be 
much easier to follow if we examine the physical model 
in some detail. Consider a monoenergetic beam of 
particles normally incident upon the surface of a 
metal. Except in two-body interactions we ignore all 
charge effects. The metal is assumed to be polycrystal- 
line so that any crystal structure can be neglected. We 
consider a process in which these ions penetrate into the 
surface where they “cool” into thermal equilibrium 
with the lattice by making collisions with the lattice 
atoms. Because of these collisions a number of lattice 
atoms acquire enough energy to escape their lattice 
sites; but they too must “cool,” contributing to the 
breeding process. The final steady state is determined 
by two distributions of moving atoms, one describing 
“incident” atoms and one describing “struck” atoms, 
interacting with the stationary lattice which provides 
a sink for both energy and momentum which are 
transported from the surface into the metal by Debye 
waves. A more detailed discussion of the distribution 
functions was presented in (A). 

For very low energies both distribution functions 
will be nearly symmetric, and a P; Legendre poly- 
nomial approximation appears to be satisfactory into 
the 10-20 kev energy range. At very high energies the 
incident particle mean free path becomes very large, 
implying deep penetration before the first collision; 
which in turn suggests that only the first collision will 
contribute viable particles to the lattice particle dis- 
tribution because subsequent collisions are so deeply 


buried that there is no chance for the struck particles 
to escape. 


1D. E. Harrison, Phys. Rev. 102, 1473 (1956) [hereafter (A) ]; 
ibid. 105, 1202 (1957). 


Each individual collision is strongly influenced by a 
trapping parameter, hn=op/(ep+or), where op is the 
displacement cross section, and a; is the cross section 
for trapping by the lattice. At low energies both hm 
(see Table I) should be small, dominated by the o;. 
At high energies for the first collision h; (incident 
particle) should approach unity, as o; approaches 
zero much more rapidly than gp. Any attempt to ac- 
count for this energy dependence of the 4» leads to an 
impossibly difficult mathematical theory; so to make a 
beginning we assume that the /,, are constants, with 
the understanding that the values assigned to this 
constant may differ in different energy ranges. 

All interactions are assumed to be “smooth hard- 
sphere,” but “radii” and cross sections are calculated 
from a Coulomb interaction. 

In this work the lethargy variable «=1In E/E is more 
convenient than the energy. Note that as the energy 
decreases from Eo, the lethargy increases from zero. 
All final results are expressed in terms of energies. 

Both distribution functions are assumed to be solu- 
tions of the transport form of the Boltzmann equation. 
These equations, called the first and second funda- 
mental equations in the remaining work, take the form 


[p/nm(u) \d/dz[Lm(u, z, p)]= Ln(U, 2, P)+Wn(u, z, p) 


+ fap! ful Ln(u 2, Pfau’, a, Po)ln(w!). (I) 


Here u is the logarithmic energy, or lethargy, p the 
velocity direction cosine with respect to the z axis, 
L= Novy, the collision frequency, 7 the bulk displacement 
cross section, f the lethargy transition function, h the 
trapping parameter, and W describes the source of 
particles for the distribution. The definitions and func- 
tional meanings of these parameters are discussed in 
(A). For the first fundamental equation, W; is defined 
by an exponentially decaying beam; while for the second 
fundamental equation, W; consists of contributions 
from three sources: the beam, the “incident particle” 
distribution, and the “lattice particle” distribution; the 
actual forms are discussed in (A). 
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As before, two lethargy transition functions are re- 
quired. One, the direct function f, correlates lethargy 
change and scattering angle for the initially moving 
particle, while the other, the indirect function F,, 
describes the lethargy and recoil direction of the struck 
particle. These functions were discussed in (A), where 
they are called energy transition functions. The px, 
approximation enters the theory because of our interest 
in the Legendre polynomial expansion coefficients of the 
functions 


faus2x [dC Pa(P)fn(0)) 


In particular, 


f= 2x] dplPfa()4 


which is discontinuous, and has the complicated La- 
place transform (L.T.) exhibited in (A). To simplify 
the analysis we assume that 


faim dbfalP), 


Sna= Pv f mo; 


where, when x=u—w’, 


Pu=p= I "da On (2) fm(x) J. 


For w<1, p= Yu. 
Il. ANALYTIC PROCEDURE 


We begin the solution of Eq. (I) for either case by 
assuming that L, can be expanded in a series of 
Legendre polynomials, assuming that the n» are con- 
stants. At this stage Eq. (I) has become an infinite 
set of integro-differential equations in the expansion 
coefficients Lmn. Next we calculate the L.T. of each 
term in each equation, assuming that s is the transform 
variable corresponding to u, and the equations men- 
tioned in the foregoing become a set of simultaneous 
differential equations for the Lmn, where 


Linn(S, 2) = [ “exp(—su) Linn(u, 2) du. 


Assuming that LZ,» is nearly symmetric we retain only 
the Lno and Lm terms. For the incident particle dis- 
tribution function we retain the equations 


ni dL a/ds=—yabtW a, 
§n dL o/d2=—yabatWa (1) 


(see Table II for the meaning of undefined functions). 
Upon eliminating Za, we obtain, finally, 


@L »/d2?=w?(s)Lia(s,2)+Ko(s) exp(—nez). (2) 
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TABLE I. Physically Shot quantities which appear in the 
theory. The functional definition is omitted if it appears in the 
text. 





Eo Energy of an incident ion 

E Energy of a moving particle 

Ea Threshold energy for the process 

t Logarithmic energy 

Pm Direction cosine of the velocity 

Po Scattering angle in a single collision 
q Direction cosine of recoil angle 

v Velocity of a moving particle 

Nm Distribution function for type m particles 
Collision frequency per unit volume 

Im Direct lethargy transition function 

Fn Indirect lethargy transition function 

i Subscript referring to incident particles 


Subscript referring to lattice particles 


J 
m Subscript referring to any moving particle 
n 


Order of Legendre expansion coefficient 
N. Incident beam particle density 
N=Nani 
Wn 


Amplitude of source strength 

Source strength 

ém Maximum logarithmic energy transferable 

Ym Minimum logarithmic energy receivable 

oD Cross section for displacement of a lattice particle 
ot Cross section for trapping by the lattice 

lim Trapping parameter 

Xm Bulk cross section 

n=ni/nj Cross-section ratio 


p=M;/M; Mass ratio 








which must now be solved subject to appropriate 
boundary conditions. The general solution which 
vanishes as 2 is 


Lio(s, 2) =A(s) exp[—wi(s)2]+B(s) exp(—na). (3) 


The second boundary condition is very difficult to 
establish. For example, the choice made in (A) is 
physically appealing, but the resulting analysis is much 
too complicated for simple interpretation. In neutron 
diffusion work it is customary to use the measurable 
neutron flux as a boundary condition, but here we wish 
to determine the flux so this choice is not practical. 
Similarly, we do not know anything about the particle 
distribution function at the surface, so boundary con- 
ditions on Lj» itself are not practical. Thus we are 
forced to consider conditions on @L »/d2* at z=0. 

Now specification of @Li9/dz* at the boundary fixes 
only the profile of the “energy front”’ of the distribution 
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TABLE II. Mathematical functions defined in the course of the 
analysis are collected here for easy reference. In some cases con- 
siderable tedious algebra is required to pass from one equation to 
the next. Except for A(s) all forms are identical to the corre- 


sponding functions in (A), which should be consulted for addi- 
tional detail of their derivation. 








Yin= 1 —hFin(s) 
Tim=1 —hsfim (s) —P im(s) 


wi? =3n* Vion 
oF =3n2T joj 
Wi=Nfir 
W; 1=Nfiopi 

Ko(s) =3Nn? fio(s) vin (s) +fa(s) J 

Ki(s) =30Ph(N+B(s) [LP oP at Fa/val 

K2(s) =30Phi (PF ol p+wik a/niva lA (s) 


A (s) =—B(s)[n2/o?] 

B(s) = Ko(s) /[w?—n7] 

Ji(s) = Ki(s) /[wP—n2] 

J2(s) = K2(s) /[w?2—wi?] 

Js(s) =[1/o7(s) [ntJi(s) +o02F(s)] 








function at the surface, while the particles actually 
involved in the flux may come from points located well 
behind this front. Thus we might expect the flux to be 
relatively insensitive to the “curvature” at the surface. 

This hypothesis is certainly not intuitively obvious, 
but it can be verified by making different assumptions 
on d*L /dz* and then examining the resulting distribu- 
tion functions. Such an analysis of the actual curves, 
rather than just the functional dependence, indicates 
the hypothesis is at least good as the others upon which 
the theory is based. Present measurements just are not 
sufficiently sensitive to distinguish between different 
assumptions. 

As the physical information is not conclusive, we 
allow ourselves to be guided by conditions of mathe- 


matical simplicity and require that the curvature vanish 
at the boundary, 


lim @Lino/d22=0 


which greatly simplifies the analysis. This assumption 
leads to the forms of A(s) and B(s) which appear in 
Table II. Now La is readily determined, and upon 
completing the analysis, we obtain 


L.(s, 2, p) =4B(s) {[1+ (p/va) ] exp(—n#) 
— (n?/w?) [1+ (pwi/neva) ]exp(—wez)} (4) 


for the L.T. of the “incident particle” distribution func- 
tion to the Pi(p) approximation. 

The analysis of the second fundamental equation is 
identical, and requires no further comment. In its final 
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form, to the Po(~) approximation, we find 
Lio(s, 2) =Ji(s) exp(—nz) +J2(s) exp(—wx) 
+J3(s) exp(—w,z), 


where the functions are defined in Table II. 


(5) 


III. SPUTTERING RATIO 


To determine the sputtering ratio, we must invert 
Eq. (3) back to lethargy space, multiply by a suitable 
emission probability and integrate over z and #, 
obtaining the number of particles sputtered with a 
given lethargy. When integrated over u, this function 
will give the total sputtering ratio for a given incident 
ion energy. This procedure can be considerably simpli- 
fied if the steps are performed in a different order. 

Consider the physical meaning of a transformation 
to “‘s space.” Such a transformation is known to convert 
a “variable energy” diffusion process into a mathe- 
matically equivalent steady-state diffusion process in 
transform space. Suppose that the distribution of 
particles in (s, z) space is described by a function 
Q(s) e~**, Then so long as we remain in this space it 
seems reasonable to treat g(s) as a constant bulk cross 
section which describes the diffusion of these particles 
in (s, z). We make use of this simplification by deter- 
mining the number of particles emitted from the 
surface z=0 with a given s, then perform the process 
equivalent to integration in « space, and finally make 
the inversion to lethargy space. 

Unfortunately, our problem is further complicated 
by the angular variable p; however, if we assume a 
simple collision kinetic picture in “s space,” q(s) 
expl—q(s)z/p] appears to be a reasonable emission 
probability as it corresponds to a normalized e~* 
probability of diffusion without collision. 

Upon multiplying the terms of Eq. (3) by this 
probability function, noting that each term has its own 
appropriate bulk cross section, and integrating over the 
range 0<z<~, and then over the range, —1<p<0, 
we obtain 


Ljo(s) =0.699(J1(s) +Jo(s)+Js(s)). (6) 


This procedure may be compared with the approxima- 
tion described in (A) which leads to Eq. (19) of that 
paper. The final expressions are essentially equivalent. 
When the definitions are substituted into Eq. (6) the 
result is 


Lin(s) = (2.1n7h;/w;?) {Lv+ (Ko/w?) Vol a 


spose). 


In this expression the factor [B/ya][1—(n:/w:) ] of 
the second term will be neglected when compared to NV, 
because it contributes only small terms. Thus we obtain 
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to a “zeroth” approximation 
Lip (s) = [2.1n7hi/w? (N+ Ro/w ?) P oV jit NF a]. 


Finally, in terms of the collision frequency L;(u), the 
sputtering ratio is 


R=H(ai/m) Nf L/w) du, 


where JN is the incident beam current density, and 1% 
will be defined later. The Laplace transform of this 
expression is 


R (s) =} (nN) L,(s)/s. (8) 
Here n=n;/n;, and s is now the transform variable 
corresponding to “4. Equation (8) indicates that our 
problem is solved if it is possible to obtain the Laplace 
inverse of L;(s)/s. As in (A), we set v=s+1, and 
use the pw approximation in f; and an equivalent gx 


approximation in F';. Upon carrying out the algebra, we 
find 
R(v) = Ral ogi 


a 1 
(v—rg) (v—14) 


v—1|v—r3 


(onpitre?/pi) Ex(v) 





al (9) 


where E,(v) =1—exp(—ew), Ex(v) =exp(—va), pi= 


1—pi, Ro=0.35nb shi, n=ani, r= ahi, 
h;(a;+6;) =2h;, re=hj(a;pj;+bq;) =4h;/3. 

A physical interpretation of E2(v) is presented in 
(A), and need not be repeated here. The only effect of 
this factor will be to change the lethargy reference 
energy from the incident beam energy, Eo; u=In E/E; 
to a new reference energy E, which may be interpreted 
as the threshold energy for sputtering from an ideal 
plane surface at_ normal incidence. In terms of E,, 
u=\|n(E/E,) and we now see that u,.=In(E/Ea). 

The factor E,(v) which appears at several points in 
Eq. (9) can be interpreted as an extremely complicated 
type of “jump function,” which when convoluted with 
the other factors appears as a fine structure in the 
distribution function. Calculations based upon the 
earlier work indicate that this fine structure is always 
small compared to the actual function; so the factor 
E,(v) will be set equal to unity, (see Appendix I). 
From Eq. (9), after collecting terms, we can write 


R©(s) = Redoma/ [s(s—tm) ] (11) 


where ‘,=rf,—1, and upon performing the Laplace 
inversion, obtain the final result 
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R® (4) = RD? RaLexp (tate) —1)}. (12) 


For reference, the coefficients /, are 

h=an’,—1, 

bL=ahpi—|, 

t3=2h;—1, 

t= (4h;/3) —1, 
and the coefficients R, are 
Ri=[ashi/tepsJL1/(ash:—2h;) J 
Ro=[1/thep Jahpi(1+p,)/(2h;—ah pi) ] 
R3=t3"(14+-3h4j; 

+ (ash{2hpit+ahpi}/{2hj;— ahi} {2h;—ahpi})] 

Ry= — 24. (14) 


In all cases examined to date Ry has been negligible 
compared to the remaining terms. 


IV. CROSS-SECTION RATIO 


Goldman and Simon? have shown that the method of 
Seitz and Koehler* may be used to determine displace- 
ment cross sections. Accepting this work, the cross 
section ratio n=7;/n;=0;/0; (where the o’s are dis- 
placement cross sections) is readily evaluated. Con- 
verting to the notation of the present paper, their 
cross-section expressions become 


o¢=mpZ 2ZPe/ EyEa 
oj="Zfe'/E;Ea 


where Z’s are atomic numbers, e the electronic charge, 

Eq the displacement energy (20 ev?), and £; the 

energy of a moving lattice particle. Goldman and 

Simon have shown that &£; is not a sensitive function 

of Eo, so we replace it by its average value £;. 
Combining all results, 


Ro=0.35(1+4)?(Zi/Z;)?E;/ Ey, 
and expressing #, in terms of Eo, we find 


and 


4 
R( Eo) = Rod Rol (Eo/Ea) *—1] (15) 
n=] 
when all ¢, are positive. If any ¢, is negative the factor 
becomes 1—(E)/E,) and the absolute value of this 
t, should be used in the corresponding R,. If one of the 
t, is zero, R( Eo) must be recalculated. 


V. HIGH-ENERGY APPROXIMATION 


For very high-energy incident particles, 7; is suffi- 
ciently larger than ; that we consider only the “beam” 
term in the source of the second fundamental equation. 
In this case we may also set 4;=1, for the incident 
particle trapping cross section is negligible at these 


2D. T. Goldman and A. Simon, Phys. Rev. 111, 383 (1958). 
3 F, Seitz and J. S. Koehler, Solid State Phys. 2, 321 (1956). 
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Fic. 1. Comparison of data obtained from the Monte Carlo 

uttering program of Goldman ¢ al.‘ (the points @) with the 

Idman-Simon analytic function (InZ,)/E,, and the sputtering 
ratio of Eq. (17) (using Ea=25 ev, h;=0.66). It is interesting 
that the function E,~°-™ is indistinguishable on the graph from 
Eq. (17}:. The fit of Eq. (17), which is the best fit ible for all 
three points, could be improved by reducing Ea. As the simplifying 
approximations may not be valid at the 30-kev point; it might be 
better to fit only the two high-energy points. 


energies. In this approximation the terms in A(s) and 
B(s) do not contribute, and R(s) reduces to 


Ru(s) = Ro{[1/s(s—ts) J4+(4i(s+1)/s(s—ts) (s—t) J}. 
(16) 


Note that in this approximation Eq. (16) is exact; i.e., 
no terms have been neglected during the analysis. 
Inversion of this equation is very simple, giving, for 
the high-energy approximation 


Ru( Eo) =0.35E;(1+-4)*(Z/Z;)* 
X { (Ai/ Eo) [H2( Eo/ Ea) *+-H3(Eo/E.)"*+1]} (17) 
A= (3ts—2) /3tste 
Ho= ty(5ts—3t4) / (ts—ta) (344—2) 


H3= —3t3/(ts—t) (3t4s—2). (18) 


Note that ¢; and 44 must appear in the H; with appro- 
propriate signs, so it is not feasible to rewrite the H; 
in terms of h;. 

Although direct comparison between theoretical 
results has no physical significance, it is interesting to 
see how this analytic theory compares with the results 
of Goldman and Simon,’ and also Goldman, Harrison, 
and Coveyou,‘ which describes a Monte Carlo calcula- 
tion on deuterium-copper sputtering at high energies. 
The results are displayed in Fig. 1. Clearly, the results 
are somewhat better than the Goldman-Simon 
(In Eo) / Zo, but not much better than a simple reciprocal 
fractional power fit. 

An exact fit of the Monte Carlo data requires that E£; 
be 3.90 kev, which may be compared with 3.96 kev 


‘4D. T. Goldman, D. E. Harrison, and R. R. Coveyou, Oak 
Ridge National Laboratory Report 2729 (1959). 


and 11.9 kev which are the maximum energies trans- 
ferable to a metal atom for the 30 kev and 100 kev 
cases, respectively: This value of £; is possible but not 
realistic; however, when we recall that (Z;/Z;)? appears 
because the cross section was calculated from pure 
Coulomb scattering, it is evident that a small screening 
reduction of Z; will significantly reduce E;. 

It is also instructive to consider two special cases, and 
in particular derive the Goldman-Simon relation. 


Case A 


Goldman and Simon have considered the special case 
where op=o:, giving h;=0.5. This value of 4; makes 
4s3=0.0 and 44= —}. The result of the inversion, including 
the second-order pole, is 


Ra (ua) =4Ro{ta— ($4) [1—exp(— 2/3) J} 


which, in the limit of large #,, becomes 


Ra( Eo) =0.35E;(1+u)?(Z/Z;)*[(1/Eo) In( Eo/ Ea) 
(19) 


when written in terms of EZ). Goldman and Simon 


report the same energy dependence but a different 
mass ratio dependence. 


Case B 


To indicate how the energy dependence is sensitive 
to the choice of h;, set 4;=0.75 so that 4:=0.5, 4=0.0. 
The analysis is simple, giving 


Ra( Eo) =0.175Ej(1+-u)2(1+2y) (Z/Z;)?( EoEa) 4 
(20) 


which is a similar, but analytically different, energy 
dependence. Apparently, the energy dependence re- 
ported by Goldman and Simon is fortuitous, depending 
on the choice of 4;, and other dependences are just as 
plausible. 

We conclude that, depending upon the choice of 
trapping parameter, the asymptotic energy dependence 
lies in the range of reciprocal fractional powers of E, 
and includes Ey“ In EZ) as a special case. 


VI. LOW-ENERGY, APPROXIMATION 


If the incident particle energy Z» is very near the 
threshold energy E,, the lethargy u, is small, and 
Eq. (15) becomes 


4 
R(t.) = Rod, Rntntta- 
n=1 


(21) 


Further, we can approximate the lethargy from the 
identity 


ines (n=l) —-ble—-1)*4ibte—1)'—+« Oae?, 
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which converges most rapidly when x is near unity. 
Combining these approximations, we obtain 


‘, (22) 


R( Es) = (Ro/ Ex) (Ea Ex) YR 


if we assume that the cross-section ratio is constant in 
this narrow energy range. 

Equation (22) exhibits the linear energy dependence 
reported by Wehner’ for the majority of his cases, and 
the slightly better logarithmic approximation should 
account for the cases in which he reports some curva- 
ture in the sputtering ratio vs ion energy curve. No 
attempt will be made to fit Eq. (22) to Wehner’s data 
because it contains £,, h;, h;, and 4 as undetermined 
parameters. 

Actually, the success of Eq. (20) is rather surprising, 
for it is built upon at least one highly improbable as- 
sumption, i.e., that the transport equation is valid 
when only one or two collisions are required for cooling. 
This is clearly nonsense, but the theory obtained from 
it is consistent with present experimental data. 


APPENDIX I 


Factors of the form [(v—a)-+-ae~**}“! appear in the 
functions which must be inverted to lethargy space. 
Here, as before, we have set »=s+1. Upon expanding 
in series, this function may be rewritten as 


[(—a) tae }'= (r—a)"2[—a/(v—a) Jem, 


5G. K. Wehner, Phys. Rev. 112, 1120 (1958). 
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which appears as the convolution of a simple pole at 
v=a and the inversion of the series expression. Let us 
examine the inversion of a general term in the expan- 
sion 

S,=[—a/(v—a) Fe. 
Inverting just the first factor, 

T[—a/(v—a) ¥=[(—a)*/(r—1) ge 

and applying a general theorem, we find 
T{{—a/(v—a) fe} 


=exp[—a(q—6r) J[(—a)*/(r—1) !]U (q—5r) 
where 
U=0, qSbr 


=1, q>dr. 
Finally, writing in terms of s rather than v, we obtain 
T*{ S-} = (u—br)[(—a)*/(r—1) 1] 
Xexp—[(a+1)u-+abr]U (u—6r). 


Now consider the physical implications of this term. 
Clearly, it does not contribute until «>obr. Further, if 
we set u=br, the exponential function becomes e~™, 
which will be small for physically interesting values of b. 

Detailed analysis of the term for r=1 indicates that 
normally it contributes a magnitude less than 10% of 
the total convolution, and much lower values are com- 
mon. Under the circumstances, the entire effect of the 
series has been neglected. It can be included at any time 
when an increase in experimental precision justifies the 
extra labor. 
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The connection between intermolecular potential energies and the unit cell vibrational frequencies in 
molecular crystals is summarized in Sec. I. Details of the treatment of potentials which can be written as 
functions of intermolecular atom-atom distances are developed. The frequencies of vibration of methyl 
chloride in the crystal are treated by the methods discussed in Sec. II. Dipole-dipole interactions are in- 
sufficient to explain the observed splittings. For vibrations which are primarily hydrogen motions, an 
intermolecular hydrogen-hydrogen repulsion potential accounts satisfactorily for the observed effects. 





HE effects of intermolecular forces on the vibra- 

tional spectra of crystals have been known for some 
time. A decade ago, Hornig! and Winston and Halford? 
discussed the spectra in terms primarily of the sym- 
metry of the crystal. In particular, the selection rules 
and number of frequencies resulting from a given 
molecular vibration in a dynamically pure crystal 
(consisting of one isotopic variety of a single pure 
compound) are now regarded as well known. Methods 
involving isotopically substituted crystals have been 
developed’ to differentiate between “factor group” and 
“site group” splitting,? and to determine the values of 
force constants coupling vibrational modes in adjacent 
molecules.* 

In addition to predicting the number and type of 
frequencies to be expected in the vibrational spectrum 
of a crystal, it has been shown (in reference 1 and 
elsewhere) in general terms how to calculate the fre- 
quencies and splittings from intermolecular force con- 
stants, and vice versa. Unfortunately, there has been a 
lack of success in computing the force constants from 
independent data, and thus there is a gap in under- 
standing their origin. Recently, there have been efforts 
to bridge this gap. Decius,> and Hornig and Hiebert‘ 
have assumed a dipole-dipole interaction between 
neighboring molecules or ions and have had at least 
semiquantitative success in some cases. Stein*® has taken 
another approach, using a potential derived from com- 
pressibility measurements on hydrocarbon crystals, 
again with some success on one frequency. 

In Sec. I of this article, the method of calculating 
crystal frequencies from intermolecular potential func- 
tions is summarized. One objective is to make clear the 
assumptions and approximations to be used later. 
The other is to detail the treatment of certain types of 


* This work was supported by the Office of Ordnance Research, 
U.S. Army. 

1D. F. Hornig, J. Chem. Phys. 16, 1063 (1948). 

? H. Winston and R. S. Halford, J. Chem. Phys. 17, 607 (1949). 

§ (a) H. J. Hrostowski and G. C. Pimentel, J. Chem. Phys. 19, 
1o) (b) G. L. Hiebert and D. F. Hornig, ibid. 20, 918 
a D. F. Hornig and G. L. Hiebert, J. Chem. Phys. 27, 752 
1 s° Decius, J. Chem. Phys. 22, 1941, 1946 (1954); 23, 1290 

®R. S. Stein, J. Chem. Phys. 23, 734 (1955). 


potentials which have proved of value. Section II gives 
the result of applying these methods to the case of 
methyl chloride. 


I. THEORY 


We begin with Hornig’s' potential function for the 
crystal but with the assumption that only the terms 
shown need be considered, 


V=Vintt V int—int 


where Vint is the internal energy of all the molecules in 
the crystal, and the second term represents the coupling 
between internal motions of different molecules. This 
potential assumes no coupling between internal and 
lattice motions. We also assume 


V=>V; 


where the sum is over the various normal coordinates 
of an isolated molecule. This assumption of no coupling 
between unlike normal coordinates should, of course, 
be closely scrutinized when two nearby frequencies 
have the same symmetry in the crystal. Hereafter, we 
drop the summation over &, intending that each normal 
vibration be separately treated. 

The potential may now be written more specifically as 


V=2(V.0+ Vom) (I-3) 


(I-1) 


(I-2) 


where V,° is the potential of an isolated molecule n, 
and Vam is the intermolecular potential between mole- 
cules m and m. This specifically assumes pairwise inter- 
actions between molecules. 

In calculating crystal frequencies, we may restrict 
our attention to one unit cell.! Equation (I-3) then is 
interpreted as involving sums over the Z unit cell 
occupants. It is understood, however, that Vam is the 
potential connecting molecule m with m and all mole- 
cules identical to m under translation. 

We may now write the F and G matrices’ for the 
coupled unit cell, using as basis coordinates the normal 
coordinates of the Z cell unit occupants. Thus, Gam= 


7E. B. Wilson, J. C. Decius, and P. C. Cross, Molecular Vibra- 
tions (McGraw-Hill Book Company, Inc., New York, 1955). 
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5am, and the F-matrix elements are given by 


Fan=\°+ > 8V nm/IQn — N+fn 
Fim= > 8Vam™/IQnIOm =fnm 


where ° is the value of 42c*v* for the isolated molecule 
for the normal coordinate in question (for the isolated 
molecule F=)° and G=1). The symmetry is then used 
to construct symmetry coordinates’ for the unit cell 
based on the molecular normal coordinates. The sym- 
metry coordinate transformation then factors the 
GF matrix in the usual way, and the resulting blocks 
form secular equations soluble for the unit cell fre- 
quencies. 


(I-4a) 


(I-4b) 


Intermolecular Potentials 


At this point, it is convenient to make an arbitrary 
and not too clean-cut distinction between two types of 
potentials: (a) those which can be written as 


Van= LV sn im(7 i) 


and (b) those which are better left simply in the form 
Vam. We refer to those of type (a) as interatomic po- 
tentials, i being an atom of molecule 2, etc., and rj; 
the interatomic distance. The object of this separation 
is the further treatment possible for interatomic po- 
tentials. It should be noted that the work of Decius® 
and Hiebert and Hornig‘ concerns the treatment of 
certain potentials of type (b). In these cases, Vam is the 
dipole interaction potential and the intermolecular force 
constant frm involves geometrical terms and dipole 
derivatives, the latter in principle available from abso- 
lute intensity measurements on the absorption bands. 
Potentials of type (a) can be expected to include 
repulsive potentials between molecules, and perhaps to 
a cruder approximation one might assume the London 
forces to be sums over atom pair terms. It is the feeling 
of this author that the usefulness of such a breakdown 
will be decided by experiment, though definitive theo- 
retical discussion by those more knowledgable in the 
field of intermolecular forces would be of great as- 
sistance in the attempts. For potentials which cannot 
be written as in (I-5), efforts must be made to calculate 
values of f, and fam in other ways; for interatomic po- 
tentials we present the following further details. 


Atom-Atom Potentials 


On the assumption of (I-5), the derivatives used in 
(I-4) become 


FV nm/OQn 7” DLL (GV nm/ Or i?) (Or i;/0Qn)? 
+ (8Vnm/OFr ii) (0°r5;/8Q,7) ] (I-6a) 


(I-S) 


8 V nm/OQnOQm 
DLL (BV nm/' Or 7?) (Or i;/8Qn) (Or s5/ 90m) 


+ (d Vam/Or ij) (8°r :;/0Qn0Qm) J. 


(I-6b) 
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It will be indicated (Appendix I) that the terms in 
(I-6) in 8V/dr are usually small compared to those in 
&V/dr?, so we neglect them in the remainder of this 
work. Equations (I-6) may be rewritten in terms of 
the vector positions of the ith and jth atoms (of mole- 
cules and m, respectively) as 


fa=8V/8Q,2= D> (8V /ari?)L (Ar /Ar1) (8r:/8Qn) F 


(I-7a) 
fnm=2V/8Qn0Qm 


= L(V /ar i?) [ (Or i/Ars) (87:/8Qn) ] 


X[(8ri/4r;) (875/8Qm) ], (I-7b) 


where the quantities dr;;/dr; and Or ;;/dr; are just the 
cosines of the angles between the normal displace- 
ments of the atoms and the interatomic distances. 

The calculation of the F-matrix elements now reduces 
to postulating a potential function Vzm(r;) and finding 
the terms dr;/0Q,. The latter are the elements of a 
matrix C such that 


r=CQ. (I-8) 


If we take the r’s as referred to a coordinate system 
fixed in the crystal and defined for each molecule by the 
molecule’s principle axes, we may leave until later the 
simple rotations of axes necessary to find the terms 
Or ;;/Or;, etc., and the matrix C will be the same for all 
molecules. The C matrix is simply the product of other 
matrices long in favor: 


C=D"U'L, (I-9) 


where D~ is the matrix of the transformation from 
internal coordinates into cartesian coordinates, U’ is 
the matrix taking symmetry coordinates into internal 
coordinates, and L is the matrix of the transformation 
from normal to symmetry coordinates. The last two 
are obtained in the usual normal coordinate analysis of 
the molecule, while D- may be obtained in a variety 
of ways.® The definition of D— includes the conditions 
that the center of gravity and angular momenta are 
unchanged, as must be the case if we consider molecules 
rigidly fixed in the crystal. 
Discussion 

The procedure for calculating unit cell frequencies in 
molecular crystals (where the assumptions made above 
are most likely to be appropriate) yields the limiting 
modes of vibration, which include those active in the 
infrared or Raman effect.! The procedure must be 
followed for each normal vibration of the isolated 
molecule. If the potential function seemingly most ap- 
propriate for intermolecular coupling includes terms of 
types (a) and (b), one may treat each term separately, 
since the f, and fn» terms are simply additive. 

8S. R. Polo, J. Chem. Phys. 24, 1133 (1956) ives a direct 


method. Another is to write D by inspection and invert on a 
computer or by the method given in Appendix II. 
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Taste I. Correlation diagram for methy! chloride. 
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The method given for interatomic potentials includes 
Stein’s treatment® of the rocking modes of normal 
paraffins, with the added attraction that his approxi- 
mations involving the form of such motions are ob- 
viated. Application of the foregoing treatment to 
Stein’s case, retaining his approximations, is in agree- 
ment with his results; substitution of the more accurate 
forms of the molecular motion would not be expected 
to change his results greatly, since the vibrations 
are in actuality almost entirely motions of the hydrogen 
atoms, as he assumed. 


Section II applies the preceding methods to the case 
of methy] chloride. 


II. INTERMOLECULAR FORCES IN CRYSTALLINE 
METHYL CHLORIDE 


The infrared spectrum of crystalline methyl chloride 
has been reported previously.® All fundamental bands 
but one are observed to be split by crystal coupling. 
In this section, we apply the theory of Sec. I in an 
attempt to explain the coupling observed. 

The crystal structure of CH;Cl is orthorhombic,” 
with Z=4 and space group Cmc2,-++-C;™". We accept 
Burbank’s” “orientation 1” for the hydrogen atoms. 
As has been pointed out by Hexter,"™ the primitive cell 
may be considered to be smaller (Z=2), but it will be 
seen that proceeding with the larger cell reflecting the 
entire symmetry of the crystal gives results in agree- 
ment with Hexter’s discussion. He gives an analysis of 
the symmetry requirements on the number and ac- 
tivity of the unit cell frequencies which we only sum- 
marize here. 

The correlation diagram connecting free molecules 
with unit cell and site symmetries is given in Table I. 
For each of the A’ (of C,) frequencies (one from each 
of » through vg) we construct from the molecular 
normal coordinates Qy, Q2, Qs, Q4 a symmetry coordinate 
of type A; and one of type Bo. For each A” frequency 
(from vg through vg only) we construct coordinates of 
type A, and B,. The subscripts on the Q’s refer to four 
molecules of the unit cell, and the numbering follows 


®D. A. Dows, J. Chem. Phys. 29, 484 (1958). 
1 R. D. Burbank, J. Am. Chem. Soc. 75, 1211 (1953). 
11 R, M. Hexter, J. Chem. Phys. 25, 1286 (1956). 


Burbank.” The symmetry coordinates are 
Sai=3(A+Q+Os+Q), 
Sp,=3(Qi- Qa + Os— x), 

Sas= 3(Qit+Q2—Qs—Q), 
Spi=3(Qi-Qa+Ost+Q). (II-1) 


We write the F matrix for the unit cell by assuming 
interactions between all molecules 


M+f fe fs fu 
ja WS] sie fe 
fis fs NM4+h fu 
fu fu fu“ Wf 


where the notation follows Sec. I. The G matrix is the 
unit matrix. Application of the symmetry coordinate 
transformation factors the F matrix. Noting that fis the 
same for all four molecules, but different for A’ and 
A” frequencies of the same fundamental due to different 
directions of vibration, letting f\;=f for A’ and fi=f 
for A”, and noting that by symmetry fr=fu, fis=fa, 
and fi4=/f2, we finally write the unit cell \’s as 


N= +f thethstfu, 
AB, =N +f tfa—fu-frs, 
Nas=N+-fitfu—fe—fis, 
AB, = +fitfw—fis—fu- (II-3) 


The site splitting appears here as AX(site)= 
( firtfis) — ( fi—fis). The appearance of f;; only as a 
site splitting term is in agreement with the smaller 
unit cell of Hexter." The factor group splitting of the 
A’ frequencies is given by Ad(factor) =2( fi+fiu), and 
of the A” frequencies by Ad(factor) =2( fis—fis). 

The observed splittings® for the A; frequencies of 
CH;Cl must be of the factor group variety. Only the 
case of vs is complicated by isotope effects, as dis- 
cussed before.* In the case of E frequencies, the assign- 
ment is not clear, except perhaps for vs where we now 
assume the central component is B,. Table IT lists the 








TABLE II. Observed band splittings for methyl chloride. 





v Av cm7! Ad (10% sec™) 





4.3 
10.4 
~5 


5 
7.6 
<3* 


+0.090 
+0.098 
+0.025 
+0.106 
+0.078 
+<0.02 





® The line width is roughly 4.5 cm™, larger than that of other bands. 
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observed splittings and the computed values of 
AX (= 8rcvAr). 


Dipole Coupling 


We first apply the treatment of Decius® to calculate 
splittings due to dipole-dipole coupling. For coupling 
between a pair of molecules m and m, 


fam= —[2(r1°7) (12°17) — (riser) + (rar) /| v |®](Ou/9Q)* 
(II-4) 


which is an alternate way of expressing Decius’ for- 
mula. Here, 7 is the n—m vector, 7 and rz are unit 
vectors in the directions of Oun/0Q, and Oum/OQm. As 
pointed out previously,® there is question as to the 
positions defining r and the directions of 7; and re. We 
assume the latter are fixed along (or perpendicular to) 
C—Cl axes (as indicated by the gas-phase molecular 
symmetry) and in (or perpendicular to) the crystal 
bc plane. 

We have calculated fm based on vectors r defined 
both by the Cl atoms and by the C atoms. For illu- 
stration, we take those defined by the C, and C,, 
Positions, since the calculated value of f,m is larger in 
this case than on most other reasonable definitions of r. 
The values thus are maxima, and since we feel that 
dipole coupling is not important except perhaps in one 
band, this assumption will give the strongest test of 
our feeling. Values of (04/00)? are from Dickson et al.” 
It may be that these values are changed in the crystal, 
but very rough relative band intensity measurements 
indicate that such changes are not great, and we use 
Dickson’s data unchanged. Table III presents the 
calculated frm values, considering only nearest-neighbor 
molecules II and IV as coupling with I. 

In Table ITI and elsewhere in this paper, account has 
been taken of the number of equivalent molecules 
coupling to a given one. Thus, fiz and f14 include factors 
of 2 and 4 because of the neighboring unit cell occupants 
identical to molecules II and IV with respect to mole- 
cule I. The results of the dipole calculation indicate 
(in comparison with Table II) that except for », (25%) 
and v3; (100%), the predicted splittings are less than 
10% of those observed. It does not seem likely, in 
contradiction to our previous statement,® that changes 
in the treatment such as including further neighbors 
can make these coupling constants sufficiently im- 
portant to consider as other than corrections, so we 
ignore all but those two mentioned in the remainder of 
this article. 


Atom-Atom Potentials 


A study of the crystal structure indicates that certain 
atom-atom interactions might prove a profitable field 


2 A, D. Dickson, I. M. Mills, and B. Crawford, Jr., J. Chem. 
Phys. 27, 445 (1957). 
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TABLE III. Dipole coupling force constants in methyl chloride. 





a,b 


v S* Su® (factor splitting) 


—0.0040 
—0.0013 
—0.0042 
—0.0009 
+0.0003 
—0.0012 
+0.0003 
—0.0004 
+0.0001 





1 —0.0074 
2 —0.0023 
3 —0.0078 
4A’ —0.0017 
4A” —0.0014 

f —0.0022 
5A” —0.0018 
6A’ —0.0007 
6A” —0.0006 


—0.023 

—0.0072 
—0.024 

+0.0052 
+0.0034 
+0.0068 
+0.0042 
+0.0022 
+0.0014 





* All in units of 10° erg/g cm*=10" sec. 
b A negative sign indicates \A1<A By, etc. 


of study. The contracts in the crystal are of the type 
H--+Cl between molecules I and IV and between I 
and III. The distance is 3.00 A, just the sum of the 
van der Waals radii. The distance between hydrogen 
atoms of I and II is 2.87 A. Repulsive forces of these 
types seem of likely importance. We treat only the 
H---H repulsion in some detail, assuming a potential 
connecting H atoms of I with H atoms of II and 
II(001). There are four such interatomic pairs con- 
nected with molecule I, all to be added to contribute to 
fiz. fis and fig are zero. 

In applying Eqs. (I-7) to find fiz, we take 0?V/dr?=8 
(where r is the H---H distance) out as a factor. The 
terms dr ;;/dr; are calculated from the crystal structure” 
when the directions of the r,’s are known. The latter, 
included in dr;/8Q are the elements of the matrix 
C(I-9). A normal coordinate analysis of the methyl 
halides has been carried out by King et al., who give 
the matrices L-' and U. The L matrix was obtained 
by direct inversion after correction of the typographical 
error in sign of L;~! for methyl chloride from King’s 
paper. The U matrix was taken to include a row for the 
redundancy condition, and was therefore a 1010 
matrix (including separate rows for the degenerate 
pairs). The D matrix was written by inspection and 
included a column for the redundancy and rows for the 
center of gravity and angular momenta conditions, 
It was inverted directly through the courtesy of the 
Western Data Processing Center (UCLA). Multiplica- 
tion of the matrices to obtain C was performed on a 
computer on this campus, and was spot-checked 
manually along with general checks on symmetry and 
reasonableness of the results. The C matrices for 
CH;Cl and CD;Cl, and the D— matrices for the other 
halides are available. 

By using the results obtained and Eqs. (I-7), we 
calculate the constants fi: for interatomic potentials 
apart from the factor 8. Conversely, we may calculate 
the values of 8 from the observed AX’s. Since approxi- 
mate values are our goal at this time, we have not 


18 W. T. King, I. M. Mills, and B. Crawford, Jr., J. Chem. Phys. 
27, 455 (1957). ‘ 
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TABLE IV. Calculated values* of A—)° for a H--+H repulsion 
potential in CH;Cl. 








fi Te Xay—? AB.—r° 





0.0292 
0.0248 
0.0070 
0.0162 
0.0222 
—0.0308 


0.0756 
0.0716 
0.0114 
0.0830 
0.0444 
0.0040 


0.0172 
0.0220 
—0.0034 
0.0504 
0.0000 
0.0656 


(Az and B;) 


0.0020 
0.0054 
0.0206 


4A” 
5A” 
6A” 


0.0020 0 
0.0054 0 
0.0206 0 








* All values in 10° sec~?. Values include all equivalent nearest neighbor 
interactions. 


made any check of the approximation discussed in 
Appendix I. 

To evaluate 8, we take a theoretical equation for the 
hydrogen repulsion energy. Because of its mathe- 
matical simplicity, and because it 4s not clear to us 
which of several such theoretical papers is most ap- 
propriate, we adopt the results of deBoer.“ His re- 
pulsive potential (for two He molecules) is a sum of 
terms in the interatomic distances, of which we extract 
just one, since we consider only one H-- +H distance at 
a time. The potential assumed is then 

V = (2.78¢?/ao) exp(—1.87r/ap), (II-5) 
or V=1.20X10-” exp(—3.52X 10*r) erg. Thus, at the 
H---H distance in the crystal, B=6.1X10? erg/cm?. 
By applying this factor to the rest of the terms of 
(I-7), we get Table IV of calculated \A—)?° values. 

A cursory examination of the differences between the 
A; and By, frequencies in Table IV shows that the 
predicted splittings agree within a factor of 2 for 
and vo. For » the site splitting predicted more nearly 
matches the observed value. For v; the factor group 
splitting predicted is again twofold low. In »y too much 
splitting is predicted. We take the rather arbitrary 
position that the factor 6 given by the deBoer formula 
(as used in the foregoing) is actually low by a factor of 
two. Then we may summarize the results of our calcu- 
lations of the splittings (factor group variety except 
for 4). This is done in Table V, which includes the 
H-++H repulsion results (with the factor of two 
applied) and the dipole results. 

The calculated values for 1, ve, v4, v5 are in agree- 
ment with observations to well within the expected 
reliability of the approximations used. This result 
was obtained with one parameter (8) adjusted only by 
a factor of two from its theoretical value (which is of 
questionable validity under these conditions anyway). 


14 J. deBoer, Physica 9, 363 (1942); J. O. Hirschfelder, C. F. 
Curtiss, and R. B. Bird, Molecular Theory of Gases and Liquids 
(John Wiley & Sons, Inc., New York, 1954), p. 1085. 
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TABLE V. Final calculated and observed splittings in CH;C]. 








v Adobs* Adcalc* 





0.090 
0.098 
0.024 
0.106 { 


0.078 
<0.040 


0.098 


(site) 
(factor) 








* In units of 10° sec~. 


There are weaknesses in the results in the prediction of 
site splittings (e.g., vs) and in general band shifts from 
the gas phase because we have left out such obvious 
points as dielectric effects and molecule I-molecule III 
dipole interactions, which might well cause such split- 
tings and shifts. The unfortunate results for v3 and v¢ are 
not surprising, as these frequencies most seriously 
involve motions of the Cl atoms, whose interactions 
have been entirely ignored. 

The point of interest is the reasonable prediction, 
based on H-atom interaction, of the splitting of all 
vibrations largely consisting of H-atom motion. The 
value used in Table V for the parameter 8 may be 
considered the first intermolecular potential constant to 
emerge from the use of the theory of Sec. I. 


SUMMARY 


Two types of intermolecular potentials, dipole-dipole 
and hydrogen repulsion, have been assumed in order 
to calculate the intermolecular coupling constants and 
frequency splittings in crystalline CH;Cl. It is found 
that the latter suffices to account for the greater part 
of the observed effects in four bands, while the former 
is of major importance for only one. At this time, it 
does not seem profitable to attempt a better fit by the 
addition, say, of a H-+-+Cl repulsion or a dispersion 
force term. Work is in progress on the deuterated 
analogue of methyl chloride, whose splittings should 
provide a check on the present results and perhaps 
shed more light on other interactions. 
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APPENDIX I 


To indicate that the terms of (I-6) involving 
dV /dr;; are negligible we consider frm, rewriting as in 
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(I-7) (only one atom pair considered) : 
Sam= (PV /dr5;)[(8r 5/87) (8r:/9Qn) J 
X (81 j/87;) (87;/8Qm) J 
+ (OV /dr ;) (8° «j/4r0r;) (Or /9Qn) (97;/AQm). 
(A-1) 
The terms 0r;;/dr;, etc., can be written as cosd;, where 
¢; is the angle between the normal displacement vector 
of the atoms and the vector r;;. It is easily shown that 
0°r ;;/Or Or;=sing; sing; cosb/r;;, where @ is the di- 


hedral angle formed by the three vectors involved. 
Thus, 


Sam= | cov arse (cos; cos¢;) 





sing; sing; cos 


+(aV/ars) |tene0 (8rs/@Qm). (A~2) 


ij 
If we now assume that the interatomic potential is of 
the inverse-p type (V =d/r;;?) we may take derivatives 
as indicated and write 


Snm=[p(P+1)/ri7?]- (d/r 5?) [cosd cosd; 
+ (p+1)— sing; sing; cos] (Or ;/8Q,) (8r;/8Qm). (A-3) 


Since the term p will ordinarily be large for those po- 
tentials which can reasonably be written on an atom- 
atom basis (e.g., repulsive potentials where p12 and 
possibly dispersion potentials, where p=6) the maxi- 
mum value of the second term in parentheses will be 
small [one (p+1)th of the maximum of the first]. 
Especially for repulsive potentials it will be most 
profitable to ignore the second term unless an examina- 
tion shows that both the angles ¢ and 6 are such as to 
necessitate its consideration. 
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APPENDIX Il 


It is desired to obtain the D~ matrix. We define the 
following transformation matrices 


q=Dv, 
S=Ugq, 
$= Uv, 


S=98, (A-4) 


where g and » are column vectors in internal and ex- 
ternal (cartesian) coordinates, respectively, and S and 
§ are internal and external symmetry coordinates, 
respectively.’ The transformations U and %U being 
orthogonal, their reverse transformations are given by 
the transpose matrices U’ and WU’. Then, 

D=UDW’ (A-5) 
and due to the choice of symmetry coordinates, D will 
be factored into blocks which will be of a much more 
convenient magnitude. D may then be inverted directly 
to give D™, the inversion process being greatly simpler 
than direct inversion of D itself. To accomplish the 
inversion, D must be a square matrix. The rows of D 
which must be added are simply the conditions of 
conservation of center of gravity and angular mo- 
mentum, expressed in external symmetry coordinates. 
Of course, the conditions may be put in D at the 
beginning and carried through. 

Having obtained D~, it is also directly a conse- 
quence of the definitions that 

D“'=w'D"U. (A-6) 
Of course, it may be of value to obtain instead of D- 
the transformation directly from internal symmetry 
coordinates to cartesian coordinates. This transforma- 
tion is given simply by U’D-. 

It should be noted that the cartesian coordinates 
considered throughout this paper are not the mass- 
weighted ones discussed by Polo,® though the difference 
is merely one of convenience. 
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The problem of calculating the probability of electron capture by neutral molecules is analyzed. It is 
shown that capture is possible only through the breakdown of the separation of nuclear and electronic 
motion in the Schrédinger equation, and that this is equivalent to the use of the nuclear kinetic energy as a 
perturbation operator. For diatomic molecules, it is found that capture is improbable except for those 
states of the negative ion whose major configuration contains at least as many MSO’s of a given spin-sym- 
metry type as the neutral molecule. Experimental verification of this result is found in the case of hydrogen. 





I, INTRODUCTION 


\ ITHIN the last year or so, a number of experi- 

menters have shown increased interest in electron 
capture by neutral molecules. We shall be particularly 
concerned with the work of Khvostenko and Dukel’skii! 
and Schulz? on electron capture by He. A sampling of 
other workers in the fieid is given in reference 3. Further 
references may be obtained by consulting their papers. 

On the other hand, there seems to have been no 
attempt to attack the problem of capture cross sections 
from a theoretical standpoint since the early work of 
Bloch and Bradbury‘ and Massey.® The present paper 
is an attempt to explore the possibilities of a theoretical 
analysis, particularly with regard to finding selection 
rules. It is hoped that this will facilitate the interpre- 
tation of experiment in cases where several electronic 
states of the negative ion are possible. 


Il. PERTURBATION SCHEME 


It seems advisable to. begin with a defense of the 
use of the nuclear kinetic energy operator as the per- 
turbation bringing about capture. While Massey has 
laid down the physical grounds for this approach, he 
has not demonstrated its uniqueness; in particular, he 
has not shown the impossibility of accounting for 
capture in terms of the electrostatic interaction between 
the electron and the neutral molecule. These points 
may be brought out quite clearly if we examine the 
usual procedure for separating nuclear and electronic 
motion in a molecule.® 


We may write the Schrédinger equation for the 
combined system of neutral molecule and free (or 


1V. I. Khvostenko and V. M. Dukel’skii, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 33, 851 (1958); [Translation: Soviet Phys.— 
JETP 6, 657 (1958). 

2G. J. Schulz, Phys. Rev. 113, 816 (1959). 

’D. C. Frost and C. A. McDowell, J. Chem. Phys. 29, 503 
(1958); V. M. Hickam and D. Berg; ibid. 29, 517 (1958); B. E. 
Knox and B. P. Burtt, ibid. 28, 1256 (1958); M. A. Biondi and 
R. E. Fox, Phys. Rev. 169, 2012 (1958). 

‘F. Bloch and N. E. Bradbury, Phys. Rev. 48, 689 (1935). 

5H. S. W. Massey, Negative Ions (Cambridge University Press, 
Cambridge, England, 1950), 2nd ed., p. 50. 

®H. Eyring, J. Walter, and G. E. Kimball, Quantum Chem- 
istry (John Wiley & Sons, Inc., New York, 1944), pp. 190-191. 


bound) electron as 
Hw =ih(dW/d1) 
H=H®+H™ 
H® =— (h?/2n) V2+VanetVec (3) 
H™ =—3(fio/2ma) V22, (4) 


where all symbols have their customary meaning in 
molecular theory. 
On writing YW as 


(1) 
(2) 


v= Lx Ey inij exp( — iw ;;t) 
=f inp ij Exp(—iwizt), 
HE; = £§; 


(5) 
(6) 


(7) 
- (8) 
(9) 


provided only that we may ignore all derivatives of &; 
with respect to the nuclear coordinates. Let us refer 
to this as the adiabatic approximation.’ 

Equation (9) states that within the adiabatic ap- 
proximation, no transitions occur between the eigen- 
functions of H®. We shall demonstrate that to the 
same approximation this means capture is impossible. 
To do this, we need simply show that in an actual 
physical situation the initial wave function of a system 
composed of a neutral molecule and an impinging 
electron contains no contribution from any negative 
ion eigenstate. 

For purposes of clarity we shall first restrict our 
attention to a system composed of a single hydrogen 
atom and an extra electron. There can be no question 
of the fact that there exists a true eigenstate &, of this 
system in which both electrons are bound to the atom. 
Obviously, there also exist other eigenstates in which 
one or both of the electrons are free. The general state 
of this two-electron system may be represented as a 


where 


and 
(H™+ E,©) nyj= Egg; 
we find 


4:=4u=fu=0, 


7 We prefer to restrict the expression “Born-Oppenheimer ap- 
proximation” to the somewhat different separation scheme which 
they employed in their famous paper. 
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superposition of all possible bound states and all 
possible free states: 
= 2x; exp(— i,t) (10) 
with 
4;=0. (11) 
Now let us consider the sort of experiment we per- 
form in measuring capture cross sections. We begin 
with one electron roughly localized at some macro- 
scopically significant distance from the atom. This 
means that the wave function %, which represents 
the system at ‘=0, must be vanishingly small if the 
coordinates of both electrons are given values in the 
vicinity of the nucleus. Therefore, at ‘=0 there will be 
no overlap between ¢ and &s, and 


a= | t*¥(1=0)dr, 


=0. (12) 
This geometric argument breaks down at later times, 
but Eq. (11) ensures that xg will remain zero at all 
times. Thus, we see that capture is impossible (except 
by radiative means with which we are not concerned). 

Now let us consider what happens with a hydrogen 
molecule. For very large values of the internuclear 
distance R it is clear that there will be two bound 
states of H®, appropriate gerade and ungerade combina- 
tions of states in which the extra electron is bound to 
one or the other of the atoms. As the internuclear dis- 
tance is decreased the two states Es,, and Ep, will 
change their characteristics continuously. In particular, 
since helium probably has no electron affinity, there 
will be a tendency for the electron distribution of each 
state to become more and more diffuse until at a short 
enough distance R, the two states lose their bound 
character and the electron distribution spreads out to 
infinity. The discussion of the possibility of capture 
varies according to whether this critical distance is less 
or greater than the normal internuclear distance R.. 

If R.<R, the overlap argument previously carried 
out for the atomic case carries through unchanged. 
Once again, 


(¢=0) = Ix EZy yng (13) 


o& | Exg*y(t=0)dr 
awe | (14) 


=0 


XBuX [eote(t=0)dr 
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because of nonoverlap, and since 4;=0 we see that the 
bound states never make a contribution to ¢. 

If R.>R, an apparent difficulty arises since £z, 
and &s, extend to infinity. We note, however, that 
£,, and &,, can extend to infinity only at the expense of 
becoming infinitesimal everywhere. Since 4(#=0) is 
localized we have once more 


(14’) 
(15’) 


A word about Eqs. (14’), (15’): in most cases where a 
state extends to infinity the infinitesimal overlap with 
a localized wave function retains significance because 
there are an infinity of other states with only infinitesi- 
mally different physical characteristics which overlap 
with the localized wave function in the same way, and 
it is the sum of all of these infinitesimal overlaps that is 
of interest. In the present problem, however, there 
are only two states involved and the sum of xg, and 
%gpu remains infinitesimal. Capture remains impossible 
within the adiabatic approximation. It is, moreover, 
clear that the argument is completely general in its 
applicability and is not restricted to hydrogen. 

On the other hand, when we drop the adiabatic 
approximation we find 


ihfu= Lo fil?/2ma 


Xpg=0 


XByu= 0. 


x / Ema { (VePE.) nyt Vator Van} dr 


Xexp[i(wir—wij)t]. (16) 


If $2 represents a bound eigenstate, and if we take into 
account the orthogonality of & and &,, and the absence 
of bound states from the initial wave function, then 
within the limits of first-order perturbation theory (16) 
becomes 


ihfsmetp (hes) / du*Tadr, (17) 


where T is the nuclear kinetic energy operator. This is 
essentially Massey’s expression. 
Ill, SELECTION RULES 


We assume that, to a good approximation, both the 
initial and the bound states may be represented by a 
single determinant for the electronic part together with 
an associated nuclear wave function: 


(¢-0) = Er(¢) np exp(— iat) 
$s = Ean 
Ep= (nm!) | &:(1)&(2) ++ +aa(m—1)Er(n, t) | 
p= (m!)—4 | fy (1) be (2) ++ Ena’ (m—1) En’ (m) | 


(18) 
(19) 
(20) 
(21) 
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In order to assure the accuracy of this approximation, 
we allow the é,’ and the £; to be drawn from different 
sets. $p(!) represents the free electron. Without loss of 
generality it may be assumed to have been ortho- 
gonalized to the other &;. 

Let us now examine the conditions under which 
the nuclear kinetic energy matrix element vanishes. 
No completely rigorous conditions may be derived. 
The reason is simply that the uncertain nature of 
fr(¢) makes it impossible to assign any definite sym- 
metry species or total spin to &r. Insofar, however, as 
the single determinant approximations of Eqs. (18)- 
(21) are valid, one may hope to derive selection rules 
for electron capture based upon the symmetry species 
and spin character of the individual MSO’s, which 
enter into Er and &p. 

From (16), we see that fg: depends upon the vector 
quantity (Es | 2V./ma|&€r) and the scalar quantity 
(Ee | V.?/ma| Er). Since V. acts only on the nuclear 
coordinates, both of these may be expressed as sums of 
products of one-electron integrals; e.g., 


(Ep | Val Er)=(n!)“1f ee 


+ (Es! | &) ("| Er) +> Em’ | Va | Epo ee teee}. 


(22) 


One of the factors in the typical term indicated will 
contain’tr(t). Since, as previously noted, this function 
has no precise spin or symmetry character, there is no 
reason why the integral involving it should vanish. 
The vanishing or nonvanishing of the entire term 
depends then on the other factors. Now, it is clear that 
V. has no effect on the spin part of &p. It can also be 
shown that for diatomic molecules, V_ does not change 
the symmetry species.’ 

It follows that the entire kinetic energy matrix 
element will vanish if &g does not contain at least as 
many MSO’s of a given spin-symmetry type as does 
Er, since at least one of the factors in each term of the 
expansions of (&| Valter) and (&:|V.2|tr) will 
vanish if this condition is not met. 


* We may expand each MSO in a Taylor series about the 
equilibrium value of (R) in the neutral molecule. The coefficients 
of all powers of (xa—Zae), etc., must have the same symmetry 
characteristics. Since Ya does not affect these coefficients, it fol- 
lows that £; and Vat belong to the same symmetry species. 
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Experimental verification of these ideas is available 
in the case of hydrogen. As previously noted there are 
two states of H,- which may be formed from H+H_, 
both in their ground states. The major configurations 
of each may be designated by 


Ep. =(3!)—! | Lsog’a(1) 1s0,/8(2) 2pou'a(3) | 
and 


Ep,=(3!)— | 1sog”a(1) 2pou"a(2) 2p0.'"8(3) |. 


If we compare these with 
Er=(3!)| Asoga(1) 1s09(2) Er(3, ¢) |, 


we see that capture should be possible only into &z,. 

This prediction seems to be fulfilled by experiment. 
Both Schulz and the Russian group of Khvostenko 
and Dukel’skii found that the process 


H.+e—-H+H- 


occurs in two energy intervals, from about 8 to 10 ev, 
and from about 14 to 16 ev. If the H atom produced 
were in its ground state in both cases, then our theo- 
retical predictions would seem to be in error. Actually, 
however, Schulz concluded from measurements of the 
kinetic energy of the H~ ions that the H atom must be 
excited when produced by electrons of energy between 
14 and 16 ev. 

In the low-energy region, Schulz’s plot of cross 
section vs electron energy shows a very slight dip in the 
maximum. This does not appear in Khvostenko and 
Dukel’skii’s data. However, they express less confi- 
dence in their low-energy data than in their high-energy 
data, and the possibility must be considered that this 
dip results from an overlap of two capture processes, 
one leading to the gerade state of the negative ion and 
one leading to the wngerade state. Once again, the 
measurements of the kinetic energy of the H~ ion are 
informative. From these measurements, Schulz was 
able to show that if capture into both states were 
possible then the potential energy diagrams of the two 
states must coincide for values of R near the equilibrium 
separation of H:. This conclusion does violence to all 
predictions of molecular orbital theory. It seems much 
more reasonable to accept our conclusion that capture 
into the gerade state is forbidden. 
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A system of excess functions is developed for electrolyte solutions and other solutions with an essentially 
unsymmetrical solvent-solute relation. These new functions vanish for a solution whose practical (molal 
scale) osmotic coefficient is unity at all compositions, temperatures and pressures. The use of these excess 
functions offers some advantages over other methods of comparing Mayer’s ionic solution theory with ex- 
periment, of representing the properties of solutions of single or mixed electrolytes, and of making quali- 
tative interpretations of the molecular basis of thermodynamic properties. 

Graphs showing the ionic-strength dependence of the excess free energy, excess enthalpy, excess entropy, 
and excess volume are given for several aqueous solutions of single electrolytes up to 6 molal. Experimental 
values of the cluster integral sum, the characteristic function of the Mayer theory, have also been calculated. 
The concentration dependence of this function is very similar to that of the excess free energy. 





1. INTRODUCTION 


HE use of excess functions to represent the thermo- 
dynamic properties of solutions of nonelectrolytes, 
which was introduced by Scatchard! and Scatchard 
and Raymond,’ offers the most convenient way to de- 
scribe the deviation from ideality of the solution as a 
whole.** Activity coefficients, which have been in 
much more general use than the excess free energy, are 
suited for applications in which the behavior of a 
particular component of the solution is of special 
interest, as in the distribution of this component be- 
tween two phases or in the chemical reaction of this 
component in the solution. These applications provide 
the only way to investigate the free energy of mixing in 
condensed phases, but for other directly measurable 
thermodynamic properties, such as enthalpy, volume, 
and heat capacity, there is no corresponding unique 
significance of the partial molal quantities. On the 
other hand, the excess free energy is the term in the 
total configurational free energy of the solution that is 
characteristic of the mixture, and the configurational 
energy is closely related to the configuration integral 
whose evaluation is the direct objective of most sta- 
tistical calculations from a model for the solution. Also, 
graphs which show the dependence of the various 
excess functions upon the composition of the solution 
are simpler and more susceptible to qualitative interpre- 
tation in terms of molecular interaction in the solution 
than the corresponding graphs of the various partial 
molar excess functions. 
One may expect the same advantages to be found in a 
suitably defined system of excess functions for electro- 


* Present address: IBM Research Center, P. O. Box 218, 
Yorktown Heights, New York. 

1G. Scatchard, Chem. Revs. 8, 321 (1931); 44, 7 (1949). 
19 33) Scatchard and C. Raymond, J. Am. Chem. Soc. 60, 1278 

3. Prigogine and R. Defay, Chemical Thermodynamics (Long- 
mans, Green and Company, Inc., New York, 1952). 

‘I. Prigogine, The Molecular Theory of Solutions (Interscience 
Publishers, Inc., New York, 1957). 

5E. Guggenheim, Thermodynamics (Interscience Publishers, 
New York, 1957), 3rd ed. 


lyte solutions and other solutions with an essentially 
unsymmetrical solvent-solute relationship. Indeed such 
functions have occasionally been employed before 
now,*" but there is a need for a systematic exposition 
of their properties such as the one offered in Sec. 2 of 
this paper. The excess functions for electrolyte solutions 
in the Debye-Hiickel limiting law (DHLL) range are 
given in Sec. 3. In Sec. 4 there is a development of the 
relation of the excess Gibbs free energy to the cluster 
integral sum of the McMillan-Mayer solution theory 
and Mayer’s ionic solution theory. When excess func- 
tions rather than activity or osmotic coefficients are 
used to represent the data it becomes unnecessary to 
differentiate the irreducible cluster integrals of the 
Mayer theory with respect to concentration in order to 
make a comparison with experiment, and this ad- 
vantage has been the stimulus to the present develop- 
ment. 

It seems appropriate to include some examples of the 
description of the thermodynamic properties of aqueous 
electrolyte solutions by excess functions. This is done 
for solutions of single electrolytes in Sec. 5 along with 
several comments on the relevance of these descriptions 
to some earlier qualitative discussions of the molecular 
basis of the thermodynamic behavior of electrolyte 
solutions. Some special advantages in the use of total 
excess functions to represent the properties of electro- 
lyte mixtures are demonstrated in Sec. 6. 


2. FORMULATION OF EXCESS FUNCTIONS FOR 
UNSYMMETRICAL SOLUTIONS 


We designate one component of the solution as the 
solvent and choose as composition variables the 


as a Scatchard and S. Prentiss, J. Am. Chem. Soc. 56, 1486 

7G. Scatchard, Chem. Revs. 19, 309 (1936). 

8R. Fowler, Statistical Mechanics (Cambridge University 
Press, New York, 1936), 2nd ed. 

®R. Fowler and E. Guggenheim, Statistical Thermodynamics 
(Cambridge University Press, New York, 1952). 
056), L. Friedman and R. Schug, J. Am. Chem. Soc. 78, 3881 
1956). 

1H. L. Friedman, Discussions Faraday Soc. 24, 74 (1957). 
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molalities, m,, of each of the solute species (s=1, 
2, +++). The chemical potential of any solute may be 
expressed as 


Ms=ps’+RT Inmy, (2.1) 


We specify that the activity coefficient, y,, is unity 
when all of the m, are zero. Then y,° is the chemical 
potential of solute species s in the usual hypothetical 
one molal reference state at the same JT and P as the 
solution. By applying the Gibbs-Duhem equation we 
find that Eq. (2.1) implies that the chemical potential 
of the solvent, 4», is related to the total molality of 
solute species, "* 


m=)>_m,, s=1,2,++> 
by the equation 
bw = bw’ — RTM ~md/1000 (2.2) 


where y” is the chemical potential of the pure solvent 
at the same T and P as the solution, M, is the mo- 
lecular weight of the solvent, and ¢ is the osmotic 
coefficient, given by 


(2.3) 


o=1+(1/)m[ Sma Iny.. 


At this point, we introduce an innovation which 
simplifies many of the equations in this paper. This is 
to use as the basic quantity of solvent not the mole, but 
the kilogram, and to express all specific total solution 
functions as the extensive function for the quantity of 
solution containing a kilogram of solvent. We retain the 
mole as the basic quantity of each solute, and continue 
to employ partial molal quantities for the solutes. This 
asymmetry of the notation is merely a logical conse- 
quence of the use of the molal rather than mole ratio 
or mole fraction concentration scale. Also, we use not 
the partial molal, but the partial specific (per kg) free 
energy of the solvent, G,,: 


Gw=[0G/dW Jr,p.n.; 


where W is the mass of solvent." 
Equation (2.2) then becomes 


Go=G.°— RT md. (2.2') 


We also introduce a hypothetical reference solution 
in which all of the activity coefficients are unity at any 
temperature, pressure, and composition. For such a 
solution, the osmotic coefficient is also unity [Eq. 
(2.3) ], and the partial free energies are given by 


bs*=yo+ RT Inm, 
G.*=G,,°— RTm 


(2.4) 
(2.5) 


la A dictionary of the present nomenclature in relation to the 
more familiar Harned and Owen” nomenclature is given in Ap- 
pendix A. Note especially the distinction between the two m’s. 

lb Script capitals are employed in this paper to represent ex- 
tensive quantities. 
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It is apparent that y, and @ are simply related to 
partial excess functions, which express the difference in 
properties of a real sclution and of a hypothetical 
reference solution of the same composition, tempera- 
ture, and pressure: 


Me™ =s—Me* = RT Iny, 
Gy* =G,—G,*=RTm(i-—¢). 


(2.6) 
(2.7) 


The fotal excess Gibbs free energy of a quantity of a 
real solution containing a kilogram of solvent is 


G==G—G*=G,"+ > mu 
= RTn{1 —o+ Dx Iny, ] 


(2.8) 


(2.9) 
where 


X,=m,/m (2.10) 


is the solute fraction of species s. It is convenient to 
define a mean solute quantity, 


Y=) «Y, 


corresponding to any partial molar solute quantity, Y,. 
This reduces to the usual mean ionic quantity” when 
the solute is obtained by the dissociation of a single 
strong electrolyte. Equation (2.11) may be applied 
to Y,=Iny, and then we obtain 


(2.11) 


G*= RTm[1—¢+lny..], (2.12) 


which is valid in general and which, for an electrolyte 
solution with a single solute, provides a way to calculate 
G* from the usual”: tabulated values of ¢ and 74. 

We now consider several derivatives of G*. The 
partial molal derivatives are 


(dG*/dm,) TP .mym,—Ms™ (2.13) 


and 
0(G*/m) ae 
d(1/m) a allz, oe ; 


The excess enthalpy is 


ex _| (G"/T) 
3 -| a(i/T) | 


(2.14) 


- AL™*+m,H ~, 


P,m,allz, 


(2.15) 


and equations for the excess entropy, excess volume, 
etc., are obtained in analogous fashion. 

In the case of solutions of a single electrolyte, there 
are functions discussed in Harned and Owen,” which 
correspond to some of the excess functions which we 
define in this way. Some relations between the two sets 


2H. Harned and B. Owen, The Physical Chemistry of Electro- 
lyte Solutions (Reinhold Publishing Corporation, New York, 
1958), 3rd ed. 

%R. Robinson and R. Stokes, Electrolyte Solutions (Butter- 
worths Scientific Publications, Ltd., London, 1955). 
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of enthalpy and volume functions are given in Ap- 
pendix A. 

It is apparent that the excess functions, G*, H%, 
S*, and V* for unsymmetrical solutions are inter- 
related in the same way as the fundamental thermo- 
dynamic variables G, #, 8, and U. For instance, we 
have 


TS*==H*—G=. 

The same interrelation exists for the excess functions 
which are convenient for the description of symmetrical 
solutions, but not for the functions yi, ¢, $1, gv, etc. 
which have most often been used to describe the 
properties of electrolyte solutions. On the other hand, 
the excess functions for symmetrical solutions include 
the effects of solvation as well as solute-solute interac- 
tion and give a complete description of the formation 
of a solution from its components, while the excess 
functions proposed here include only that part of the 
solute-solvent interaction which changes with the con- 
centration of the solution. The new excess functions 
must, therefore, be supplemented by the thermo- 
dynamics of formation of the solutes in their refer- 
ence states in solution from pure forms, in order to give 
a complete description of the formation of the solution 
from its components. It may also be pointed out that 
making the assumption of ideal mixing would lead to 
definite contributions to S* and G™ as defined for 
unsymmetrical solutions. 


3. EXCESS FUNCTIONS IN ELECTROLYTE SOLUTIONS 
AND THE DEBYE-HUCKEL THEORY 


The Debye-Hiickel theory may be formulated to lead 
directly to G*!, the extra Gibbs free energy due to the 
interionic forces in electrolyte solutions [cf. Fowler 
and Guggenheim,® Eq. (9.17.3) ]. This in turn leads to 

G==—kTVe/129 (3.1) 
in the DHLL range. Here, « is the usual Debye param- 
eter. It is useful to record the following relations be- 
tween the relative functions and the molal ionic strength 
I in the DHLL range: 


=—4RTI"[In10]s,/w' (Vv)! (3.2) 


A@==—$§I'8y/vw'(V,.°)4 (3.3) 


Vr =3lisy/vw'(V.°)!. (3.4) 
The functions Sp/w’, Sq/vw’, and Sy/vw’ are tabulated 
by Harned and Owen” for aqueous solutions at several 
temperatures. The volume of pure solvent per kg, 
V..(pure), is abbreviated V,° in these equations. 

It is interesting to compare the values for these 
relative functions for water at 25° and for a hypo- 
thetical solvent with the same dielectric constant, 
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but with vanishing temperature and pressure deriva- 

tives ofthe dielectric constant: 

Hypothetical 
solvent 


—926/3 cal 
+472] cal — 1389/! cal 
+4.7/} cal/deg — 1.55]! cal/deg 
+2.5/3 cm? 0. 


In the hypothetical solvent, the structural interpreta- 
tion of S® is that it is a measure of the loss of freedom 
of motion of the ions, and that this loss corresponds to 
the order implied by the existence of the ion atmo- 
sphere.“ The difference between this and S* for the 
real solution must be associated with the change of 
entropy of water in the electric field of the ions since® 


Water 


G= —926I? cal 


H=« 
Se 
V= 


[0S/d(E*) ,.r=V(8r)"[0D/dT ]p.z (3.5) 
where D is the dielectric constant and E£ the electric 
field strength.** The contribution to S* from this 
effect is positive because the electric fields of the ions 
overlap and partially cancel in the real solution, but 
not in the hypothetical reference solution. Therefore, 
the effective E* acting upon the solvent increases more 
rapidly in the reference solution. Another way of 
stating this is that the electric field from an ion is more 
effective in decreasing the entropy of the solvent when 
the ion is added to pure solvent than when it is added 
to a real solution of finite concentration. 

The preceding discussion of the entropy effects in the 
DHLL range may be taken as superseding and cor- 
recting that given by Frank and Robinson.“ The 
author is indebted to Professor H. S. Frank for a dis- 
cussion leading to the clarification of this matter. 


4. EXCESS FUNCTIONS AND CLUSTER SOLUTION 
THEORIES 


The McMillan-Mayer statistical thermodynamic 
theory of multicomponent mixtures’ is the starting 
point of the Mayer ionic solution theory." The essential 
point for the present purpose is that the McMillan- 
Mayer theory leads to a series expansion (in powers of 
concentration) of a thermodynamic function which we 
shall designate SG, the cluster integral sum, and that the 
Mayer ionic solution theory leads to a different expan- 
sion for this function which is useful for ionic solu- 
tions. The function © is the same in either case, but 


Me N. Bjerrum, Z. physik. Chem. ong pig ee treo 
Mb H. Frank and R. Robinson, J. 940). 
4 H. Frank, J. Chem. Phys. 23, 023 (1955). 
ss There is a smaller term arising from ng contribution of 
OY eT)» wes is omitted in this discussio 


cMillan and J. E. Mayer, J. Chem. Phys. 13, 276 


. E. Mayer, J. Chem. Phys. 18, 1426 (1950). 
. L. Friedman, Mol. Phys. 2, 23 (1959). 


(1945). 
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for the present purpose of relating it to G*, it is much 
easier to work with the McMillan-Mayer expansion,'™ 


S=)-Bnc"[ x". 


In this equation, n is a set, 


(4.1) 


n=", Ne, N3, oe 'F 


(4.2) 


of molecules, 7 molecules of species 1, m: molecules of 
species 2, etc., and 


n=m+Mnetns+-+- (4.3) 


is the total number of molecules in the set. The summa- 
tion in (4.1) is over every set n, such that n>2 and n 
is a subset of the set comprising all the solute particles 
in the solution. The function Ba cannot be described in 
a simple way, but it is sufficient to note for the present 
purpose that it is independent of the concentration of 
solutes, but does depend upon the properties of the set 
of ions n, in the pure solvent at a particular tempera- 
ture T, and pressure Py. This function is represented as 
Bon* by McMillan and Mayer," as B, by Mayer,” and 
as Ba by Friedman." In Eq. (4.1), c is the total solute 
particle number density (molecules per unit volume) 
and x, is the solute fraction as defined in Eq. (2.10). 
The product is over all exponentials, x,"*, corresponding 
to the set n. For a given solvent the composition of the 
solution is specified by fixing c and the set x 
X=, Xe, X32, °° *. 


(4.4) 


In relating S to G*, our starting point is Eq. (85c) 
of McMillan and Mayer" which is, in the present 
notation 


a/kT =c— >.(n—1)c"Ba] [x."*, 


where the sum is over the same sets as in Eq. (4.1). 
This equation may be interpreted in terms of the usual 
osmotic pressure experiment employing a membrane 
permeable only to solvent species. Each Bn in the 
equation is a function of Po, the pressure on the pure 
solvent, and 7, both assumed constant throughout this 
section. We may independently adjust x and ¢ by 
Appropriate addition of solutes and adjustment of the 
volume accessible to the solute molecules. After the 
attainment of osmotic equilibrium, with the pressure 
on the solvent maintained at Po, the pressure on the 
solution is r+ P». The osmotic pressure 7 is given by 
(4.5). It is clear that x is a function of x, c, and T as 
shown explicitly in (3.4) and that it also depends upon 
T, Po, and the nature of the solvent through the Bp. 
In all the differentiations, integrations, and other 
processes which we consider in the remainder of this 
section and in Appendix B we assume that c is the only 


(4.5) 


18 The function, ©, does not appear in reference 16 explicitly, 
but it corresponds to S of reference 17, Eq. (18) and S of reference 
18, Eq. (7). The designation © is preferred to either of the others 
in thermodynamic treatments because S may be confused with 
the entropy and S implies® a set. 
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one of these independent variables that is changing. 
There is no loss of generality in this procedure and it 
greatly simplifies the calculations. 

With this assumption in mind, and comparing (4.1) 
and (4.5), it is apparent that the latter may be written 
as 


a/kT=c+0(G/c)/d(1/c), (4.6) 
which we take as the fundamental thermodynamic 
relation for S [compare with Eq. (19’) of Mayer ].!” 

The development from this point on is a purely 
formal thermodynamic one and before undertaking it, 
it seems wise to obtain a more intuitive interpretation 
of the meaning of S by comparing (4.6) with a similar 
expression for an imperfect gas: 


P/kT =c—0(5"*/cURT) /A(1/c). (4.7) 


This equation may also be related to the osmotic pres- 
sure experiment by omitting the solvent. Then P,—0, 
n—P, the pressure of the gas, and the semipermeable 
membrane is an ordinary wall. Fi"* is the part of the 
Helmholtz free energy which arises from the inter- 
molecular forces, i.e., the nonideal part. This equation 
may be deduced from Eqs. (701.9), (701.11), and 
(701.19) of Fowler and Guggenheim,? the last equation 
being the familiar relation, 


P/kT = InQ/av, 


of the pressure to the configuration integral, 2. Equa- 
tion (4.7) follows upon separating the ideal and non- 
ideal parts of the configuration integral and changing 
variables from V to c. 

Evidently @ in the osmotic pressure equation 
corresponds to —i"t/kTU in the equation for an 
imperfect gas, and —kTSU may be interpreted as that 
part of the Helmholtz free energy which corresponds to 
solute-solute interaction (including concentration-de- 
pendent solute-solvent interaction) in the solution. We 
will return to this analogy in the discussion at the end 
of this section. This correspondence between the 
osmotic pressure and imperfect gas equations has 
already been emphasized by McMillan and Mayer," but 
the important point to be made here is that it shows that 
© has the character of an excess free energy. It remains 
to relate S exactly to Ge. 

The first step is the formal integration of Eq. (4.6) 
to obtain 


(4.8) 


S/c= [ terer—caaa/o 


where the upper limit of integration and @/c corre- 
spond to the same state. The integration is over a 
continuous series of osmotic equilibrium states. Now 
we change variables as follows: 


c= Nm/V(m, r+ Po) (4.9) 
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where NW is Avogadro’s number and V(m, P) is the 
volume of solution per kg of solvent at molality m and 
pressure P. It is not necessary to specify x, T, etc., 
because these independent variables are fixed in this 
discussion, but it is necessary to specify the m and P 
to which V, V,, and Vs apply in order to avoid con- 
fusion in the remainder of this section and in Appendix 
B. Neglecting Po,’ we obtain from Eq. (4.8), 


G/c= [ [xV(m, x)/RT—m]d(1/m) 


+ ["Ur/mRTMV(m, 1) 


+In[V (0, 0)/V(m, x) ], 


with the same path of integration as before 

A similar relation may be obtained for G*. We begin 
with the general relation between the partial specific 
free energy of the solvent in the solution and in the 
pure state, both at pressure Po: 


(4.10) 


Potr 
G.(m) =G,.o— [ Velm, P)dP (4.11) 


where z is the osmotic pressure of the solution and Vy is 
the partial specific volume of the solvent in the solution. 
We subtract (2.5) from (4.11) to obtain the excess 
partial specific free energy of the solvent 
P, 
GG, = RTm— 


Po 


ot 
Vio(m, P)dP 


=RTm—2V.(m,x) + [ PdV..(m,P) (4.12) 
0 

where the second step is obtained by letting Pyo=0 
and integrating by parts. Equation (4.12) is then 


substituted into (2.14) and the result integrated to 
obtain 


G*/mRT=— I "{[arVeo(m, x)/RT]—m)d(1/m) 


+(1/RT) [" a(1/m) [" PaVe(m, P). (4.13) 
Now we combine Egs. (4.10) and (4.13) 


(S/c) + (G*/mRT) = | "(e/RT) mV 4m, )d(1/m) 
+In[V (0, 0)/V(m, ») + I {xdV (m, x) /RTm] 


4d(1/m) [ [PdV.(m, P)/RT]}. (4.14) 


18 Py is generally neglected in the following derivation in order 
to simplify the equations. Usually, both G* and the B, corre- 
spond te Po=1 atm rather than Po=0, but the difference, as 
estimated directly by carrying Po in the equations, is far smaller 
than the uncertainty in G** from the best data available. 
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We note the identity, 

mV .d(1/m) + (dV /m) =—Vs[dm/m] 
+Vi[dm/m]+(1/m)[0V/OP|mdP, (4.15) 


which enables us to convert (4.14) into the following 
simpler form, 


(S/c) + (G*/mRT) =In[(V (0, 0)/V(m, x) ] 


4+(1/RT) [ (x/m)[aV(m, »)/aP Lax/om jim 


4(1/RT) I ” d(1/m) [ _PaVe(m, P)/aPUP. 


(4.16) 


This equation is useful for the exact comparison of 
values of S obtained from theory with values of G™ 
obtained from experiment provided that the function 
V(m, P) is known over a sufficient range of the 
variables. In principle this may be obtained from the 
theory but it will probably be more practical in most 
cases to employ experimental data for V(m, P). A 
procedure for evaluating the right-hand side of (4.16) 
on the basis of experimental data for V(m, P) for 
aqueous electrolyte solutions is developed in detail 
in Appendix B. 

Some of the results which are presented in the 
following section show that in several systems, 


S/c~—G*/mRT (4.17) 


is a useful approximation and it seems probable that 
this is true in general. It is proposed that this approxi- 
mation may serve as a basis for qualitative discussions 
of the molecular-scale effects which are responsible for 
the thermodynamic properties of solutions. We proceed 
by noting that (4.17) is equivalent to 


—kTUSLWG" =o" (4.18) 


where, from the definition of G*, G* is the part of the 
Gibbs free energy of the solution at Po which is due to 
solute-solute interaction. Now, as pointed out earlier 
in this section, —kTUS corresponds to Si" for an 
imperfect gas. So far the approximate relation (4.18) 
is at least consistent with our previous notions about 
the meaning of both G* and i*. But in addition, the 
analogy established by McMillan and Mayer’ between 
the osmotic pressure equation and the imperfect gas 
equation provides the basis for writing a configuration 
integral for the former, which is analogous to the well 


known configuration integral for the latter. In this way 
we find 


=—kTvVS 


=—kT Info J exp[—W({N})/kT]d{N}] (4.19) 
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ionic strength 


Fic. 1. Excess functions for aqueous LiCl] solutions at 25°. The 
ordinate scale for V**/J is on the right, the others are on the left. 
The broken curve is —2RTAG/e, calculated by (B.19). 


where JN is the total number of solute particles, {N} is a 
set of coordinates of all the solute particles, and the 
integration is over all coordinates consistent with the 
volume 0. The potential energy of the system when the 
solute particles are at the coordinates {N} in the 
solvent, relative to the widely separated solute par- 














ionic strength 


Fic. 2. Excess functions for aqueous NaCl solutions at 25°. 
The ordinate scale for V* is on the right, the others are on the 
left. The broken curve is —2RT\ G/x2, calculated by (B.19). 
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ticles in the solvent as zero, is W({N}). This potential 
energy involves an average over the coordinates of the 
solvent molecules and the internal coordinates of the 
solute molecules so it is a temperature dependent po- 
tential of average force. The application of this equation 
is illustrated in Sec. 5. 


5. EXPERIMENTAL EXCESS FUNCTIONS FOR 
SOLUTIONS OF A SINGLE ELECTROLYTE 


This section is intended only to illustrate the ap- 
pearance of the excess function data and to suggest 
the relevancy of these data to any qualitative discus- 
sion of the structure of electrolyte solutions. It is felt 
that this is important because, owing to the complexity 
of rigorous approaches to the calculation of the equi- 
librium properties of electrolyte solutions, we shall 














ionic strength 


Fic. 3. Excess functions for aqueous Nal solutions at 25°. The 
ordinate scale for V**/J is on the right, the others are on the left. 
The broken curve is —2RTAG/, calculated by (B.19). 


have to rely heavily on more qualitative methods for 
some time to come. 

Complete sets of excess functions for several typical 
systems are given in Figs. 1-4 to illustrate the char- 
acteristic features, and the excess entropy curves are 
assembled in Fig. 5 for all the systems for which they 
have been calculated. The excess functions divided by 
I, rather than the excess functions themselves, are 
plotted as a convenience in scaling the figures. These 
graphs differ significantly from the more familiar 
graphs of excess functions for symmetrical solutions vs 
mole fraction in that Bakhuis-Roozeboom construc- 
tions’ are not possible on the present graphs. This is the 
price we pay for using the molal concentration scale. 
However, with Eqs. (2.13) and (2.14) in mind, it it 
possible to visualize the course of the partial function 
curves as we examine these graphs. 
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It is clear that the G*/J curves are similar in shape 
to the more familiar graphs of ys or log yz vs J, and in 
fact this similarity even extends to the order of dis- 
placement of the curves as in the series LiCl, NaCl, 
KCl, RbCl, CsCl; or NaCl, NaBr, Nal. Therefore, the 
rather reasonable discussions, of which the one by 
Diamond® is a recent example, which have been 
devoted to the interpretation of these shifts are di- 
rectly applicable to the G*/JI curves. It must be 
emphasized that this is fortuitous, as may be illu- 
strated by the following example. 

Diamond” has suggested that “localized hydrolysis” 
is responsible for the order of the 7 curves of the alkali 
halides. It is proposed that a water molecule immedi- 
ately between two ions of opposite charge becomes 
strongly polarized, the more so the smaller the ions and 
the higher their charges, and this may lead to incipient 
dissociation of the water molecule: 


M*HO--+-HtxX-. 


Thus, two such ions that are near to each other become 
hydrolyzed by a cooperative effect, even when each 
has a negligible tendency to hydrolysis when isolated 
from other ions in the solvent. It is argued that this 
effect tends to reduce the partial free energy of the 
solute. However, it has not been explicitly recognized 
that a process such as this, which nearly dissociates a 
water molecule, also tends to lower the partial free 

















Fic. 4. Excess functions for aqueous BaCl; solutions at 25°. 
The ordinate scale for V**/I is on the right, the others are on the 
left. The broken curve is —2RTAG/2, calculated by (B.19). 


1 R. M. Diamond, J. Am. Chem. Soc. 80, 4808 (1958). 
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ionic strength 


Fic. 5. Excess entropies of several aqueous electrolyte solu- 
tions at 25°. These are based upon activity and osmotic coeffi- 
cients tabulated by Robinson and Stokes and enthalpy data 
tabulated by Harned and Owen” or National Bureau of Stand- 
ards Circ. 500 (‘‘Selected values of chemical thermodynamic 

roperties’”’, by F. R. Rossini, D. D. Wagman, W. H. Evans, S. 
ine, and I. Jaffe.) 


energy of the solvent. On the other hand, we cannot 
have separate explanations for the concentration de- 
pendence of both G,* and G,* because they are not 
independent: 


dGu™/dm+mdG,*/dm=0, dT=dP=dx=0 


and in fact, an effect which tends to increase G,,* 
tends to decrease G,™. 

We suggest that a better way to proceed toward the 
objective of a qualitative interpretation of the ob- 
servations in terms of molecular structure is to look at 
the effect of the interaction in question on the integral 
of Eq. (4.19). In the case of an example cited, “local- 
ized hydrolysis” reduces (more negative) the potential 
of the interaction of a positive and a negative ion when 
they are one water molecule apart and does not other- 
wise affect the potential, W({N}). Therefore, for any 
configuration, {N}, that corresponds to having some 
cations one water molecule distant from anions, this 
effect makes a negative contribution to W({N}), a 
positive contribution to the configuration integral, and 
finally a negative contribution to G**. So, we conclude 
that localized hydrolysis tends to lower G**. Now, in 
order to determine the sign of its effect on y, we must 
determine the concentration dependence of its effect 
on the configuration integral. There is no argument 
corresponding to this step in the paper cited.” 
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Although it seems that as a rule one may expect to 
find it easier to make qualitative interpretations of the 
behavior of G* than of its derivatives, one of these, 
namely, the excess entropy, S®, may in some cases 
be easier to reach directly by considerations of struc- 
ture-making or structure-breaking effects, or con- 
sideration of effects that lead to increase or decrease of 
the free volume.”! However, these well-known short- 
cuts to the discussion of entropy effects must be 
used with caution in the case of electrolyte solutions 
because the effect of the electric field on the solvent, 
Eq. (3.5), which certainly always plays an important 
role, may also change with the change in the molecular 
interaction being considered. 

There is one entropy effect which has been widely 
accepted as offering an explanation of the upward 
trend of the ys curves at high concentrations. This is 
the scale effect, most recently discussed by Glueckauf,” 
which depends on the assumption that the entropy 
of mixing is ideal if it is expressed in number-fraction™ 
or volume-fraction” statistics, provided that one does 
not count as part of the solvent those solvent molecules 
that form the solvation layer of the ions. The under- 
lying assumption is certainly not above suspicion as a 
starting point for developing an insight into the equi- 
librium behavior of electrolyte solutions, but the 
present criticism of this approach is leveled in the same 
empirical spirit as that in which the scale correction 
itself has been offered. That is, that a minimum ex- 
pectation on the basis of this theory would be that the 
order of increasing upward curvature of the y, curves 
is the same as the order of increasing downward curva- 
ture of the S* curves. However, a typical sequence of 
4 curves (increasing upward curvature) is KCl, KBr, 
KI, NaCl, NaOH, NaBr, Nal, LiCl, LiBr, HCI; while 
the corresponding series of S** curves (increasing down- 
ward curvature) is HCl, LiCl, LiBr, NaOH, KCl, 
NaCl, KBr, NaBr, NaI. Only the anion dependence 
seems to conform to the requirement of the scale factor 
effect. In fact, the cation dependence is more important 
because the cations are supposed to be more highly 
hydrated, so these observations seem to challenge the 
revelance of the scale factor effect. 

An equivalent way of stating this criticism is to 
point out that the Stokes and Robinson” and Gluec- 
kauf” theories assume that H® conforms to the Debye- 
Hiickel limiting law, but in fact the deviations of H™ 
are as large and characteristic as those of G* or T'S™. 


6. EXCESS FUNCTIONS FOR MIXED ELECTROLYTE 
SOLUTIONS 


The use of total excess functions for the representa- 
tion of the properties of mixed electrolyte solutions 


2H, Frank and M. Evans, J. Chem. Phys. 13, 504 (1945). 

21H. Frank, J. Chem. Phys. 13, 478, 493 (1945). 

2 EF. Glueckauf, Trans. Faraday Soc. 51, 1235 (1955); 53, 305 
(1957). 

* R. H. Stokes and R. Robinson, J. Am. Chem. Soc. 70, 1870 
(1948); Trans. Faraday Soc. 53, 301 (1957). 
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offers two advantages over the use of partial molal 
quantities for this purpose .which find no parallel in 
the preceding discussions of simpler systems. These 
advantages will be pointed out in the course of the 
following development. 

We consider here only the simple case of a solution 
containing electrolyte A (ions 1 and 3) and electrolyte 
B (ions 2 and 3). For composition variables, we choose 
the total ionic strength of the solution, 7, and the 
mixing fraction y, defined as the fraction of the ionic 
strength contributed by ions from electrolyte A. The 
excess free energy of the solution may be expressed as 


G*(y, I) =AnG™(y, I) +yG™(1, 2) +[1—y]G~(0, 2) 
(6.1) 


where G**(1, J) applies to a solution of pure A and 
G=(0, J) applies to a solution of pure B. Each term of 
the equation pertains to a solution of the same ionic 
strength, temperature, and pressure, although the last 
two variables are not exhibited. The quantity, A,,G**, 
is clearly the increase in excess free energy on forming 
the mixture from the component solutions at the same 
I, T, and P and is a measure of the change in molecular 
interactions in this process. By appropriate differentia- 
tion of (6.1) we may obtain expressions for the corre- 
sponding enthalpy and volume changes, A,,H™* and 
AnV®, which are the directly observable increases in 
enthalpy and volume, respectively, in this same 
process. However, A,,G™ is not directly observable but 
must be calculated from observed changes in partial 
molal free energies. 

The mean ionic partial free energies of the two 
electrolytes are related to the usual mean ionic ac- 
tivity coefficients by the equations, 


G4*=RT |nya Gp* = RT |nye (6.2) 


and to the composition dependence of the excess free 
energy of the solutions by the equation, 


dG* = (2/| 2123 |) Ga*d(y1) + (2/| 2023 |)Gad((1—y]J), 
dT=0=dP. (6.3) 


This may be obtained by differentiating (2.8), group- 
ing the terms corresponding to Ga to Gg, and 
changing variables from m, m2, m; to y, I. A special 
case of (6.3) is 


(8G*/dy) 1,7,p=21[Ga%/| 2123 |—Ga/| 22 |]. 


As a rule G4 and Gg® (as functions of y and J) are 
not both determined experimentally for a given system, 
but there is a general method™* of obtaining one when 
the other is known. If both are known we may calcu- 
late AnG* by the following equation, obtained by 


(6.4) 


4 E. Glueckauf, H. McKay, and A. R. Matheson, Trans. Fara- 
day Soc. 47, 428 (1951). 
%H. A. C. McKay, Nature 169, 464 (1952). 
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integrating (6.4) between the limits 0, y and 0, 1 and 
applying Eq. (6.1), 


AnG™(y, 1) /21 =f [Ga%/| 21% |—Ga™/| 20% | dy 


—yf [Ga /| 5 |—Gur/| nse [dy (65) 


where J, T, and P are constant in both integrations. 
This equation is perfectly general for the system 
being discussed, but for comparison with other methods 
of treating this system it is convenient to make some 
assumptions about the form of the y dependence of 
Ga™, Gp, and A,.G™. 

We assume 


Ga*(y, I) —Ga%(1, 1) =—2.30RT > eranl[1—y}", 
Gs™(y, I) —Ga(0, 1) =—2.303RT Dapnl”y", 
n=1,2, +++ 
AnG*(y, I) =PRTy[1—y] Lgsl1—2yF, 
p=0, 1, 2, «+. 


(6.6) 


(6.7) 


If the terms for n>1 are omitted, (6.6) reduces to the 
original form of Harned’s rule (Harned and Owen,” 
Eqs. (144-3) and (14-44) ). The inclusion of terms 
for n=2 is equivalent to the definition of the Harned 
coefficients currently in use for the representation of the 
properties of mixed electrolyte solutions. The inclusion 
of terms of higher m increases the generality of the 
equations. The form of (6.7) is suggested by the corre- 
sponding expansion of G* for mixtures of two pure 
substances and by the experimental results* for 
A,»H@ and A,,V® for mixtures of solutions of 1-1 
electrolytes. In these equations, the coefficients, 
G@An, &pn, and gy, are independent of y, but are in 
general functions of J, T, and P. 

The following relation of the g, to the Harned co- 
efficients is obtained by substituting (6.6) and (6.7) 
in (6.5), and collecting coefficients of [1—2y]?. 


Sp = — 2.303 >> { (axan/| 2128 |) 
n>p 


+11 PLao/| a ILI (“lam (68) 


where 
s 
) 
is the binomial coefficient. The experimental work in 


the current literature is only accurate enough to 


% T, F. Young and M. B. Smith, J. Phys. Chem. 58, 716 (1954); 
T. F. Young, Y. C. Wu, and A. A. Krawetz, Discussions Faraday 
Soc. 24, 37 (1957). 


1359 


determine the first two Harned coefficients, i.e., a4: and 
aaa. The g, coefficients to this accuracy are 


+l] 6 


(6.10) 


a=— 2.303) 8 


QB | QA2 
| 3123 | 


| zozs| LI az0 | 
2.303 AA2 QB. 

3 Ll size] | soe | 

It is well known™-™ that there are restrictions on the 
Harned coefficients which are obtained by the applica- 
tion of the cross-differentiation relations to the partial 
molal free energies, and therefore these coefficients 
cannot be independently adjusted to give the best fit 
with experimental data. There are no such relations 
among the g, coefficients, and this is one reason why 
they are more suitable for the representation of the free 
energy relations in these systems. This is an advantage 
in the use of total, rather than partial molal, excess 
functions here but in order to exploit it most com- 
pletely it is necessary to calculate A,,G* more directly 
from the measured partial molal free energy than the 
relation through the Harned coefficients obtained above. 
This is particularly true when the measurements relate 
directly to the partial free energy of the solvent. 

The second advantage in the use of total functions 
here is most simply illustrated by considering a mixture 
of two 1-1 electrolytes with a common ion in a concen- 
tration range where Harned’s rule is a good approxi- 
mation. Then we have, to this approximation, 


go=— 2.303[a41t+ex1 |, £p=0 for p> 0. 


It is also true in this case that the difference in partial 


excess free energy of solvent in the end solutions is 
given by 


Gu*(1, I) —G,(0, I) =2.303RTI[as1—apr ]. 


Then the sum of Harned coefficients is a measure of 
interactions characterizing the mixture but the differ- 
ence in Harned coefficients merely reflects a difference 
in properties of the end solutions. 

In general, the individual Harned coefficients include 
a measure of the difference in properties of the end 
solutions and must be combined according to (6.8) to 
obtain quantities that characterize the changes in 
molecular interaction that occur when the mixture is 
formed from the end solutions. Therefore, it is ad- 
vantageous to formulate the thermodynamic properties 
of these systems in terms of total excess functions if the 
objective is to represent and correlate these properties 
of mixed electrolyte solutions which cannot be deduced 
by thermodynamic methods from measurements on the 
end solutions alone. 

Some of the experimental results for mixed electro- 
lyte solutions have been expressed in terms of total 
excess functions in contributions by Young” and 
McKay” and in a recent paper by the present author. 


27H. A. C. McKay, Discussions Faraday Soc. 24, 76 (1957). 
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APPENDIX A 
DICTIONARY OF NOMENCLATURE 


Description 


molality (moles per kg of solvent) of sth solute species 


(ion or molecule) 

Lim, 

molal ionic strength, 4>-m,z, 

m,/m, solute fraction 

practical activity coefficient of species s 

practical osmotic coefficient 

lly, mean solute activity coefficient 

partial specific (per kg) Gibbs free energy of solvent 


partial molal Gibbs free energy of solute species s 


>-x.u, mean partial molal Gibbs free energy of solutes 


Harned and Owen 


ym 

m 

vs/v or v_/v* 
"v4 OF Y- 

¢ 

Y+° 

10007 M, 
F, 

F./v* 


H= excess enthalpy 


mo,=—mAHp*”> 


excess partial molal enthalpy of solute species s L, 


Ay LAs 


V= excess volume 


L,/v* 
m(o.—V2°) *> 


V= excess partial molal volume of solute species s V.-Ve 


v= b Xs V= 


(V2— V2!) /v 


* This correspondence exists only if the solution has exactly one electrolytic solute. 
> This m in the Harned and Owen nomenclature is the molality of electrolyte. If we represent it by M, then for a solution of a 
single electrolyte, M =m/v, where m is the total molality of solute ions as used in this paper. 
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We consider here the evaluation of the right-hand 
side of Eq. (4.16) for the case of aqueous electrolyte 
solutions. We abbreviate the three terms on the right- 
hand side of this equation as Ri, R, and R;, reading from 
left to right. A logical procedure would be to expand 
V(m, P) ina Taylor series in m and P (or m! and P) 
around m=0, P=0. This may be convenient at low 
m,* but it is clear from the work of R. E. Gibson®*-*! 
(reviewed in Harned and Owen,” Sec. 8.7) that it 
requires many terms of such a series to represent the 
pressure dependence of V(m, P) in an adequate way. 

A more satisfactory procedure for m>1 molal is to 
use the modification of the Tait equation that has been 
proposed by Gibson. In our nomenclature this is 


V(m, P) =V(m, 0) + In[(B+P.)/(B+P.+P)] 


— (m/v) PvBe, (B.1) 


where 2.303C/V (0, 0) =C/V(0, 0), a parameter which 
is independent of temperature and nearly independent 


28 J, Poirier, J. Chem. Phys. 21, 965, 972 (1953). 
® R. E. Gibson, J. Am. Chem. Soc. 56, 4 (1934). 
* R. E. Gibson, J. Am. Chem. Soc. 57, 284 (1935). 
31 R. E. Gibson, Sci. Monthly 46, 103 (1938). 


of the composition of the liquid (Harned and Owen,” - 
Table 8-7-2) (for water it is 0.3150) ; B is a character- 
istic pressure which is a function of temperature 
alone for a given solvent (for water at 25° it is 2996 
bars); 2% is the molar volume of the pure crystalline 
solute at P=0; 8, is the compressibility of the pure 
crystalline solute; P, is a characteristic pressure which 
depends on the composition of the solution and on 7; 

Gibson found*® that for aqueous solutions of 1-1 
electrolytes, 


B+ P.=mL/vV?(m, 0)+BV?(0, 0)/V?(m, 0), (B.2) 


where L is a parameter which is characteristic of the 
solute. For the chloride, bromide, and iodide of lithium, 
L=318 F bar/kg mole, while for these same salts of Na 
and K, and also for the bromide of Cs, L=468 ? bar/kg 
mole. These coefficients have been obtained from Fig. 9 
of footnote reference 31, except for the value for Lil 
which has been calculated from a similar figure in 
footnote reference 30. 

For some other salts, including some of the higher 
charge type, and for calculations of higher accuracy, 
P, may be obtained from graphs given by Gibson in the 
articles cited. These are mostly based on measurements 
of V(m, 1000 bars) —V(m, 1 bar), but in those cases 





THERMODYNAMIC FUNCTIONS FOR ELECTROLYTE SOLUTIONS 


in which verification has been attempted, Eq. (B.1) is 
found to give the pressure dependence of V(m, P) 
within the experimental error (see Harned and Owen,” 
Table 8.7-4). 

We regard Eq. (B.1) as a useful empirical repre- 
sentation of the pressure dependence of V(m, P), 
which may be used together with experimental data 
for V(m, 0) in evaluating the right-hand side of Eq. 
(4.16). It has been found to be convenient to use an 
empirical representation of the concentration depend- 
ence of V(m, 0) based on Masson’s law for the ap- 
parent molal volume e.g., Harned and Owen,” Eq. 
(9-8-1) and Table 8-9-2. 

We also need the following functions which may be 
calculated from (B.1) by standard thermodynamic 
methods: 


dV (m, P)/aP=—C/(B+P.4+P)—mr$./v  (B.3) 


Vio(m, P) =Vu(m, 0) +C In[(B+P.)/(B+P.+P)] 
— Cm[aP./dm][(B+ P.)—(B+P.+P)-] (B.4) 
8Vo(m, P)/AP=C/(B+ P.+P) 
—Cm[aP./am//[B+P.+PF}. (B.5) 


Finally, we need w(m), the osmotic pressure as a - 


function of m. By combining (2.2’) and (4.11) we 
obtain, 
Potr 

Vuo(m, P)dP. 


mRT$o= / (B.6) 


Po 


Now we let Py—0, combine (B.6) with (B.4), and 
perform the integration to obtain 


mRT¢=2Vo(m, 0) 
+C(B+Ps+n) In{(B+P,)/(B+P.+7) ] 
+Cx+Cm[aP./am]{in[ (B+ P.+2) /(B+P.)] 


—[m/(B+P.)} (B.7) 
We note that for ~<B+P, there is a term in Eq. 
(B.7) which cancels the first-order term in the series 
expansion of each of the logarithmic functions. A 
similar situation arises again later in this development, 
and therefore it is convenient to define an incomplete 
logarithmic function as follows: 


L,(x) =In(1+z) + Ze (—2x)"/n= —2(-2) */n 


(B.8) 
Then we may rearrange (B.7) to read 


w=mRT$/[Vo(m, 0)+5(m, x) J; (B.9) 
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where 





to 90a owen a 


+ (m/x)(9P./dm) Le x/(B+P.)]. (B.10) 


The osmotic pressure may readily be calculated from 
(B.9) and (B.10) by successive approximations. If 
experimental values of ¢, V(m, 0) and P, are used, 
then the only source of error in the calculated x is the 
assumption that Eq. (B.1) correctly represents the 
pressure dependence of V(m, P). 

Equations (B.1) and (B.9) enable us to evaluate 
R. Now we turn to the evaluation of R;. We substitute 
(B.5) in the expression for R; and obtain 


n2l 


R,=(C/RT) "\ce+ P.JLlx/(B+P.)] 





OP| T T 
” Om Ee P, BYP’ gs =) a! 
(B.11) 


Now we evaluate R; with the aid of (B.1) and combine 
the resulting expression with (B.11) to obtain 


rr 0 arate 








+4Lx/mP(B+ P+ = 1 —* | 


OP. Tv r T 
—1 es SESS ETA a Sout iaieeiianeiaiaies 
— cl B+ P.t B+ PP (57 5)| 


+ (x/Cv) (dx/dm) esam. (B.12) 


This result may be simplified by noting the following 
identities: 
(n/m) ease /dm aP./ =| 
B+P.tr  B+P, 
« E ne | 
Omim B+P, 

_O(x/ ™| woe r (. T 

Om |B+P. 2(B+P,)** <)| ee) 
ha are sl aeePal 
Om (B+P.)? dm|m[B+ P.] 

pe 1 = (x? /m) 
(B+P.) om 


A(x /m) _a(x*/m) 
dm sé 








(1/m) 





\(B.14) 


[r/ m P+ 2a 





(B.15) 
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TaBLe B.I Terms on the right of Eq. (4.16) for 6M aqueous 
solutions of several electrolytes at 25°. 





Solute LiCl NaCl CsCl Nal 





—R, 

—R:—Rs 
—R:—Ri— Rs 
in[V (m, 0) /V (0, 0)] 


0.097 
0.016 
0.114 
0.113 


0.110 
0.008 
0.118 
0.120 


0.224 
0.005 
0.230 
0.234 


0.193 
0.012 
0.205 
0.205 





Then we obtain 


P, 
RT( Ret Rs) =~ OL/m] n=") 


+P (BHP) (20) nb, 
2m 


™ r O(4/m) 
cf ETE am 


ea amd al T 


m? om om 








BL >) em (B.16) 


A rough numerical analysis indicates that for m<12 
molal the value of R.+ R; is affected by less than 1% if 
the unevaluated integral in (B.16) is omitted. This is an 
absolute error of less than 10~ and will usually be 
small compared to the experimental error in G*/mRT. 
Therefore, we neglect the unevaluated integral and 
obtain 


2 —(G*/mRT) +In[V (0, 0)/V(m, 2)] 


Clix B+P, “4 
+a|* aes em aE 


r: 


9 Bete, 


~ WRT (S42) 


At the expense of making a somewhat larger error of the 


FRIEDMAN 


order of 
Cx®/4mRT(B+P,)?<10- for m<12 molal, 


(B.17) may be replaced by the following much simpler 
form: 


== — (G*/mRT) +In[V (0, 0)/V(m, x) ] 


+(x/2mRT)[V(m, r)—V(m,0)]+-*+. (B.18) 


It is often convenient to replace c and m by « and J, 
respectively, as independent variables. We have 


I/m=}Don2e=}e/rc, 


where « is the usual Debye reciprocal ion-atmosphere 
radius and 


\=4re/DkT 


is the usual Coulomb length in the medium of dielectric 
constant, D. (This is the dielectric constant of the pure 
solvent at Po in the Mayer theory.) Then (B.18) 
becomes . 


2SA/2 = — (G*/IRT) +(2/Dox.3,) 
X {In[V (0, 0) /V(m, x) + (x/2mRT)[V (m, x) 
—V(m,0)]+-++}. (B.19) 


This equation, together with (B.1) and (B.9), has 
been used to calculate the curves of 2RTAG/«* from 
those of G*/J in the graphs of Sec. 5. It is found that 
Ri+ R.+ R; for a given solute is nearly proportional to 
m. The contributions to this term for several solutions 
are listed in Table B.I. The entries in the last row of this 
table show that the pressure dependence of V(m, P) 
makes a much smaller contribution to the right-hand 
side of Eq. 4.16 than the concentration dependence of 
Vim, P). 
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A mass spectrometric investigation of the vapor in thermodynamic equilibrium with powdered molyb- 
denum dioxide has shown the vapor phase to consist, in decreasing order of importance, of the species MoO;, 
(MoO )2, MoO2, and (MoOs)3. The heats, entropies, and free energies of reaction have been determined for 


the reactions (7 = 1600°K): 
§x MoO,(s)—>(Mo0s)2(g) + $2 Mo(s) 
Mo0,(s)—>Mo0,(g) 
2Mo03(g)—>(Mo0s)2(g) 
3Mo03(g)—+(MoOs)a(g) 


where x=1, 2, 3 

AH r= 134.447 kcal/mole 
AH 7=—110.2+8 kcal/mole 
AH r= — 222.8413 kcal/mole 


For the case x=1, 2, 3 the AH 7’s are 121.843, 133.427, and 142.6413 kcal/mole, respectively. Entropies 
of the gaseous molecules MoO;, (MoOs)2, (MoOs)s, and MoO: at T=1600°K are 96.6, 151.0, 201.2, and 
85.5 eu, respectively. In addition, the atomization energies (AH°) for the reaction 


Mo0.(g)—>Mo(g) +20(g) 
were calculated to be 277.447 and 419.710 kcal/mole for x=2 and 3, respectively. 





INTRODUCTION 


HE only previously reported study of the vaporiza- 
tion of MoO.(s) is that of Blackburn, Hoch, and 
Johnston,! who have examined the system employing 
the Knudsen effusion technique. The conclusion of the 
previous work is that the vaporization takes place 


mainly by disproportionation of MoO2(s) to MoO;(g) 
and Mo(s) with the side reaction MoO,(s)—>MoOs2(g) 
accounting for the remainder of the gaseous species. 

The present mass spectrometric investigation was 
undertaken in order to determine the importance of 
polymers in the vapor over MoO,(s). 


EXPERIMENTAL TECHNIQUE 


The general characteristics of the experimental 
technique have been described previously.? In the 
present work a molybdenum outer cell was used in 
conjunction with a Morganite recrystallized alumina 
liner? An alumina lid was used which had an effusion 
hole 1 mm in diameter. In order to maintain a more 
uniform thermal distribution in the cell, a molybdenum 
cover having a 3-mm hole was used over the alumina 
lid. Temperatures were read from a blackbody hole in 
the base of the molybdenum cell, using a Leeds and 
Northrup optical pyrometer which was calibrated 


* Supported in part by the Office of Ordnance Research, U. S. 

Army, and in part by the National Science Foundation. 
leave of absence from Instituto di Chimica Fisica, Uni- 

versita degli Studi, Rome, Italy. 

{On leave of absence from Laboratoire de Chemie Physique 
Moléculaire, Université Libre de Bruxelles, Brussels, Belgium. 

1P. E. Blackburn, M. Hoch, and H. L. Johnston, J. Phys. 
Chem. 62, 769 (1958). 

2M. G. Inghram and J. Drowart, “‘Mass spectroscopy applied 
to high temperature chemistry,” appearing in International 
Symposium on High Temperature Chemistry at Asilomar, Cali- 
fornia (Stanford Research Institute, Palo Alto, California, 1959). 

3 Morganite Incorporated, Long Island City, New York. 


against a National Bureau of Standards calibrated 
lamp.‘ 

Two samples of MoO, powder were used in this work. 
The first experiments were conducted with a sample5 
whose x-ray pattern indicated mainly MoO, with a 
possible trace of MoO; impurity, while later experi- 
ments were conducted with a high-purity sample 
(98.56% MoOz) 6 


EXPERIMENTAL RESULTS 


As the temperature of the Knudsen cell assembly 
was increased to about 850°K, the ion (MoO;)5+ 
corresponding to the molecule (MoOs;)3 was observed. 
Since MoO;(s) vaporizes as (MoO;)3(g) in this tem- 
perature range,’ the peak was attributed to small 
quantities of MoO; impurity. 

Sample A was found to contain less MoO; impurity 
than sample B used in earlier work. However, in both 
cases, the sample was heated in the 800-900°K range 
until no further trimer could be detected. 

The temperature was then increased and the instru- 
ment sensitivity obtained by means of a quantitative 
vaporization of a weighed amount of silver.? After the 
calibration, the temperature was again increased until 
the vapor species from MoO,(s) were observed. 

The temperature range 1500-1780°K was examined 
and the most important species found to be MoOQ;+, 
(MoOs;)2+, MoO,+, and (MoO;)3+. In addition, small 
peaks of Mo,O;+, Mo.0,.+, and Mo;0,;+ were found. 


4 National Bureau of Standards Ribbon Filament Lamp Test 
No. G-18631a (1956). 

’ Sample B, prepared by Dr. Joan Berkowitz, Arthur D. Little 
Company, Cambridge, Massachusetts. 

6 Sample A, Shattuck Chemical Com 

7 J. Berkowitz, M. G. Inghram, and 
26, 842 (1957). 


ny, Denver, Colorado. 
. Chupka, J. Chem. Phys. 
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TABLE I. Partial pressures of MoO;(g) in equilibrium with MoO,(s). 








T°K P(atm) T°K P(atm) Expt. 7°K 





1481 
1512 
1540 
1566 
1575 
1596 
1598 
1605 
1608 
1610 
1632 
1636 


1.4X10-% 
3.110% 
6.2X10°* 
1.4107 
1.6X107 
3.3107 
2.8X107 
3.6X107 
4.0X107 
3.5107 
6.5X107 
7.5X107 


1640 
1647 
1652 
1657 
1675 
1679 
1681 
1683 
1687 
1696 
1702 
1709 


7.7X1071 
9.5X107 
1.010 
1.1X10-* 
2.0X10-* 
2.310 
2.8X10-* 
2.6X10-* 
2.9X10-* 
2.9K10-* 
3.0X10-* 
3.0X10-* 


1716 
1720 
1721 
1728 
1732 
1735 
1747 
1765 
1773 
1777 


Al3 








No Al,O, species were observed, nor was any reaction 
between MoO,(s) or Mo(s) and Al,O; apparent. 
Approximate appearance potentials were determined 
using the linear extrapolation method, using mercury 
as the standard for the energy scale. The corrected ap- 
pearance potentials were MoO;+, 12.0+0.6 ev; 
(MoOs3)s+, 12.140.6 ev; (MoOs)3+, 12.041.0 ev, 
and MoO,*, 9.4+0.6 ev. Ionization efficiency curves 
indicated that MoO;+, (MoO;)2+, and (MoO;)3;+ were 
all produced by direct ionization of the corresponding 
neutral molecule. In the case of MoO.+, however, a 
break in the ionization curve (13.5—14 ev) was noted 
which indicated that at 17 ev slightly less than half 





© MoO, 
o {MoO3)5 
6 MoO, 
° (MoO;) 


3 Platm) (log) 5 
ae ee T 


Prt 





9) 
ss 








62 
1/T x 104 


Fic. 1. Partial pressures (atm) of the vapor species over 
Mo0.; solid as a function of 1/7104 deg K-. 





the MoO,* peak was the result of ionization of the 
MoO, molecule. Of the possible parent molecules, 
energetic considerations indicate that MoO; is the most 
likely source of that part of the MoO,* peak which is a 
fragment, since the electron energy required for frag- 
mentation in the case of the dimer and trimer is well in 
excess of bombardment energies employed (17 ev). 
Thus, the intensity of the MoO ;* ion was increased by 
approximately 6% to correct for fragmentation loss. 
Examination of the ionization efficiency curve of 
Mo,O;*+ revealed thresholds at approximately 10 and 
14.5 ev, whereas for Mo3;O,+ a similar double threshold 
was found with values of 12.2 and 14.5 ev. In both 
cases the higher valued threshold resulted from the 
onset of a fragmentation process whereas the lower 
threshold appeared to result from a simple ionization 
process of the parent Mo,0; and Mo;O; molecules. 
Approximate pressures were calculated to be Mo.0,, 
1.0X10-7 atm and Mo,;Og,, 1.2X10-* atm at 1774°K. 
The presence of a parent Mo,O, molecule must be con- 
sidered doubtful, but the upper limit of possible MoO, 
at 1774°K was found to be 2.4X10~ atm. 

After repeated cyclings of the sample to higher tem- 
peratures (ca. 1775°K), it was noted that the partial 
pressures of the vapor species began to decrease with 
time. This effect was attributed to a molybdenum 
metal coating on the sample surface which caused a 
diffusion-limited vaporization process. In this study all 
data were taken before the onset of the reduced activity. 
It is interesting to note that data obtained from the 
98.56% pure sample (A) and the slightly less pure 
sample (B) agree well within the error of the pressure 
calibrations. (See Table I and Fig. 1). 

The relative ionization cross sections used were 
Ag=34.8, MoO.=59.1, MoO;=62.4, (MoO ;)2=124.8, 
and (MoO ;)3;=187.2.8 Pressures were calculated by 
using the above cross sections together with corrections 
for multiplier efficiency and molecular.effects.? Partial 
pressure (atm) data for the vapor species over solid 
Mo0O, are presented in Tables I and II and in Fig. 1. 
The capital letters in the first column of Tables I and II 


( 8 int Otvos and D. P. Stevenson, J. Am. Chem. Soc. 78, 546 
1956). 
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Taste II. Partial pressure of species in equilibrium with MoO;(s). 





MoO, 


(MoOs)2 
(atm) 


(atm) 


Mo0; 


(MoOs)s 
(atm) 


T°K (atm) 





1566 
1596 
1598 
1627 
1632 
1652 
1675 
1679 
1683 
1687 
1696 
1702 
1709 
1716 
1721 
1725 
1728 
1732 
1747 
1773 
1777 


1.4X107 
3.3107 
2.8X107 


6.5X107 
1.010 
2.0X10* 
2.3X10* 
2.6X10* 
2.9X10* 
2.9X10°* 
3.0X10* 8.7X107 
3.0X10* Ree 
4.1X10* 1.3X10° 

5.110 ee 
eae 1.4X10* 

5.8X10-* “a 
1.6X10* 


2.9X10* 
6.5X10* 


1.3X107 
1.4X107 
2.3X107 
5.7X107 
5.8X107 


7.5X1077 
9.4X107 


4.9X107 
1.5X10-* 
4.1107 
6.9X10-* 
1.6107 


1.61077 


6.9X107 
3.8X107* 
2.11077 


2.71077 
3.6107 


5.6X10-* 
7.1107 


1.1X1077 
1.4X107 
1.91077 


3.11077 


3.7107 
5.2X107 
9.2X107 
1.0X10* 


5.4X10* 
7.9X10* 
1.110% 


1.4X10- 3.7X10- 





refer to the sample of MoO, used, while the numbers 
refer to the order in which the data points were taken. 


DISCUSSION 


The present work confirms the estimate of Kelley® 
and the findings of Blackburn ef al.' regarding the 
importance of the disproportionation reaction in the 
vaporization of MoO,.(s). On the other hand, it is found 
that MoO,.(g) is of considerably less importance than 
concluded by Blackburn ef al. and also that the 
(MoOs)2(g) molecule is of more importance than their 
estimate. 

Equations for logP vs 1/T are given in Table III 
and are the result of least squares fits of the data in 
Tables I and II. The reaction energies AH7, AS7, and 
AF7(T=1600°K) calculated from the experimental 
data are given in Table IV. AHy°=123.9 kcal/mole for 
reaction I, Table IV, is to be compared with AH)°= 
133.6 kcal/mole given by Blackburn, e al.' Also 
AH,°=137.4 kcal/mole for reaction 3 is to be com- 
pared with AH)°=129.8 kcal/mole, and AHr=228.8 
kcal/mole for reaction 6 to AHy°=220.9 kcal/mole 
obtained by the same authors. 

The slight discrepancies in some of the reaction 
enthalpies can be attributed to a combination of one or 


TaBLeE III. Log P vs 1/T for the vapor species in equilibrium 
with MoO:(s). 





log Pacoxs) =—2.661X10‘/T+10. 130 
log Paac0da(e) = — 2.915 X 104/ T+ 11.067 
log Pacoax)= —3.117X104/T+11.067 
log Pmcdxs) = —2.936X10'/T+10.574 
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TaBLe IV. Summary of experimentally determined reaction 
enthalpies, entropies, and free energies. 





ASr AF,’ 


AHr 
No. Reaction T=1600°K kcal/mole eu kcal/mole 





; ater (s)—+*Mo03(g) + 
o(s 
SHO, (s)—>(MoOs)2(g) + 


- MoO2(s)—+>Mo0,(g) 

‘ $/2Me0n(s)— (Men) + 
. 2Mo03(g)—> (MoOs)2(g) 

. 3M00;(g)—> (Mo0s)s(g) 


121.843 
133.447 


134.4+7 
142.6413 50.6 


—110.248 —42.1 
—222.8413 —88.6 


46.4 
50.6 
48.4 


47.6 
52.4 


56.9 
61.6 


—42.8 
—81.1 





more of the following causes. Blackburn e¢ al. under- 
estimated the contribution of (MoO;)e(g) and over- 
estimated the contribution of MoO,(g) to the total 
pressure. These authors determined the relative 
amounts of the gaseous species indirectly by two 
quantitative vaporizations assuming that Mo0Q;(g) 
and MoO.(g) were the main vapor species and re- 
ported the vapor to consist of 22 wt % MoOs2(g) in one 
experiment and 36 wt % MoO,(g) in the other. Since the 
results of quantitative vaporizations are extremely 
sensitive to the amount of impurity, we prefer to 
determine the composition of the gas phase mass 
spectrometrically. Furthermore, S23 for MoO,(s) 
used by Blackburn ef al. has been determined by 
King” to be substantially lower than the previously 
reported value. As was mentioned before, the present 
work indicated that when measurements were at- 
tempted above ~1800°K, a gradual reduction in 
activity occurred. Since Blackburn e¢ al. investigated 
the temperature range 1800-2000°K, an additional 
possibility exists that these authors encountered some 
reduction in activity at the temperatures of their 
measurements. 

The entropies of the gaseous oxides at 1600°K are 
given in Table V. The values in the first row are calcu- 
lated from the experimental data, S2MoO.(s) = 11.06 
eu and S7— S2gMoO,(s) =37.1 eu which was esti- 
mated by an extension to high temperatures of the 
method of Latimer" in which the entropy of Mo(s) 
was combined with an average contribution of O-- 


TABLE V. Entropies of gaseous molybdenum oxides T=1600°K. 





Sr Sr Sr 
(MoO;) (MoO;)2 (MoOs)s 
eu eu eu 


Sr 
(MoO2) 
eu 





This work 
Chand: 

and Brewer* 
DeMaria et al.> 


85.5 
85.5 


87.4 


96.6 151.0 201.2 


96.3 





® Footnote 13. 
> Footnote 14. 





9K. K. Kelley, Climax Molybdenum Bulletin Cdb-2 (1954). 


10 E, G. King, J. Am. Chem. Soc. 80, 1799 (1958). 
4 W. M. Latimer, J. Am. Chem. Soc. 73, 1480 (1951). 
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obtained from other XO, type compounds” (X=Ti, 
Zr, Mn, Si, Th, or U). The data in the second and 
third rows are calculated from free energy and enthalpy 
functions with the data of Chandrasekharaiah and 
Brewer and DeMaria e/ al.'* The agreement is seen to 
be quite good for MoO;(g) and MoO,(g). The value 
Sie00(MoOs)3(g) =201.2 eu is to be compared to 
S900(MoOs)3(g) =193.1 eu given by Berkowitz e¢ al.’ 

By combining the heat of formation of MoO,"*!* 
with the experimental data and calculated data men- 
tioned in the foregoing the atomization energies AH)° 
for the reactions MoOs(g)—Mo(g)+2O0(g) and 


MoO;(g)—Mo(g)+30(g) are calculated to be 277.44 


2K. K. Kelley, U. S. Bureau of Mines Bulletin 476 (1949). 

13M. S. Chandrasekharaiah and L. Brewer, UCRL-8736 
(University of California, Berkeley, California). 

44G. DeMaria, R. Burns, J. Drowart, and M. G. Inghram, 
J. Chem. Phys. 32, 1373 (1960), this issue. 

% B. A. Staskiewicz, J. R. Tucker, and P. E. Snyder, J. Am. 
Chem. Soc. 77, 2987 (1955). 

16 A. D. Mah, J. Phys. Chem. 61, 1572 (1957). 
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7 kcal 419.7+10 kcal/mole, respectively. These values 
are to be compared to the values 262 and 411 kcal/mole 
given by DeMaria e¢ al. to the values 285 and 410 
kcal/mole of Blackburn e¢ al.,1 and to the values 
295 and 426 kcal/mole derived from the data of 
Blackburn et al. using the free energy functions men- 
tioned previously.'** Dissociation energies for the 
molecules Mo,0O; and Mo;Og are not given since ac- 
curate free energy functions for these molecules are 
lacking. 
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Thermodynamic Study of Al.O; Using a Mass Spectrometer* 
J. Drowart,t G. DEMarti4,f{ R. P. Burns, AnD M. G. INGHRAM 
Department of Physics, The University of Chicago, Chicago, Illinois 
(Received November 5, 1959) 


The evaporation of alumina under nearly neutral conditions in tungsten and molybdenum Knudsen cells 
has been investigated by mass spectrometric methods. The atomization energies of the gaseous molecules 
are Do°(AlO)=115+5 kcal/mole; Do°(Al,O) = 2452-7 kcal/mole; Do°(AleO2) = 36547 kcal/mole. 





INTRODUCTION 


N a study of the vaporization of alumina under 
reducing conditions (Al,O;-Si) Grube, Schneider, 
Esch, and Fled! concluded that AlO is the major 
aluminum-containing species in the vapor. From a 
comparative vapor pressure study (in tungsten Knud- 
sen cells) of the aluminum-oxygen system under re- 
ducing (Al,O;-Al) and under nearly neutral conditions 
(AlO;) Brewer and Searcy’ concluded that under re- 
ducing conditions Al and Al,O are the principal vapor 
species while under neutral conditions AlO and atomic 
oxygen are the principal vapor components. Cochran*® 
confirmed the predominance of AlO under reducing 


* Supported in part by the Office of Ordnance Research, U.S. 
Army, and in part by the National Science Foundation. 

+ On leave of absence from Laboratoire de Chimie Physique 
Moleculaire, Université Libre de Bruxelles, Brussels, Belgium. 

t On leave of absence from Istituto di Chimica Fisica, Uni- 
versita degli Studi, Rome, Italy. 

1G. Grube, A. Schneider, U. Esch, and M. Fled, Z. anorg. 
Chem. 260, 120 (1949). 

2L. Brewer and A. W. Searcy, J. Am. Chem. Soc. 73, 5308 
(1951). 

8C. N. Cochran, J. Am. Chem. Soc. 77, 2190 (1955). 


conditions. Ackermann and Thorn,'*® however, com- 
pared the weight loss of alumina-loaded tungsten effu- 
sion cells with the amount of alumina evaporated near 
2600°K. They concluded that the ratio of tungsten to 
alumina weight losses might be accounted for by re- 
duction of alumina by tungsten and the vaporization 
of one or more gaseous aluminum oxides and one or 
more gaseous tungsten oxides. A similar view has been 
held by von Wartenberg.* On the other hand, Medve- 
dev’ has calculated that the molecule Al,O; is of major 
importance in the vapor of aluminum oxide under neu- 
tral conditions. 

Amass spectrometric analysis®of the vapor in thermo- 
dynamic equilibrium with Al-AlO; showed the pre- 
dominant gaseous species to be Al and Al,O and gave 


4R. J. Ackermann and R. J. Thorn, J. Am. Chem. Soc. 78, 
4169 (1956). 

5 R. J. Ackermann and R. J. Thorn, Proceedings of the 16th 
International Congress of Pure and Applied Chemistry (Paris, 
1957), p. 667. 

6H. vonWartenberg, Z. anorg. u. allgem. Chem. 269, 76 (1952) 

7V. A. Medvedev, Zhur. fiz. Khim. 32, 1690 (1958). 

8 R. F. Porter, P. Schissel, and M. G. Inghram, J. Chem. Phys. 
23, 399 (1955). 
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thermodynamic properties for Al,O in agreement with 
those obtained by Brewer and Searcy.” In a similar 
mass spectrometric investigation’ of the vapor effusing 
from a tungsten cell containing Al,O;, i.e., closer to 
neutral conditions, gaseous Al and Al,O were again 
identified. The ratio AlO+/Al*+ changed from about 1 
in the Al-Al,0; system to 0.1 in the W-Al,O; system. A 
search for the AlO molecule was difficult, owing to 
the background at mass 43. It was established, however, 
that the ratio of the AlO* to Al* intensities was smaller 
than 0.1, indicating that AIO is not the major species 
under such conditions. On the basis of these results, 
Brewer” has compared the experimentally measured 
pressure? of alumina contained in tungsten cells with the 
pressure for the elements Al and O calculated from the 
thermodynamic data for condensed alumina. This 
discussion showed that the measured pressure? is a 
factor of about 4 higher than that calculated, assuming 
the vapor to contain only Al and O. 

In the present work, the systems W-AI,O; and Mo- 
Al.O; have been investigated in a mass spectrometer to 
determine the composition of the vapor under conditions 
of thermodynamic equilibrium. The results obtained 
in the W-Al,0O; system have been briefly reported 
earlier." 


EXPERIMENTAL ARRANGEMENT 


The general characteristics of the experimental 
technique have already been described. In the present 
work, molybdenum and tungsten Knudsen cells were 
used. The effusion hole was usually 1 mm in diameter. 
The thickness of the walls was usually 3 mm. Four 
blackbody holes were drilled into the sides of each 
tungsten and molybdenum cell at 6-mm intervals; and 
one blackbody hole was drilled in the bottom of each 
cell. Temperatures were determined using two Leeds 
and Northrup optical pyrometers, calibrated against a 
National Bureau of Standards ribbon filament lamp.” 
The temperatures read from the bottom and from the 
two lower side holes were the same within experimental 
error. The temperature read from the upper side hole 
was about 30° lower. The maximum temperature differ- 
ence within the Knudsen cell was therefore estimated 
to be less than 50°, the coldest part being the cover. 
An alumina liner, 2.5 cm high, 1.2 cm in diameter, 
with a wall thickness of about 1.5 mm, was inserted into 
the tungsten or into the molybdenum cell. No alumina 
cover was placed on the top of this liner since the liner 
was melted purposely during the course of the experi- 
ment. The liners of recrystallized alumina, grade Tri- 
angle RR, were obtained from Morganite Incor- 


*R. F. Porter and M. G. Inghram, results mentioned by 
M. G. Inghram, W. A. Chupka, and J. Berkowitz, Mem. soc. roy. 
sci. Liege, 4e ser. 18, 513 (1957). 

101, Brewer (private communication). 

1G. DeMaria, J. Drowart, and M. G. Inghram, J. Chem. 
Phys. 30, 318 (1959). 

National Bureau of Standards, Ribbon filament lamp test 
No. G-18631a (1956). 
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porated." The ratio of o effusing to vaporizing surfaces 
was smaller than 0.001 for solid and, at the most, 0.01 
for molten Al,Os. 


EXPERIMENTAL RESULTS 
(a) Composition of the Vapor 


The observed atomic and molecular ions characteris- 
tic of the Al-O system were O+, O2+, Alt, AlO*, Al,Ot, 
and Al,0.+. In addition, using tungsten and molyb- 
denum cells, the ions WOt, WO;+, and WO;*, and 
MoOt, MoO-+, and MoO;+ were observed. No other 
Al,O,* ions’were found, the search being made up to 
mass 600. No (XO),+, (XO2),+, or (XO3),+ ions were 
observed (X=W or Mo, and n=2, 3); nor were any 
molecular ions found that contained simultaneously one 
or more Al and W or Mo atoms. Upper limits on such 
species are 110-5 of the Al* intensity at 2500°K. 

In order to establish that the observed ions were 
produced from the corresponding molecules, approxi- 
mate ionization efficiency curves were measured. The 
linear extrapolation method was used to obtain these 
appearance potentials, and the energy scale was cali- 
brated with mercury as a standard. The corrected 
appearance potentials were 13.6, 6.0, 9.5, 7.7, and 9.9 
ev, respectively, for O*+, Alt, AlO*, Al,Ot, and Al,Oz*. 
The uncertainty was about +0.5 ev. The first two ap- 
pearance potentials agree with the spectroscopic ioniza- 
tion potentials of oxygen and of aluminum. The ap- 
pearance potential for AlO measured here is the same 
as that obtained by Porter, Schissel, and Inghram.® 
The appearance potential for AlO*, as well as measured 
ion intensity ratios for the peaks 40 and 43, shows that 
the ion “Cat (a possible impurity) does not interfere 
with the measurements. The appearance potentials 
for Ot, Al*, AlO+, AlO*, and Al,O.* indicate that, at 
low ionizing electron energies, these ions are parent 
ions produced by simple ionization of the molecules 
O, Al, AlO, AlO, and AlOs, respectively. The ion 
Al,+, which was also observed, was identified by its 
appearance potential to be mainly a fragment from 
Al,O. 


(b) Pressure Data 


Relative partial pressures were derived from the 
ion intensities by the relation 


P,_IhXo2X (E— As) XS2XTi (1) 

P2 1.X01X (E— A) x SiX T2 
where P=partial pressure, J =ion intensity; ¢=relative 
cross section® at the maximum of the ionization effi- 
ciency curve; A=appearance potential in ev; E= 
energy of ionizing electrons, in ev (in the present 
experiments this quantity was always less than 15 

18 Morganite Incorporated, Long Island City, New York. 

(1988) E. Moore, Natl. Bur. Standards (U.S.) Circ. 467, Vol. III 


(1986) W. Otvos and D. P. Stevenson, J. Am. Chem. Soc. 78, 546 
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TABLE I. Partial pressures in the system W+-Al,03. 








ee 4 Po (atm) Px, (atm) 


Paio (atm) Paxo (atm) Pawo. (atm) 





2188 
2191 
2213 
2226 
2233 
2240 
2264 
2275 
2325 
2335 
2350 
2390 
2464 
2475 
2470 
2514 
2594 


1.5X107 
1.6X107 
2.3107 
2.7X107 
3.0X107 
3.4107 
4.8X107 
5.6X107 
1.1X10-* 
1.2X10* 
1.5X10-* 
2.5X10* 
6.0X10* 
6.8X10-* 
6.6X10-* 
1.1X10% 
2.5X10% 


2.0X107 
2.1107 
2.9X107 
3.4107 
4.0X107 
4.3X107 
4.8X107 
7.2X107 
1.4X10* 
1.8X10* 
2.0X10* 
3.3X10* 
9.0X10-* 
1.010% 
1.0X10- 
1.4X10% 
3.5X10% 


9.6X10-° 
1.0X10° 
1.6X10% 
1.5X10-* 
2.3X10-% 
1.8X10-% 
3.510% 
3.9X10-% 
9.7X10°° 
7.6X10-% 
1.5X107 
1.3107 
5.6X107 
7.1X107 
1.110 
1.210 
1.8X10-* 


7.5X10° 
9.4X10~° 
1.2X10-% 
1.5X10-° 
1.6X10* 
1.0X10-° 
2.2X10-% 
2.4X10-% 
7.2X10-% 
5.6X10-* 
8.310% 
1.1107 
5.0X107 
3.4107 
4.9X1077 
5.4X1077 
8.9X107 


1.4X10° 
3.2X10° 
2.3X10° 
3.5X10° 
6.0X10° 








ev); S=multiplier efficiency,” corrected for molecular 
effects if necessary”; and T=absolute temperature. 

In order to derive the absolute value of the pressure, 
calibrations were made using the following independent 
methods:! 


(1) Silver calibration. In each experiment, a known 
amount of silver (3-5 mg) was vaporized at constant 
temperature, usually in the range 1300-1350°K. 
Immediately afterwards the cell temperatures were 
increased and the intensities of the peaks characteristic 
of the investigated system were measured. The pres- 
sures were then obtained from Eq. (1) and from the 
relationship 


p=Z(2emkT)} (2) 


where Z=number of calibrating atoms effusing per 
cm? per sec, m=molecular weight of vaporizing species, 
and k=Boltzmann’s constant. 

(2) O/O2 calibration. When possible, the ratio be- 
tween the O* and O,* ion intensities was measured. 
Since the equilibrium constant for the dissociation of 
O, is known,'** this ratio can be used for determining 
the absolute pressure of these species. In making the 
O/O, calibration the O+/O,+ ratio must be corrected 
(using appropriate cross sections, appearance poten- 
tials, and secondary electron yields”) in order to 
obtain the O/O: ratio. From this calibration and from 
Eq. (4), the pressures of the other vapor species can be 
calculated. 

(3) Quantitative vaporization self-calibration. Weighed 
alumina samples (about 10 mg) were completely va- 
porized from either molybdenum or tungsten cells, and 


16M. G. Inghram, R. J. Hayden and D. C. Hess, Natl. Bur. 
Standards (U.S.) Circ. 522, 257 (1953). 

17H. E, Stanton, W. A. Chupka, and M. G. Inghram, Rev. 
Sci. Instr. 27, 109 (1956). 

#8 P. Brix and G. Herzberg, Can. J. Phys. 32, 110 (1954). 

19D. R. Stull and G. C. Sinke, Thermodynamic Properties of the 
Elements (Am. Chem. Soc., Washington, D.C., 1956). 

20 F, H. Field and J. L. Franklin, Electron Impact Phenomena 
(Academic Press, Inc., New York, 1957). 


each of the peaks Alt, AlOt+, Al,O* was measured as a 
function of time. By using the number of Al atoms in 
the original sample and the integrated peak intensities 
the pressure responsible for one unit of aluminum in- 
tensity was calculated from Eqs. (1) and (2). 

(4) Molybdenum calibration. In the experiments 
carried out in molybdenum cells, the intensity profile 
of the molecular beam”! allowed one to distinguish be- 
tween the molybdenum effusing from the inside of the 
Knudsen cell and the molybdenum vaporizing from the 
outer surface of the cell. The pressure of Mo was derived 
from this intensity using one of the foregoing calibra- 
tions (e.g., a silver calibration). This derived pressure 
was then compared with the vapor pressure of Mo 
calculated from the thermodynamic data,’ and the 
agreement served as a further check on the pressure 
calibration. 

In the silver, O/O, and Mo calibrations, the relative 
ionization cross sections enter directly into the calcula- 
tions and must be estimated for all species. The quanti- 
tative vaporization self-calibration has one advantage 
over these calibrations. Namely, that any uncertainties 
in the Al pressure resulting from an estimate of relative 
ionization cross section will be only of second order 
importance. This is due to the fact that the intensity of 
all gaseous species of the type Al,O, is small. Relative 
values used for the ionization cross section were O= 
3.3, O2.=6.6, AlO=18.7, AkO=34.1, AlO.=37.4, 
Ag=34.8, and Mo=52.5.5 By comparison with U 
(for which the cross section was measured directly”) 
and with Mo, the relative ionization cross section of 
W was taken as 50. 

Pressure data for the tungsten-Al,O; system are 
presented in Table I and Fig. 1. In column 1 (also in 
column 1 of Table II) the number refers to the number 
of the experiment, while the lower case letter refers to 


21M. G. Inghram, W. A. Chupka and R. F. Porter, J. Chem. 
Phys. 23, 2159 (1955). 

#2 G. DeMaria, R. P. Burns, J. Drowart, and M. G. Inghram, 
J. Chem. Phys. 32, 1373 (1960), this issue. 
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the order of each data point within one experiment. 
Data obtained with effusion holes 1.0 mm and 1.9 mm 
in diameter are in agreement. After a long series of 
experiments it was observed that the effusion hole 
became clogged with liquid alumina. Surface vaporiza- 
tion then occurred from molten alumina for which the 
vaporizing area was essentially that of the effusion 
hole, as verified from the intensity profile. The relative 
and absolute intensities of Ot, Alt, AlO*+, and Al,Ot 
under these conditions were observed to be about the 
same as from a Knudsen cell. Both of these experiments 
indicate that the vaporization coefficients for these 
species are close to one and, hence, that within a Knud- 
sen cell with a o of 0.001, equilibrium is certainly 
established. A further indirect proof is that the values 
for the dissociation energies of WO, and WO; obtained 
in the present work (see next paper”) are in agreement 
with the values obtained for these molecules by Chupka 
et al. from the study of the BeO-W system.” 

Pressure data for the molybdenum-Al,O; system are 
presented in Table II and Fig. 2. During the initial 
part of this measurement the Al pressure was close to 
that calculated for neutral conditions. After some time 
and at higher temperatures, some reduction was evident 
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Fic. 1. Pressure data in the W—AI.O; system as a function of 
1/TX10°°K-. The data above and belowthe melting point of 
Al.O; are separated by the dotted line labeled M.P. Al.O;. 


% W. A. Chupka, J. Berkowitz, and C. S. Giese, J. Chem. Phys. 
30, 827 (1959). 
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Fic. 2. Pressure data in the Mo—AlI,O; system as a function of 
1/TX10°°K-. The data above and below the melting point of 
Al,O; are separated by the dotted line labeled M.P. Al,03. 


as is seen from a comparison of the Al and Al,O in- 
tensities. It was also observed that pressures over solid 
alumina taken before and after melting the sample did 
not agree. This was attributed to liquid Al,O; spreading 
over the internal surface. When solidified, the resulting 
Al,O; layer tended to reduce the activity of molybdenum 
and hence the degree of reduction. 

Since the experimental data show that the amount of 
reduction caused by tungsten is small for the vaporiza- 
tion reaction 


Al:03(s, 1) =2Al(g) +30(g), 


pressures of Al and O can be calculated from the 
available thermodynamic data. On combining the heat 
of formation of AlO;,% the heat of sublimation of 
Al," and the dissociation energy of O,", AHo°= 
734.15+4 kcal/mole is obtained for this reaction. The 
entropy data” for this reaction, measured for solid and 
estimated for liquid AlO;, are summarized in Table 
III, column 2. Since under strictly neutral conditions, 
no condensed phase other than AleO; is formed, the com- 
position of the constant boiling vapor will maintain the 
stoichiometric composition of the condensed phase 
Al,O3. Thus, in vaporization under Knudsen conditions, 


* J. P. Coughlin, Bur. of Mines Bull. 542 (1954). 





DROWART, DEMARIA, BURNS, 


AND INGHRAM 


TABLE II. Partial pressures in the system Mo+-Al,Os. 











T°K Po (atm) P,, (atm) 


Paio (atm) Pano (atm) Pawnoe (atm) 





2036 
2111 
2198 
2262 
2194 
2243 
2281 
2287 
2304 
2321 
2328 
2371 
2384 
2395 
2416 
2466 


2.0X10-* 
6.0X10* 
2.1107 
6.0X107 
7.0X10-* 
1.4X107 
2.3X107 
2.6X107 
3.2107 
3.9X107 
4.3X107 
1.0X10~7 
7.8X107 
9.0107 
1.2X10-* 
1.9X10-* 


1.910% 
6.010% 
1.5X1077 
3.51077 
1.0X10* 
1.5X10* 
3.5X10-* 
3.010 
5.7X10* 
6.0X10* 
5.510% 
1.2X10- 
1.6X10% 


2.4X10% 
6.0X10% 


1.35X10% 


1.210 
2.1X10° 
1.4X10-° 
5.310% 
2.1X10-% 
4.8X10°% 
1.1X107 
9.4X10-% 
1.1107 
2.11077 
2.4X1077 


3.5107 
4.3X107 
8.9X107 
2.2X10* 


1.4X10~° 
8.1X10° 


5.0X10-* 
1.6X107 
2.7X107 
2.8107 
6.6107 
4.7X107 
4.0X107 
8.4X107 
1.3X10* 


1.7X10-* 
1.4X10- 


1.1107 
2.6 10-% 


6.2X10-% 
8.0X10-% 


1.9X10° 
1.5X10° 
2.3X10° 
6.7X10° 








TABLE III. Calculations of Al and O pressures under neutral conditions. (Values in second column are from Brewer".) 








T°’K (F° — Hogs°) /T F°/T —log Ky 


—Slog Pai 


—log Pai —log Po Pai Po 





2000 
2300 
2500 


— 180.87 
— 180.4 
—179.1 


186.21 
138.8 
114.6 


40.695 
30.334 
25.045 


40.882 
30.521 
25.232 


8.176 
6.104 
5.046 


8.113 
6.041 
4.983 


6.7X10° 
7.86X107 
9.0X10* 


7.7X10° 
9.1107 
1.0X10-5 








the number of effusing oxygen atoms Zo and of effusing 
aluminum atoms Z,; must be in the ratio 3. With the 
number of effusing atoms given by Eq. (2), 


P4,=0.867 Po 
and 


K,= (Par) (Po*) =1.54Pat 


are obtained. The oxygen and aluminum pressures 
calculated in this way are summarized in Table III 
and included graphically in Fig. 2. The slopes shown 
in Figs. 1 and 2 for the AlO, Al,O, and Al,O. pressures 
(below the melting point of AlO;) were calculated 
from the dissociation energies of the molecules, the 
change in free energy function for the dissociation, and 
the measured pressures of Al and O. The slopes above 
the melting point of Al,O; are estimated from the change 
in the heat of vaporization at the melting point. It is 
apparent in Fig. 1 that, at the highest temperature, the 
data on the molecules are systematically low. The solid 
lines are those which we believe to be the best fit of all 
the experimental data. 


EVALUATION OF FREE ENERGY FUNCTIONS 


To calculate dissociation energies from the measured 
pressures, free energy functions were estimated for the 
different molecules encountered in this work.2-*” 

For AlO spectroscopic information is available. It 
was assumed that the X? 2+ state.’ is the ground state. 


% G. Herzberg, Diatomic Molecules (D. Van Nostrand Com- 
pany, Inc., Princeton, New Jersey, 1950). 

26K. K. Kelley, Bur. of Mines Bull. 477 (1950). 

27 G. Herzberg, Infrared and Raman Spectra (D. Van Nostrand 
Company, Inc., Princeton, New Jersey, 1945). 

28 A. Lagerqvist, N. E. L. Nilson, and R. F. Barrow, Arkiv. 
Fys. 12, 543 (1957). 


The vibration frequency w =979 cm™ and the distance 
r==1.6718 A**8 were used to evaluate the vibrational 
and rotational partition functions. These assumptions 
are identical to those previously made by Kelley.” 
The vibration frequencies of the molecule Al,O were 
estimated from valence force approximation formulas.” 
It was assumed that the bond-stretching force constant 
and the interatomic distance are the same as those for 
AlO. By analogy with H,O,” and possibly Li,O,” 
Al,O was assumed to be a bent symmetric molecule with 
an angle of 110°. This hypothesis can be justified for 
theoretical reasons.” The bond-bending force constant 
was estimated by analogy with other Czy molecules; 
the ratio K;/?Xk was taken as 0.0940, this value being 
the average for a number of such molecules.% The 
vibration frequencies obtained are w,=1079 cm", 
o2=351 cm™, and w;=921 cm™!. Similar hypotheses 
have been made by other authors®:*! who use, however, 
vibration frequencies which are different from those 
preferred here. « 
The more likely structures for Al,O. would seem to be 


O 


O=AI—AI=O or Al 
er 
O 


Al. 


The first of these is analogous to the structure O=B— 


29 P. A. Akishin and N. G. Rambidi, Doklady Akad Nauk SSSR 
118, 973 (1958). 
30 J. A. Pople, Quart Rev. 11, 273 (1957). 
31M. A. Cook, A. S. Filler, R. T. Keyes, W. S. Partridge, and 
W. O. Ursenbach, J. Phys. Chem. 61, 139. (1957). 
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TABLE IV. Free energy functions as a function of temperature. 
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— (F°—H 0°) /Tcal mole deg 


4 
5 


Al,O 


—A(F°—H,°)/T for atomization of the molecules 


AlO 
AlO—Al+-O 


AlO 
Al,O-—2Al1+0 


Al,O2 
Al,0.—2Al0 





S2SSSS 
RLRESS 


73.33 
73.94 
74.50 
75.06 
75.60 
76.12 





27.08 
27.18 
27.25 
27.31 
27.40 
27.47 


57.11 
57.26 
57.39 
57.50 
57.61 
57.71 


38.52 
38.50 
38.48 
38.46 
38.44 
38.42 








TABLE V. Pressures of the vapor species over Al,O; under various conditions. 








Pa 


Po 


Pawo 


Pao 


Pawoe 





2000 
2300 
2500 


7.110 
1.0X10* 
1.2X10% 


Under neutral conditions 


7.7X10° 
9.1107 
1.0X10°5 


2.5X10-” 
7.1X10-% 
1.1X10* 


In a W cell 


6.3X10~ 
7.8X107 
8.7X10* 


2.2xX10-" 
6.8X10-* 
1.4X10-* 


6.4X10- 
2.8X10°* 
5.0X107 


4 


9.4X10- 
5.4X10-* 
8.7X107 


1.3X10-" 
1.3X10-" 
3.1X10° 


1.0X10-% 
1.5X10-" 
4.1X10° 
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B=O, postulated*:* for the isoelectronic B2O2 molecule 
by analogy with C2Ne.* In the B20. molecule, the 
OB—BO bond® compares to the Be dissociation energy™ 
in the same way as the NC—CN bond compares to the 
C—C single bond.* In Al,O2 no such relation appears to 
hold between the Al; dissociation energy®.* and the 
OAI—AIO bond although electron promotion* could ex- 
plain the difference.” However, the closed ring, either 
plane or spatial, would seem somewhat more likely. 
Vibration frequencies of w,=1782, w2.=531, w;=979, 
o4 = 366, w3=151 and w,=200, w.=600, w3=w,=930, 
5 =, = 1000 cm were estimated for the linear and 
ring models, respectively. With a multiplicity of 2, these 
lead to values of 81.47 and 80.86, respectively, for the 
free energy function at 2000°K. Thus the estimation of 
the free energy function is rather insensitive to the 
actual structure of the molecule. The values of the free 
energy functions used here are summarized in Table IV. 


DISCUSSION 


The pressures measured in tungsten cells, and in 
molybdenum cells before reducing conditions become 
important, agree satisfactorily with the pressures of 
aluminum and atomic oxygen calculated from the ther- 


#2 M. G. Inghram, R. F. Porter, and W. A. Chupka, J. Chem. 
Phys. 25, 498 (1956). 

%D. T. White, P. N. Walsh, and D. E. Mann, J. Chem. Phys. 
28, 508 (1958). 

4 T. L. Cottrell, The Strength of Chemical Bonds (Butterworths 
Scientific Publications, London, 1958). 

% J. Drowart and R. E. Honig, J. Phys. Chem. 61, 890 (1957). 

36 W. A. Chupka, J. Berkowitz, C. S. Giese, and M. G. Inghram, 
J. Phys. Chem. 62, 611 (1958). 

87 R, S. Mulliken (private communication). 


modynamic data, assuming neutral conditions. These 
calculated pressures, given in Table III, are included 
in Table V together with the pressures of the AIO, 
Al,O, and Al,O, molecules derived from the dissociation 
energies obtained here. 

Sears and Navais® have studied the evaporation of 
alumina under Langmuir conditions and have reported 
on evaporation coefficient of about 1/200. Observations 
in the present work, showed that the relative intensities 
of the species vaporizing from a Knudsen cell and from 
a clogged effusion orifice are about the same. It is 
therefore concluded that liquid alumina has an accom- 
modation coefficient greater than 0.1. This conclusion 
is supported by the agreement between the pressures 
measured over large samples (Fig. 1) and over small 
samples in the quantitative evaporation (points 
numbered 3, Fig. 1). The quantitative evaporation also 
showed the pressure to be constant with time, thus 
yielding information indicating the absence of formation 
of Al-O phases different from Al,Os. 

There is a discrepancy between the amount of reduc- 
tion of alumina by tungsten as determined here, and the 
weight loss ratio of alumina and tungsten (about 1.1 
at 2600°K) as measured by Ackermann and Thorn.‘ ® 
Similarly there is a discrepancy between the amount of 
reduction in the alumina-molybdenum system and the 
pressure of the gaseous MoO, (m=1, 2, 3) oxides. This 
discrepancy cannot be attributed to the ionization 
cross section of the gaseous oxides since in order to 
explain the difference, these cross sections would have 


38 G. W. Sears and L. Navias, J. Chem. Phys. 30, 1111 (1959). 
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TABLE VI. Experimentally measured heats of reaction AH° (kcal/mole). 





Reaction 


Al,O;+Mo 


ALO;+U+MO AkLO:+W Average 





134.3 
131.0 
115.5 
245.3 


re Mey Ay g) 
Al,O( Pee Pt lead 
AlO(g)—Al(g) +O(g) 
AlO(g)—>2Al(g) +0(g) 





135.8 
131.7 
113.9 
243.4 


135.045 
131.0+5 
115.045 
244.847 


130.2 
115.7 
245.9 





to be about ten times less than the values used in this 
work. One possible explanation of these discrepancies 
might be the formation of condensed oxides, soluble in 
alumina and/or in the metals W or Mo. Another pos- 
sible explanation of the difference in weight losses in 
the W-Al,O; system as measured by Ackermann and 
Thorn and as calculated here is that a binary gaseous 
oxide of the type AlpWO, becomes important at temper- 
atures higher than those used in the present experi- 
ments. The isoelectronic molecule IngMoO, is observed 
in the system Mo—In,0;,% as are BaWO,* and 
BaMoO,* ® in the systems BaO-W and BaO-Mo. A 
final possible explanation of the discrepancy is that the 
residual pressure of O. in the Ackermann and Thorn 
experiments was sufficient to give appreciable tungsten 
oxide transport from the outer surface of the Knudsen 
cell. 

The values for the atomization energy of the mole- 
cules AlO, AlO and for the dimerization energy of 
Al,O. are summarized in Table VI. The dissociation 
energy of the molecule AlO, 115 kcal/mole or 4.95 ev, is 
substantially higher than the value 4.25 ev, obtained 
by a linear Birge-Sponer extrapolation of the vibration 
frequencies of the *+ state of this molecule, as already 
pointed out by Brewer. The dissociation energy found 
here confirms the lower limit derived from the earlier 
mass spectrometric measurements.® 

The atomization energy of AlO, Do°=245+7 or 
Degs° = 247+7 kcal/mole agrees within the experimental 


8° J. Drowart, G. DeMaria, and R. P. Burns (to be published). 
40L. T. Aldrich, J. Appl. Phys. 22, 1168 (1951). 


uncertainty with the values AHog°=247+7? obtained 
from thermochemical measurements and AHox.° 
256+7 kcal/mole based on second law measurements of 
the heat of formation of Al,O from Al-Al,0;.8 Compari- 
son of the AlO and Al,O dissociation energies indicates 
that a link between the two Al atoms might contribute 
to the enhanced stability of AlO. The dimerization 
energy of the molecule Al,O2, 135 kcal/mole, is higher 
than that of the isoelectronic molecule BeOs, 115 kcal/ 
mole, and may indicate a difference in structure. 

The heats of formation from the elements in their 
standard states at 298°K, derived from these meas- 
urements are AHog° (AlO)s;=+20.8 kcal/mole, 
AHoxg° (Al,O);=—33.0 kcal/mole, and AHog°- 
(AleO2) = —93.1 kcal/mole. 

The calculation of Medvedev’ that Al,O; is an im- 
portant vapor species over Al,O; under neutral condi- 
tions is not borne out by the present experiments. It is 
to be expected that the Al,O; molecule may be detected 
in the vapor under oxidizing conditions. 

Dissociation energies of the molecules MoO, MoOs, 
and MoO;, WO, WOe, and WO; which can also be 
derived from the present measurements are treated in 
the following paper. 
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Partial pressures of the gaseous oxides MoO, MoO, MoO;:, WO, WO:, WOs, UO, UO, and UO; in the 
systems Mo—AI,0; and U—AI,0; have been measured by mass spectrometric methods. The vapor pressure 
of uranium has also been determined. The reaction enthalpies derived from these measurements are: 


Reaction 


MoO(g)—>Mo(g) +O(g) 
Mo0;(g)—>Mo(g)+20(g) 
Mo03(g)—>Mo(g)+30(g) 
WO(g)—W(g)+0(g) 
WO,(g)—W(g)+20(g) 
WO;(g)—-W(g)+30(g) 
UO(g)—U(g)+0(g) 
UO2(g)—>U(g)+20(g) 
U0:(g)—U(g) +-30(g) 
U(s)-U(g) 


AH,’ kcal/mole 


116415 
262+10 
41147 
154+10 
296+7 
44347 
17947 
340+7 
49347 
126+5. 





INTRODUCTION 


N the preceeding paper! describing the evaporation 
of alumina from both molybdenum and tungsten 
Knudsen cells, partial pressures were obtained for the 
gaseous oxides MoO, MoO», MoO;, WO, WO:, and 
WOs. These pressures are here used to calculate thermo- 
dynamic quantities for these molecules. To make pos- 
sible similar calculations for the analogous gaseous 
oxides UO, UO, and UOs;, the measurements have been 
extended to include the system U—Al.O3. 

Published work in the Mo—O and W—O systems 
includes mass spectrometric studies of the sublimation 
of MoO;? and WO;', both of which vaporize predomi- 
nantly as polymers (XO3), (m=3, 4 and 5; X=Mo 
or W); the vaporization of the BeO—W system which 
includes the molecules WO, and WO; in the vapor 
phase‘; and pressure determinations in the systems 
MoO:, Mo—MoO:, Mou, WO; and W—WO..5 
Studies of the U—O system include the measurement 
of the vapor pressure of UO; from which the dissociation 
energy of UO, was deduced,* and a mass spectrometric 


* Supported in part by the Office of Ordnance Research, U.S. 
Army, and in part by the National Science Foundation. 
¢ On leave of absence from Istituto di Chimica Fisica, Uni- 
versit4 degli Studi, Rome, Italy. 
tOn leave of absence from Laboratoire de Chimie Physique 
Moleculaire, Université Libre de Bruxelles, Brussels, ga ve 
. Drowart, G. DeMaria, R. P. Burns and M. G. Inghram, 
J. Chem Phys. 32, (1960), this issue. 
2 J. Berkowitz, W. A. Chupka, and M. G. Inghram, J. Chem. 
Phys. 26, 842 (1957). 
3 J. Berkowitz, W. A. Chupka, and M. G. Inghram, J. Chem. 
Phys. 27, 85 (1957 ). 
‘W. A. Chupka, J. Berkowitz, and C. F. Giese, J. Chem. Phys. 
30, 827 (1959). 
‘Pp, E. Blackburn, M. Hoch, and H. L. Johnston, J. Phys. 
Chem. 62, 769 (1958). 
®R. J. Ackermann, P. W. Gilles, and R. J. Thorn, J. Chem. 
Phys. 25, 1089 (1956). 


study of the U—O system in which dissociation energies 
for UO and*UOs were derived.” 


EXPERIMENTAL TECHNIQUE AND RESULTS 


The essentials of the mass spectrometric procedure 
have been described in the preceding paper. That 
paper also gives vapor pressure data (Figs. 1 and 2) 
for the gaseous molybdenum and tungsten oxides. To 
obtain analogous data for uranium oxides, two types of 
experiments were performed in molybdenum crucibles. 
In one, excess metallic uranium was added to a small 
amount of Al,O3. In the other, metallic uranium was 
added to an excess of Al,Os. In the latter experiment the 
uranium reacted rapidly with alumina to form solutions 
of UO: in Al,O3.8 This method for studying the U—O 
system presents the advantage that the vaporization is 
congruent, and that the composition of the vapor is 
constant with time. 

The metal oxide ions observed in the three systems, 


together with the measured first appearance potentials 
in ev, are: 


MoO=8.0+0.6 WO=9.1+1 U0O=4.7+0.6 


MoO:=9.4+0.6 WO:=9.9+0.6 U0.=4.3+0.6 


MoO;=12.0+0.6 WO;=11.7+0.6 UO;=10.4+0.6. 
At low ionizing electron energies (E< 15 ev), the ioniza- 
tion efficiency curves showed all 9 ions to be produced 
predominantly by direct ionization of the corresponding 


7™W. A. Chupka, Argonne National japeratory Rept. 5753 
(1957), Lp fas 65; Bang a Reet, 5786 (1957), 


H. F. McMurdie, and . Hall, Phase Diagrams 
Pi coke oie eoal Ceramic Society, 1956), p. 64. 
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neutral molecule. In addition, the ion Mot, produced 
from atomic Mo, was observed in the system Mo— 
Al,O3. The Mo pressure (derived from the Mo? in- 
tensity) was, under most conditions, in agreement with 
the Mo pressure given by Stull and Sinke® indicating 
Mo to have unit activity within the cell. In a few 
measurements after the Al,O3; had melted and solidified, 
Mo was observed not to have unit activity within the 
Knudsen cell. This: was evidently because the Mo 
surface was covered with solid Al,O3. In these cases, as 
discussed in the preceeding paper, the pressures of the 
alumina species were also different. Such data have not 
been included in the calculations of dissociation energies 
of gaseous MoO, molecules. 

In the initial part of the experiment U(excess)+ 
Al,O3; the ions U+, UOt, and UO.* were observed. The 
appearance potential of U+(5.4+0.3 ev) identified 
this ion as resulting from the ionization of atomic 
uranium. Movement of uranium from the inside to 


TABLE I. Partial pressures in the system W+Al,03. 








Pwos 


‘0 Pwo Pwor 
T°K (atm) (atm) (atm) (atm) 





2188 
2191 
2213 
2226 
2233 
2240 
2264 
2325 
2335 
2390 
2462 
2475 


5X107 
6X107 
2X107 
7X107 
0107 
51077 
.7X107 
1X10 
2X10-* 
5X10-* 
5.710% 
6.6X10* 


8.4X10-" 5.310% 
1.110% 
1.010% 
1.5X10* 
3.610% 
1.910% 
6.310% 
6.010% 
8.310% 
1.2107 
3.3107 
4.0X107 


1.210 
2.4X10° 
2.4X10° 
2.7X10° 
7.7X10° 
4.3X10° 
1.5X10% 
1.110% 
1.1X10-* 
1.3X10% 
5.6X 10% 
7.5X10% 


1.2X107 
4.9X107 


7.1X10° 
8.6X1077 
1.5X10-% 
2.3Xi0% 
3.010% 
4.5X10% 


Wee POW 








®D. R. Stull and G. C. Sinke, Am. Chem. Soc. Rept. No. 18 
(1956). 


the outer surface of the cell necessitated special care in 
the determination of pressure ratios of uranium to UO 
and UO; within the cell. Use of the movable beam slit 
showed that, during the initial part of an experiment, 
uranium in the molecular beam came only from the in- 
side of the cell. (See Fig. 1). After 30 min of operation 
at 1900°K the molecular beam intensity distribution 
showed that uranium was beginning to come from the 
outer surface of the cell. After 50 min of operation the 
ratio of atomic uranium coming from the effusion hole 
to the total uranium beam visible through the movable 
beam defining slit was about 0.1. This ratio remained 
constant for long periods of time. 

The movement of metallic uranium to the outer sur- 
face of a Knudsen cell has been observed earlier by mass 


TABLE II. Partial pressures in the system Mo+-Al.Q3. 








Pyoo 


Po MoO? Pmoo: 
T°K (atm) (atm) (atm) (atm) 





2262 
2281 
2287 
2321 
2371 
2384 
2395 
2416 
2466 


1.4X107 
2.3107 
2.6X107 
3.9107 
7.0X107 
7.8X107 
9.0107 
1.210% 
1.9X10* 


3.5X10° 
9.510 
3.7X10~ 


7.2X10° 
1.3X10-% 
7.9X10° 
4.1X10-% 
2.2X10* 
1.4X107 
1.1107 
1.4X107 
2.5X107 


2.3X107 
2.4X107 
9.4X107 
1.4X10-8 


1.110% 
3.110% 


2.0X10~° 
6.2X10* 
5.4X10-% 
4.8X10-% 
1.2X107 








TaBLe III. Partial pressures in the system U (excess) +Al,03. 





P U0s 


Po Py Pvo Puoy 
Expt. TT (atm) (atm) (atm) (atm) (atm) 





la 1876 
1c 1902 
1b 1909 


5.2X10% 9.6X10° 1.410% 
1.4X10°° 2.0X107 2.4X10% 
1.5X10*% 2.0X107 2.6X10% 
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TABLE IV. Partial pressures in the system U-+-Al,O; (excess) UO2+Al,03. 





Po (atm) 


Py (atm) 


Puo (atm) Pvyo; (atm) Pyo: (atm) 





2.9X10-* 
3.2X10* 
9.1X10-* 
1.0107 
1.7107 
2.3X107 





1.5X10~° 
1.8X10° 
2.5X10° 
2.6X10~° 
3.9X10° 
4.0X10° 


5.6X107 
6.6X107 
1.310 
1.4X10* 
1.4X10* 
1.1X10* 


4.6X10* 
4.6X10* 
1.1107 
1.5X107 
1.1X107 
1.2X107 








TABLE V. Summary of hypotheses used for free energy functions. 











Vibration frequency (cm™) 


Interatomic Analogous electronic 
distance (A) 


Molecule 


Electronic partition function 


cal deg mole 


state 000°K. 2200°K 2500°K 





MoO 
wo 
UO 
MoO; 
WoO, 
UO, 
MoO; 
wo; 
UO; 


950 1 
1060 ate ae bate 1 
920° as ve is 1 
420 1 
470 1 
400 1 
390 
340 
320 


1040 
900 
800 
780 
750 


3404 
3204 
2804 





. 66° Zr 


Hf! 

Th! 

MoV 
La!!, Crv 
Thu 


lela siat et atate 
SRLS 





® T. M. Swaminathan and S. G. Krishnamurthy, Current Sci. 23, 258 (1954). 
b V. Vittalachar and S. G. Krishnamurthy, Current Sci. 23, 357 (1954). 


© From the force constant given by K. W. F. Kohlrausch, Ramanspektren (Becker and Erler, Leipzig, 1943). 


4 Doubly degenerate. 


© Guggenheimer relation, K. M. Guggenheimer, Proc. Phys. Soc. (London) 58, 456 (1946). 


spectrometric methods.’ In that case the amount of 
uranium inserted within the tantalum cell was large and, 
because the solubility of tantalum in liquid uranium is 
15% at 2000°K," a hole was formed throu gh the base of 
the cell. In the present experiment the base of the Mo 
cell employed was 1 cm thick, and only 0.6 g of metallic 
uranium was placed in the cell. Thus solution of Mo in 
liquid uranium (30% at 1900°K)" could not dissolve 
sufficient material to penetrate the wall. In addition, no 
visible evidence for liquid flow through the walls could 
be found. The probable explanations for the movement 
of uranium here observed are surface mobility and diffu- 
sion through the solid cell walls. It is interesting to note 
that even after a short experiment, although no evi- 
dence could be found for change in size of the effusion 
orifice or in the cell dimensions, the lid broke into pieces 
when force was applied to remove it. Thus considerable 
alloying was indicated. 

The pressure calibrations were explained in the 
previous paper for the molybdenum and tungsten 
oxides. During the uranium studies the sensitivity of 
the mass spectrometer was calibrated with silver before 
and after each uranium experiment. The equilibria 
among O, Al, AlO, and Al;O molecules were used as 
secondary standards. The relative ionization cross sec- 


10 C, H. Schramm, A. R. Gordon, and A. R. Kaufman (AECD- 
2686), J. Metals 2, (1949). 

1D, Ahmann, A. I. Snow, and A. S. Wilson, CT-2946 (July, 
1945), referred to in Phase Diagrams of the U System (Battelle 
Memorial Institute, Columbus, Ohio) (1955). 


tion of Mo (52.5) was taken from Otvos and Steven- 
son.” An experimental value for the ionization cross 
section of atomic uranium was obtained by vaporizing 
known weights of UF, and silver in one experiment. 
The gaseous UF, molecule, to which solid UF, vaporizes, 
ionizes predominantly to UF;* under electron impact. 
In this respect it is similar to many halides, particularly 
tetra and hexa halides. At 50 ev, the relative intensities 
of the ions UF,*, UF;*+, UF;*+, UF*, and Ut were 0.054; 
1.00; 0.157; 0.132, and 0.049, respectively. From this 
data’*-4 the total ionization cross section of U was cal- 


TABLE VI. Free energy functions —(F°—H,°)/T in cal deg 
mole for gaseous oxides. 








T°K 2000 2100 2200 2300 2400 2500 





MoO 
MoO; 
MoO; 


wo 
wo, 
WO; 


vO 
UO, 
UO; 


67.36 
78.80 
83.01 


67.54 
81.31 
84.99 


68.89 
84.26 
87.25 


67.84 
79.46 
83.87 


68.00 
81.78 
85.85 


69.31 
84.94 
88.12 


to 
oO 


69.73 
80.70 
85.50 


68.88 
83.25 
87.47 


70.11 
86.23 
89.75 


69.15 
81.29 
86.25 


69.29 
83.85 
88.22 


70.49 
86.84 
90.51 


69.56 
81.56 
86.98 


69.69 
84.44 
88.97 


70.86 
87.44 
91.25 


BRS BBB LSS 
esxu 2a 3s 





(1988) W. Otvos and D. P. Stevenson, J. Am. Chem. Soc. 73, 546 
13M. G. Inghram, R. J. Hayden, and D. C. Hess, Natl. Bur. 
Standards Circ. No. 522, 257 (1953). 
“4H. E. Stanton, W. K. Chupka, and M. G. Inghram, Rev. 
Sci. Instr. 27, 109 (1956). 
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TABLE VII. Summary of reaction enthalpy changes. 





atomization 
energy Do° 
(kcal mole) 


XO, (g) >X (g) 
a 


Ho° (measured) 
(kcal mole!) 


Pressure data 


Reaction from Table 


Deduced Atomization energy from literature 


héidlieiiosed’ 


Original value value 


nO(g) (kcal mole) Reference 





MoO (g)—Mo(s) +0(g) 
MoO:(g)—>Mo(s) +20(g) 
Mo0;(g)—>Mo(s) +30(g) 


WO(g)—W (s) +0(g) 
WO:(g)—>W (s) +20(g) 
WOs;(g)—W (s) +30(g) 


U(s)—-U(g) 


2U0(g)—-U02(g) +U (g) 
2U0;(g)>U0s(g) + U0 (g) 
er Con en ) 
U0O3(g) -U02(g) +0(g) 
UO(g)—U (g) +O(g) 
U02(g)--U (g) +20(g) 
UO;(g)-U (g) +30(g) 


—40.7+415 
104.4+10 
254.047 


—45.7+10 
96.0+7 
243.3247 


126.045 


16.6+5 
9.645 
161.945 
152.745 
178.547 
340.447 
493.147 


II 
II 
II 


I 
I 





116.4415 
261.510 
411.147 


154.0+10 
295.747 
443.027 


29542 
426-42 


28542 
410-42 
30110 
449410 


313-410 
444410 


116.6+0.1 
125* 


174 
34345 
483 





* Leo Brewer, National Nuclear Energy Series 1V-19B (McGraw-Hill Book Company, Inc., New York, 1950). 


culated to be cay=50-+5. By analogy with cy=50, 
so obtained, and oyo=52.5, the relative cross section of 
tungsten was taken to be cw=50. Pressures for the 
various oxides are summarized in Tables I through IV 
(for Mo and W oxides, see also Figs. 1 and 2, preceding 
paper'). The experiment numbers in column 1 of Tables 
I-IV refer to different Knudsen cell assemblies, while 
the lower case letters refer to the order in which the 
data were taken within a given experiment. 


EVALUATION OF THE FREE ENERGY FUNCTIONS 


The evaluation of the free energy functions of the 
XO, oxides was based on experimentally measured 
vibration frequencies and interatomic distances evalu- 
ated from the Guggenheimer relation.“ The electronic 
partition functions of the XO and XO; molecules were 
derived from the multiplicities and energy levels of 
isoelectronic atoms or ions.” 

All the XO, molecules were assumed to have C2 
symmetry by an extension of Walsh’s® conclusions 
concerning the relationship of shape to the number of 
valence electrons. The average angle of 107° for such 
molecules was used. Vibration frequencies were evalu- 
ated from the force constant of the corresponding XO 
molecule, assuming the ratio between bond bending and 
bond stretching constants k,//?k, to be 0.0940. The XO; 
molecules were assumed to be planar, with all O—X—O 
angles 120°. The free energy functions derived from 


these hypotheses, given in Table V, are summarized in 
Table VI. 


(igen M. Guggenheimer, Proc. Phys. Soc. (London) 58, 456 
16 L. Brewer (private communication). 
17C, E. Moore, Natl. Bur. Standards Circ. No. 467 (1949). 
18 A. D. Walsh, J. Chem. Soc. (1953), 2266. 


DISCUSSION 


Assuming the solubility of molybdenum in liquid 
uranium to be 30 atom %," i.e., that the activity of 
uranium is 0.7, the heat of sublimation of uranium 
derived from the pressures given in Table III is AHy°= 
126+5 kcal/mole. This is to be compared with AHy°= 
116.6+0.1 kcal/mole obtained by Rauh and Thorn.” 
In discussing their result Rauh and Thorn have sug- 
gested that uranium inside an effusion cell is coated by 
a containuous layer of oxide through which the passage 
of uranium is diffusion limited and that the thickness of 
the oxide layer depends on the oxygen pressure. In 
the experiments described here, the oxygen pressure 
inside the Knudsen cell was 10? times below that quoted 
by Rauh and Thorn as sufficient to effect the results. 
This pressure was calculated from a knowledge of the 
equilibrium constant under slightly oxidizing condi- 
tions and from the pressures of UO and UO, measured 
under reducing conditions. In addition, the ratio of 
effusing to geometric vaporizing area o was less than 
10-*. Hence the effect of the diffusion limited process 
in our experiments is reduced by more than a factor of 
10 below that in the Rauh and Thorn experiment. 
Therefore, under the conditions of our experiment the 
vaporization of uranium will not be diffusion limited 
but will be an equilibrium process. The discrepancy 
between the vapor pressure quoted by Rauh and Thorn 
and that observed in this experiment is reasonably ex- 
plained by vaporization of uranium from the surface 
of the crucible (which must have occurred in the Rauh 
and Thorn experiments”) and by the difference in ratio 
of effusion hole area to vaporizing area. It is of interest 


19 FE. G. Rauh and R. J. Thorn, J. Chem. Phys. 22, 1414 (1954). 
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to note that the value for the heat of vaporization of 
uranium of 125 kcal/mole given by Brewer” is in good 
agreement with the value determined here. 

Dissociation energies of the gaseous oxides XO, 
derived from the pressures given in Tables I through 
IV are summarized in Table VII. In addition to the 
reactions given in Table VII, all gas phase equilibria 
of the type UO.+Al—Al0+UO, etc., were measured 
for which the equilibrium constant is dimensionless and 
hence less sensitive to uncertainties in pressure calibra- 
tions. These reactions give dissociation energies in good 
agreement with the above calculations. Atomization 
energies given by other authors, column 5, Table VII, 
have been recalculated in column 6 using the free energy 
functions given here. 

The atomization energies of MoO, and MoO; cannot 
be compared directly to the values 285 and 410 kcal/ 
mole obtained by Blackburn, Hoch, and Johnston,5 
since the mass spectrometric analysis of the vapor in the 


2” R. P. Burns, G. DeMaria, J. Drowart, and R. T. Grimley, 
J. Chem. Phys. 32, 1363 (1960), this issue. 
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Mo—Mo(; system has shown” the vapor in this system 
to be more complex than assumed by the former 
authors. 

After taking into account a systematic difference 
(resulting from the use of different assumptions to 
estimate free energy functions) the atomization ener- 
gies of WO. and WO; obtained here are in good agree- 
ment with the values calculated from partial pressures 
in the BeO—W system.‘ 

The atomization energy of UO:, AHo°=340 kcal/ 
mole, is in good agreement with the atomization energy 
derived by Ackermann, Gilles, and Thorn® from the 
Clausius-Clapeyron relation applied to the vapor pres- 
sure of UO.. The value 343 kcal/mole obtained by the 
latter authors using AHo°(U) = 117 kcal/mole is reduced 
to 334+kcal/mole when using AH)°(U)=126+5 
kcal/mole. The dissociation energies of UO and UO; are 
in agreement with the values 174 kcal/mole obtained 
by Chupka® from second and third law measurements: 
There are no data available with which to compare the 
dissociation energies obtained for MoO and WO. 





THE JOURNAL OF CHEMICAL PHYSICS VOLUME 32, NUMBER 5 MAY, 1960 


Nuclear Magnetic Resonance Spectra of Some Simple Epoxides 


C. A. REILLY AND J. D. SWALEN 
Shell Development Company, Emeryville, California 
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High resolution NMRfspectra of four epoxides have been observed at 40 Mcps and analyzed. These 
epoxides are of the type 


[A] H 


Tees, 
cB]H’ Yo” HEC] 


where R is a phenyl group (styrene*oxide), a cyanide group (glycidonitrile), an acetyl group (1,2-epoxy-3- 
butanone), and a carboxyl group (glycidic acid), For each molecule the spin-spin coupling constants and 
nuclear magnetic screening parameters for the A, B, and C protons were derived from the experimentally 
determined energy levels. The method for obtaining numerical values for the energy levels from the spectra 
is described fully. ABK and AA’K approximations as well as an iterative ABC method of solution are de- 
scribed and illustrated. 

Corresponding coupling constants are found to be about the same in all four molecules with J 4g=5.8+ 
0.5 cps, Jac=2.2+0.5 cps and Jgc=4.6+0.5 cps. However, the variations from molecule to molecule are 
considerably greater than the estimated precision of +0.05 cps. The ABX approximation is shown to be 
inadequate either for the precise determination of the constants or for the calculation of relative intensities. 
As compared with the iterated ABC solution, the ABK or AA’K approximation leads to good values for 


the constants and adequately describes the relative intensities. 





INTRODUCTION 


HE analysis of nuclear magnetic resonance spectra 

leads to a determination of the nuclear screening 
parameters and the indirect spin-spin coupling con- 
stants. These are presumably related to the molecular 
structures and to the electronic and magnetic proper- 
ties of the molecules. Although most of the results to 
date have been analyzed in terms of a phenomenological 
theory, the true relationships between the spin-spin 
coupling constants and the molecular structures and 
also between the screening parameters and the mo- 
lecular structures are still rather obscure. In order to 
aid in the development of an understanding of these 
magnetic properties we have studied the NMR spectra 
of four structurally related epoxides of the type 


[A] H 


J 
cC——C 


. 
aie 


where R is a phenyl group (styrene oxide), a cyanide 
group (glycidonitrile), an acetyl group (1,2-epoxy-3- 
butanone), and a carboxyl group (glycidic acid). 

The resonance from the R group, except in the case 
of the cyanide where there are no protons, is well 
removed and the protons in this group were not meas- 
urably spin-spin coupled to any of the other protons 
(a slight broadening was noticed in the C lines of 
styrene oxide due to the phenyl protons). Therefore, 
resonances from the three ring protons in each of these 
compounds were treated as an ABX system, as an 
ABK (perturbed ABX) system, and as an ABC 


system of three spins. Although the line positions 
and spin energy levels could be calculated satisfactorily 
by an ABX approximation! the intensities could be 
accounted for only by including perturbation or by a 
complete solution. In addition it was found that a 
substantial error can result in some of the spin-spin 
coupling constants as an ABX system approaches an 
ABC system, i.e., as it becomes an ABK system. As 
will be seen later this error can be much larger than one 
might expect by comparing observed and calculated 
line positions only. 
According to Bernstein, Pople, and Schneider,’ the 
ABX approximation utilizes two 2X2 rotations. One 
such rotation is applied to the ABC submatrix for the 
F,=% energy levels and the other to the submatrix 
for the F,= —3 energy levels, the off-diagonal elements 
4J4c and 4Jgc being neglected in each case. In the 
ABK approximation the same rotations are applied 
but all the off-diagonal elements are included. For ex- 
ample, for the F,=-+43 matrix the transformation is 


cosd,. 3Jazn 4Jax 
Hx 4J ex 


Hu } 
cospy 


sind, 0] | Hx» 
—singd, cosd, 0} |3Jap 
0 0 1) |4Jax 3S eK 
—sing, 0 


-|singd,  cosd, OI, 


0 0 1 


1H. J. Bernstein, J. A. Pople, and W. G. Schneider, Can. J. 


Chem. 35, 65 (1957). 
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TaBLE I. Energy levels and wave functions in the ABK and AA’K approximations. 








Energy 


Wave function 





ont aun fF WO NK 


Au 
‘tbe Ae! 
"ss t+5s2 Aa! 


Hu—b2?Ay! — 537A 
H55+-5s6*Ase+-5577As7 


H'e—Sse7 Ase 
H' 377-8577 As7 
Hess 


"1 


¥2 COSpy +s Sind, +5yAn Ys 
—y2 sing, +s cosh, +buAa Ys 


YL dda? sing, —daxAe-! cosp, ]—Ys Sada! cosh, +daAe sing, + 
Vs—WeldsrAs7— Sing_ —dseAse! cosp_]+-¥2[5s7As77? cosp_+-dseAse sing] 


—dAse Ws-+We coso_+y7 sing 
—557A577Ws— Ye Sind_+y7 Cosd_ 


Ws 





ABK 


AA'K 


ABK AA'K 





D,, cos2o, 
D_ cos2¢_ 
D, sin2$, 
D_sin2¢_ 


hathathet+Jt+j 
he—J+D, 
he—J—D, 
hathg—hgt+J—j 
—ha—hpthet+J—j 
—hg—-J+D- 
' —hg-J—D- 
—ha—hp—hgt+JI+j 
4niHo (1—o:) 
tJ aB 
i(Jaxt+Jex) 
i(Jax—Jex) 
(hp—ha)—j’ 
(hp—ha) +’ 
2J 
2J 


hatha thetJItj 
he—-J+D, 
her—-J—D, 
hatha —hgt+J—j 
—ha-hathget+J—j 
—hxk-J+D- 
—hr-—J—D_ 
—ha—hy—het+JI4+j 
iniHo (1—0:) 

* tJaa’ 
i(JaxtJ ax) 
(Jax—J a'r) 

2J 

2J 
(har—ha)—j’ 
— (ha'—ha)—j’ 





v2j cosp,+Vv2j’ sing, 
—v2j sing, +v2j’ cosd, 
v3j’ sing_+v2j cosd- 
V2j’ cos¢_—V2j sing- 
H'»—Hu 
H's3—Hu 
Hss— Hse 
Hs—H'n 


4J ax cosp,+43J Bx sing, 
—4$J ax sing,+4J ax cospy, 
4J ax sing_+4J px cos¢_ 
4J ax coso_—4J px sing_ 
H'n—Hu 
H'a—Hu 
Hss— Hes 
As7 Hs—H'n 
vi aaa 
¥2 1/v2 (Ba+aB)a 
vs 1/v2 (Ba—aB)a 
7 aap 
vs BBa BBa 
ve BaB 1/V2 (Ba+a8)B 
v7 app 1/v2(—Ba+aB)p 





Vs BBB BBB 








and the transformed matrix becomes 


H'» 0 


0 F's 


ba] , 


bu O34 


where the elements are defined in Table I. The corre- 
sponding matrix for F,= —} is 


Ay 


Hss 5s S57 
bss H's 0 


bs; O F'n 


Second-order perturbation is now applied in order to 
obtain ABK energy levels and wave functions given 
in Table I. Another approximation that may be useful 


is the A A’K. In this approximation symmetric and anti- 
symmetric combinations of spin functions are used for 
some of the basis functions. The AA’C matrices can 
either be derived directly from the spin angular mo- 
mentum properties or they can be obtained from the 
ABC matrices by the transformation SHS, where 


S=(1/v2) for F,=+4 
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TABLE ITI. Labeling scheme for transitions. 





Transition No. Origin Type 





7-8 
35 
46 
1<—2 


68 
25 
47 
1-3 


58 
26 
3-7 


14 


CnNnAuW FPwWNhNre 


KK 


. 


QANNN aamm RRRm 
by by by by 


- 


AAA 


45 
3-6 
2<—7 


Q 
° 
3. 


Comb. 
Comb. 








The resulting matrices have the same form as the ABK 
ones but the definitions of the elements are different 
(see Table I). The AA’K energy levels and wave 
functions are also given in Table I. It is evident that 
one of the foregoing procedures should yield more 
accurate results than when second order perturbation is 
applied directly to the original ABC or A A’C matrices. 

In the ABC iterative method as in the ABK (or 
AA'K) method the derived energy levels themselves, 
instead of the transitions, are used in order to solve 
for the coupling and shielding constants. Not only are 
the energy levels more accurately determined by the 
sum rule—viz., the sums of the various transitions 
connecting two energy levels (AF,>2) by all possible 
paths must be equal—but also the iterative procedure 
is easier to apply. When the trial spin Hamiltonian is 
diagonalized by a transformation, U, 


U“HU=A, 


the eigenvectors (the columns of U) can be reapplied 
to the energy levels, Agxp derived from the spectrum. 
Schematically our procedure is as follows: 


his,J 7s > HA, U 
UAgpU'=Haxy. 


Now H.xp is a set of linear equations relating the 
various constants. These can be solved to determine new 
values for the constants. In the present study only the 
diagonal values (Hexp) nn have been used, but in prin- 
ciple all the elements could be used. Since the eigen- 
vectors vary in a higher order than the eigenvalues, 
these new constants should converge to a consistent 
solution after several iterations. The iterative ABC 
method is easy to apply if an electronic computer is 
available. Otherwise the ABK (or AA’K) method 
may be the more convenient, but it may not always 
converge. 

Finally it should be noted that the labeling of the 
energy levels and transitions (Tables I and IT) differs 
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slightly from that of reference 1. This was done in 
order to have the lines from an ABC system of nuclei 
increase in energy in both alphabetical and numerical 
order when o4>>eg>>0c and Jac>Jac>0, Jaz>O. 
We have found such a scheme to be especially useful in 
computer programming for the analysis of spectra. 


METHODS OF ANALYSIS 


After an assignment has been made (even a partial ' 
assignment may be adequate) the energy levels can be 
derived by the sum rule and the fact that the sum of 
all the energy levels must vanish (trace H=0). In a 
complicated spin system when all the transitions can 
not initially be assigned, the energy level diagram [see, 
for example, Fig. 1(b)] can often be used to assign 
other transitions. Either an average solution or a least- 
squares solution can be used to derive the best values 
for these energy levels. The effect of an error in a given 
transition on the derived constants is minimized by this 
procedure. If the transitions themselves are used, small 
errors are more likely to be reflected in the derived 
constants. Also, the sum rule can be applied inde- 
pendently of the degree of perturbation, whereas the 
line separations can be influenced considerably by large 
perturbations. Finally, by the deviations of the spec- 
trum calculated from these derived energy levels, a 
separation can be effected between the experimental 
errors and the mathematical errors in the approxima- 
tion used. 

In the ABK (AA’K) approximation the energy 
levels are first analyzed by the ABX (A A’X) approxi- 
mation (see Tables I and II) from which initial values 
of the coupling and screening constants are obtained. 
These are then used to calculate the 4’s and A’s. The 
correction terms are applied to the derived experi- 
mental energy levels as necessary according to Table I. 
An ABX analysis is then repeated. This procedure can 
be iterated several times until a convergent solution is 
obtained. Finally, the corrected wave functions given in 
Table I and the relative intensities can be calculated. 

In the ABC solution the ABK parameters (without 
iteration) can be used as initial values and the matrices 
can then be easily iterated to a consistent solution 
with the aid of an electronic computer. The relative 
intensities follow as before from the eigenvectors. 

For the particular compounds studied here empirical 
data on screening constants suggest that the C proton 
in styrene oxide should have the smallest screening 
parameter, i.e., it should occur at a higher frequency 
(lower magnetic field) than either the A or B proton. 
Further, it has been observed? that in epoxides of the 
structure 

H R’ 
\ pas 


c——C 
Forni Ri 
RO H 


2C. A. Reilly and J. D. Swalen (to be published). 
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Fic. 1. (a) NMR spectrum of 
the ABK protons in styrene 
oxide. 

















i 





the spin-spin coupling constant between the two pro- 
tons trans to one another is about 2 cps. These two 
observations formed the bases for our analysis of the 
various spectra. Resonances from the C proton were 
readily located by the first criterion and resonances 
from the A proton (trans to C) were readily deter- 
mined by the size of the two spin-spin coupling con- 
stants, Jac and Jgc such that Jac™2 cps. 


EXPERIMENTAL 


A sample of each of the compounds: styrene oxide,* 
glycidonitrile, 1,2-epoxy-3-butanone, and glycidic acid, 
containing a few percent of tetramethylsilane (TMS) 
as an internal reference was degassed and sealed under 
vacuum in a precision bore pyrex tube (i.d. 0.1130 in, 
o.d. 0.1524 in.). Since glycidic acid is a solid at room 
temperature a saturated acetone solution containing 
TMS was used. 

The high resolution NMR spectra were observed at 
about 25°C on a modified Varian Model V-4300 
spectrometer equipped with a Field stabilizer and 
operated at 39.996 Mcps. The position of any resonance 
line in the spectra with respect to either the internal 
(TMS) or external (benzene) reference was obtained 
to approximately +0.2 cps using a standard side band 
technique.‘ The separations between the individual 
lines in a spectrum were obtained from the separation 
between two side bands of known frequency recorded 
simultaneously. Such separations reported are average 
values of several recordings and are estimated to be 
accurate to +0.05 cps. 

In all the spectra, the ABC lines fell within the range 
120 to 180 cps from the external reference, benzene. 
In styrene oxide, a resonance observed at —12.3 cps 
from benzene arises from the protons in the phenyl 


3 Eastman Kodak Catalog No. 4789. 
sat. Arnold and M. E. Packard, J. Chem. Phys. 19, 1608 


8 
Transition Number 


group. In glycidic acid a resonance observed at — 146.0 
cps from benzene is due to the proton in the carboxyl 
group and that observed at 187.7 cps is due to the 
solvent, acetone. In 1,2-epoxy-3-butanone a resonance 
observed at 191.9 cps from benzene is from the protons 
in the methyl group. 


RESULTS 
Styrene Oxide 


The spectrum of the ABC protons of styrene oxide is 
shown in Fig. 1(a) and the energy levels are shown in 
Fig. 1(b). The spectrum is presented with increasing 
frequency (decreasing field) to the right. The position 
of each line in cps from the internal reference (TMS) 
was determined by averaging 12 separate recordings. 
The assignment corresponds to an ABC spectrum. 

The peak height of each of the lines was measured. 
The set of lines, 1 to 8 (A and B resonances) was 


Fic. 1. (b) NMR energy level diagram (schematic) for styrene 
ee — lines represent combination transitions (not ob- 
served). 
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TABLE III. Observed and calculated spectra of styrene oxide. 








Position (cps) Relative intensity 


Transition Calc Calc Calc Calc 
No. ABX ABK ABX ABK 





95.66 95.66 0.136 0.130 
98.16 98.16 : 0.148 0.157 


101.32 101.31 3 0.364 0.341 
103.82 103.82 ‘ 0.352 0.372 


108 .06 108 .06 , 0.364 0.321 
112.07 112.08 ; 0.352 0.393 
113.72 113.72 , 0.136 0.117 
117.73 117.73 4 0.148 0.171 
141.21 141.21 : 0.250 0.298 


143.71 143.71 272 0.250 0.264 
145.22 145.22 3 0.250 0.231 


147.73 147.73 : 0.250 0.206 
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Fic. 2. NMR spectrum of the ABK 
protons in glycidonitrile. 


























l 1 i 
3 4 15 
Transition Number 





TABLE IV. Observed and calculated spectra of glycidonitrile. 








Position (cps) Relative intensity 
Transiton Calc - Calc Calc Calc 


Se 
Qo 


No. ABX ABK 


fe) 
eg 


ABX ABK 





113.89 113.89 
117.55 117.55 
119.48 119.48 
121.29 121.29 
1235.14 123.14 
124.33 124.33 
126.87 126.87 
129.91 129.91 
133.34 133.34 
137.08 137.08 
140.11 140.11 
140.74 140.74 
143.77 143.77 


0.050 
0.045 
0.361 
0.343 
0.539 
0.567 
0.065 
0.036 
0.005 
0.355 
0.234 
0.230 
0.169 
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TABLE V. Observed and calculated spectra of 1,2-epoxy-3-butanone. 





Position (cps) 


Transition Calc Calc 
No. AA'X AA'K 


Relative intensity 


Calc Calc 
AA'X AA'K 





111.03 
114.02 
116.80 
116.80 
119.79 
120.99 
122.57 
126.75 
128.79 
131.57 
134.56 
135.75 
138.74 


111.16 
114.03 
116.68 
116.92 
119.79 
120.99 
122.44 
126.75 
128.92 
131.57 
134.44 
135.88 
138.75 


OP ONIAR WUD 


—_ 
nor 


0.001 
0.047 


0.774 


0.510 
0.585 
0.005 
0.082 
0.052 
0.370 
0.232 
0.184 
0.148 
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normalized to 2.00 and the set of lines 9 to 12 (C 
resonances) was normalized separately to 1.00. The 
C resonances were normalized separately because the 
broadening due to spin-spin coupling to the protons in 
the phenyl group would make peak height comparisons 
to the A and B resonances incorrect. The observed 
relative intensities were found by averaging a number 
of recordings and the estimated error is somewhat less 
than 0.02. In Table III the observed and calculated 
spectra are given. Although the positions of the lines 
could be accounted for by two different nonequivalent 
assignments, Jac and Jgc, with the same signs or 
different signs, the intensities are much more in agree- 
ment when Jac and Jzgc have the same sign. Equiva- 
lent assignments could be obtained by positive or 
negative Jag with positive or negative Jac, respec- 
tively, so we have chosen both to be positive. Therefore 
all the spin-spin coupling terms are taken to be positive. 
These are given in Table VII along with the various 
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Fic. 3. NMR spectrum of the ABK protons in 1,2-epoxy-3- 
butanone. 


screening parameters, by the ABX approximation, 


the ABK approximation (2 iterations) and the iterated 
ABC solution. 


Glycidonitrile 

In Fig. 2 the spectrum of glycidonitrile is shown. 
Whereas the NMR spectrum of styrene oxide was 
analyzed as an ABC one, the spectrum of glycido- 
nitrile must be analyzed as a BAC one in order to have 
Jac™2 cps. It should also be noticed that there is an 
overlapping of the A and B patterns and that a com- 
bination line (15) is observable. 

In Table IV the observed and calculated spectra are 
given. Here, as in the styrene oxide, the energy levels 
and line positions can be treated adequately by the 
ABX approximation, by the ABK approximation, or 
by the ABC solution; but notice the variation in Jac 
and Jzc given in Table VII. These differences for the 
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Fic. 4. NMR spectrum of the ABK protons in glycidic acid 


(dissolved in acetone). 
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Observed and calculated spectra of glycidic acid. 








Position (cps) 


Calc 
AA'X 


Calc 
AA'K 


Calc 
ABC 


Transition 
No. Obs 





110.28 
113.19 
116.55 
116.55 
119,46 
120.51 
122.82 
126.78 
132.66 
136.02 
138.93 
139.98 
142.89 


110.38 
113.19 
116.46 
116.64 
119.45 
120.52 
122.72 
126.78 
132.75 
136.02 
138.83 
140.08 
142.89 


110.40 
113.20 
116.43 
116.67 
119.47 
120.50 
122.70 
126.77 
132.79 
136.02 
138.82 
140.09 
142.89 


113.06 
116.50 
116.50 
119.54 
120.51 


126.90 
132.80 
136.10 
11 138.76 
10 139.96 
12 142.87 





ABX approximation are about six times the experi- 
mental uncertainty. Furthermore, it is evident from 
the intensities that the ABK approximation is a sub- 
stantial improvement over the ABX approximation. 
A second assignment, similar to that in styrene oxide, 
was made, but it did not agree with the observed in- 
tensities satisfactorily and is not included in the table. 


1,2-Epoxy-3-butanone 


The spectrum of 1,2-epoxy-3-butanone is shown in 
Fig. 3. At first glance the pattern in Fig. 3 bears little 
resemblance to the ABC (Fig. 1) pattern or the BAC 
(Fig. 2) pattern. Evidently there is more overlapping 
in the A and B portions of the spectrum. A successful 
analysis of this spectrum, given in Table V, was finally 
made by assuming that transitions 1 and 7 were too 
weak to be observed and also that transitions 3 and 5 
overlapped and were not resolved. The derived con- 
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stants are given in Table VII. Notice also the combina- 
tion line (14) observed in this spectrum. 
Glycidic Acid 

The spectrum of glycidic acid is shown in Fig. 4. The 
portion shown in this figure resembles that of 1,2- 
epoxy-3-butanone and the analysis followed in a 
similar manner. 

The results are given in Tables VI and VII. An 
impurity line in this spectrum added to the complexity 
of analysis at first but clearly did not belong to the 
glycidic acid spectrum. Its origin is unknown. The 
intensities were calculated for this spectrum but since 
they give no additional information they are not in- 
cluded. 

DISCUSSION 


In Table VII are given the best values for the NVR 
molecular parameters derived from the energy levels 
by the ABX approximation, by the ABK (or AA’K) 
approximation, and by the iterated ABC solution. The 
ABC values for the indirect spin-spin coupling con- 
stants, J,;, are probably accurate to +0.05 cps and the 
screening constant parameters to +0.2 cps. It is evi- 
dent that coupling constants derived from a spectrum 
may be in error by a substantial amount unless great 
care is taken to use an adequate approximation in the 
analysis. 

Corresponding coupling constants are approximately 
the same from molecule to molecule but the sum 
(JactJec) shows less variation than either Jac or 
J xc. 

It is of considerable interest that the cis coupling 
constant in epoxides is greater than the trans one. This 
is opposite to the results found experimentally®* and 
estimated theoretically’ for olefins. The present results 
are undoubtedly a reflection of the different type of 
bonding in the epoxides and appear to be consistent 


TABLE VII. Spin-spin coupling constants and nuclear magnetic screening parameters for the epoxides. 








Approx Jap Jac Jc 


JactJsc 2ha 2hp 2he 2(hpt+he) 
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100.39 
100.41 
100.41 


124.23 
124.35 
124.36 


117.62; 
117.66 
117.68 


117.32 
117.37 
117.36 


115.0 


112.25 
112.38 
112.38 


119.89 
120.10 
120.08 


119.57 
120.08 
120.03 


119.21 
119.55 
119.53 


118.0 


144.46 
144.30 
144.30 


140.43 
140.10 
140.10 


135.16 
134.61 
134.64 


139.46 
139.07 
139.09 


139.5 








® Number of iterations used. 


5H. M. McConnell, C. A. Reilly, and A. D. McLean, J. Chem. Phys. 24, 479 (1956). 


6S. Alexander, J. Chem. Phys. 28, 358 (1958). 
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with theoretical estimates’ on the basis of an eclipsed 
“ethane-like” model. 

It was anticipated that the screening constant param- 
eter for nucleus C would be most affected by changing 
the R group. However, the parameter for nucleus A 
is most affected. Furthermore, it appears that the R 
group has the opposite effect on the screening param- 


™M. Karplus, J. Chem. Phys. 30, 6, 11 (1959). 
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eters for nuclei B and C in that the sum of these two 
parameters, 2(4g+4c) is somewhat more constant than 
the individual ones. 
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The refractive indices of the benzene-carbon tetrachloride system have been measured at seven different 
wavelengths in the visible region. These indices show only slight departure from linearity in the mole frac- 
tion. The molar refractions, calculated according to the Lorentz-Lorenz equation, are not additive in the 
mole fraction. Moreover, no simple relation between the molar refractions and the frequency of the light 


source is obtained. 





E properties of liquid nonpolar solutions are 
determined in a large measure by the London 
dispersion forces operating between the molecules in 
the solution. These forces in turn are dependent upon 
the electronic polarizability of the molecules. In solu- 
tions containing polar as well as nonpolar molecules, 
the attractive forces would be mainly the London dis- 
persion forces and the dipole-dipole forces. From our 
present knowledge the forces between the induced dipole 
in a molecule and the dipole in another molecule would 
be of much less consequence unless specific interactions 
occurred. The thermodynamic properties of the binary 
systems composed of benzene, carbon tetrachloride, 
cyclohexane, and methanol (except the cyclohexane- 
methanol system which forms two liquid phases) have 
been measured by Scatchard, Wood, and Mochel.! 
It therefore seemed of interest to measure the electronic 
polarizability, expressed as the molar refraction, of 
some of these systems in order to study the additivity 
or nonadditivity of these refractions. In the event of 
nonadditivity of the molar refractions, it also would be 
of interest to determine the possible change of the fre- 
* This is taken from a thesis by C. H. Masland, 3rd, sub- 
mitted to the Graduate School of the Yale University in partial 
fulfillment of the requirements for the Ph.D. d 4 

{ Presented in part before the Division of Physical and In- 
organic Chemistry of the American Chemical 

meeting at Kansas City, Missouri, April, 1954. 
t Present address: C. H. Masland & Sons, Carlisle, Pennsyl- 


vania. 

1G. Scatchard, S. E. Wood, and J. M. Mochel, J. Phys. Chem. 
43, 119 (1939); J. Am. Chem. Soc. 61, 3206 (1939); 62, 712 
(1940); 68, 1957, 1961 (1946). 


iety at its 


quency of the dispersion electrons and of the number of 
dispersion electrons with composition. Therefore, the 
refractive indices of the benzene-carbon tetrachloride 
system and of the benzene-methanol system have been 
measured at seven wavelengths in the visible range at 
25°. 

This paper reports the refractive indices of the ben- 
zene-carbon tetrachloride system at approximately 
each eighth mole fraction. The molar refractions have 
been calculated according to the Lorentz-Lorenz 
equation. It is found that the molar refractions are not 
additive in the mole fraction and further, no simple 
relation between the refractions and the frequency of 
the light source is obtained. A more extensive discussion 
of the results is given in the following paper.” 


EXPERIMENTAL?* 
Purification of Materials 


Both the benzene and carbon tetrachloride were 
purified by methods previously described.* The density 
of the purified benzene was 0.87366 g/cc at 25° in com- 
parison to the same value given in Selected Values of 
Properties of Hydrocarbons’ and a range of values of 
0.87360 to 0.87376 reported in the literature. Its 


2S. E. Wood, S. Langer, and R. Battino, J. Chem. Phys. 32, 
1389 (1960), this issue. 

3 Extensive ——_ details are given in C. H. Masland, 
3rd, thesis, on file in the library of Yale University (1950). 
sash Wood and J. P. Brusie, J. Am. Chem. Soc. 65, 1891 

5 Natl. Bur. Standards Circ. No. C461, (1947). 
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TABLE I. 








Wavelength Frequency 
mu (X10™ sec) 





Ha 
Na D’ 
Hg a’ 
Hg 8 
Hs 
Hg v 
Hg 6 


656.28 
589.59 
579.07 
546.07 
486.13 
435.83 
404.67 


4.5678 
5.0845 
5.1769 
5.4897 
6. 1666 
6.8783 
7.4079 








refractive index for the Na D line at 25° was 1.49792 
in comparison to 1.49790 reported in footnote 5 and 
1.49794 given by Hubbard.® The density of the purified 
carbon tetrachloride was 1.58427 g/cc at 25° in compari- 
son to a range of values of 1.5841 to 1.5848 reported in 
the literature. Its refractive index at 25° for the Na D 
line was 1.45729 in comparison to 1.45732 reported by 
Hubbard.® 


Preparation of Solutions 


Solutions were prepared by weight at approximately 
each eighth mole fraction in special bottles described by 
Wood and Brusie.‘ All buoyancy corrections were made 
for each weighing, and corrections also were made for 
the weight of each component in the vapor phase after 
the two liquids were mixed. Two series of determina- 
tions were made, one in which benzene was always 
weighed first, and the other in which carbon tetra- 
chloride was weighed first. In this manner a check was 
made on the accuracy of the corrections. Satisfactory 
duplication of the results were obtained. 


Apparatus 

A Pulfrich refractometer (Cari Zeiss, Model No. 
299669) was used to measure the refractive indices. 
In order to obtain the highest precision extreme care 
had to be taken in adjusting the optical system and in 
illuminating the scales. This included careful placing 
of the light sources and focusing of the light onto the 
prism, adjustment of the aperture of the telescope to 
reduce the amount of light scattered from the mat sur- 
face of the prism to a minimum, and the construction 
of a device which would necessitate the placing of the 
eye always in the same position relative to the eyepiece 
of the telescope in order to reduce the effect of chromatic 
parallax.’ In addition, a special device was constructed 
which allowed careful adjustment of the slit width of 
the light prior to entering the cell and which could be 
rapidly opened to obtain full illumination of the cross 
hairs when necessary. The illumination of the room was 
always maintained at the same level for all measure- 
ments. The graduations on the circle and the reference 
mark adjacent to the circle and the scale of the micro- 
meter screw were illuminated by small 6-v bulbs. The 


6 J. C. Hubbard, Phys. Rev. I, 30, 761 (1910). 
7 J. Guild, Proc. Phys. Soc. (London) 29, 311 (1917). 


setting of the circle graduations to the reference mark 
was also aided by a three power lens. 

The refractometer was calibrated in two steps. First, 
each half degree interval from 30 to 68°, the range used 
in the measurements, was compared with the same 
interval of the micrometer screw. The values scattered 
about the mean and showed no trend. The value of each 
half-degree interval was then adjusted so that the mean 
of all the values was 30 min. The units at this point 
are arbitrary. The zero reading of the normal to the 
prism, the deviations of the graduations from 0° to 
30°, and the factor for conversion from the arbitrary 
units to true degrees or radians were determined collec- 
tively by measuring the refractive index of samples of 
toluene, methylcyclohexane, and 2,2,4-trimethylpen- 
tane. These substances were obtained from the National 
Bureau of Standards and their refractive indices were 
certified by the Bureau. Four different wavelengths 
were used in this calibration. The certified values were 
relative to air and as a consequence the refractive in- 
dices reported in this paper are also relative to air. 

The index of the prism at 25° and the seven wave- 
lengths used in the experiment were determined from 
the indices at 20° furnished with the instrument. The 
temperature dependence of the refractive indices for a 
medium flint glass* were used to change the indices of 
the prism from 20° to 25°. 

A sodium arc and a mercury arc, both obtained from 
George W. Gates & Company, and a hydrogen dis- 
charge tube were used to obtain the seven different 
lines used in the experiments. The hydrogen arc was 
constructed of Pyrex glass No. 7740 and consisted 
essentially of a 2-liter flask and a side arm in which the 
discharge was formed. The 2-liter flask was used to 
furnish a ballast and help maintain the pressure of 
hydrogen in the flask constant during the discharge.® 
Two aluminum electrodes were sealed to the side arm 
and perpendicular to its axis. The discharge in the 
side arm between the two electrodes was confined to 
a 3-mm tube about 3 cm long. A relatively intense 
source of light was thus formed in the small tube. This 
light source was viewed from the end through a glass 
window. The hydrogen was purified by passing it 
through activated charcoal contained in a trap which 
was held at liquid nitrogen temperatures. 

The designation of the seven lines used in this re- 
search together with their wavelengths” and frequencies 
are given in Table I. The Na D, Hg a, Hg 7, and Hg 6 
lines are actually composed of two or three lines. The 
choice between the particular lines was determined by 
the appearance of the critical edge of the line observed 
in the telescope of the refractometer and also by the 
relative intensity of the lines. The critical edge of the 
Ps de W. Tilton, J. Research Natl. Bur. Standards 17, 389 
“ 1. Guild, Proc. Phys. Soc. (London) 28, 60 (1915). 

10H. Kayser and R. Ritschl, Tabelle der Hauptlinien der Linien- 


specktren aller Elemente nach Wellenlange geordnet (Springer- 
Verlag, Berlin, Vienna, 1939), 2nd ed. 
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Na D line was extremely sharp and did not appear to be 
a superposition of two lines. Consequently the wave 
length of the Na D’ line was used. The Hg a line con- 
sists of three lines, Hg a, Hg a’, and Hg a”. Two lines 
were apparent in the field of the telescope and the upper 
one was used. It was assumed to be the Hg a’ line be- 
cause the Hg a line has a very low intensity. The lower 
of the two Hg 7 lines has a lower intensity than the 
other and was assumed to be hidden in the trailing 
edge of the upper line. The critical edge for the Hg 6 
line was rather indistinct and it was assumed that the 
two lines were essentially superimposed. Here the aver- 
age of the wavelengths of the two lines was used. 

The temperature of the cell, and the prism, was con- 
trolled by pumping water through them from a thermo- 
stated water bath. The thermoregulator was placed in 
the stream of water going to the refractometer so that 
the temperature of the cell rather than that of the bath 
would be controlled. The temperature was 24.99+0.02°. 

Operation 

Preliminary experiments with solutions showed that 
the refractive index of the solution in the cell changed 
with time. The change was rapid at first and then be- 
came essentially linear. The first change was probably 
due to the change of the temperature of the solution as 
it approached thermal equilibrium. The second change 
was probably caused by evaporation of the solution 
even though the cell was closed by a flat plate or by 
solution of the cement"! used to seal the cylinder to the 
prism from the cell. A standard procedure was adopted 
to correct for these changes. After the solution was 
placed in the cell, the micrometer screw was adjusted 
and the telescope and circle were clamped in position 
so that the position of the critical edges of all seven 
lines could be determined on the scale of the screw. 
One set of readings consisted of determining the posi- 
tion of the seven critical edges in the order of the hydro- 
gen, sodium, and mercury lines. The time was recorded 
to the nearest minute at the beginning and at the end 
of a set. First, four sets were determined with a rest of 
a minute between each set. Then twelve more sets 
were determined in groups of three with ten minutes 
rest between each group. The rest periods were neces- 
sary to reduce eye fatigue. These sixteen readings for 
each critical edge were then extrapolated to zero time. 
The first few points which did not seem to lie on the 
line were eliminated in the extrapolation. The extrap- 
olated value of the position of the critical edge was then 
taken to be the positiven of the critical edge for the 
original solution placed in the cell at the temperature 
of the cell. 

After a considerable rest period (usually overnight), 
the angle between the position of the critical edge and 

1! The cement was made by slowly dissolving 3 g of gelatin in a 
solution of K2Cr2O7 in 15 cc of water at 60°. The seal formed 
between the cylinder and the prism with this cement was ir- 


radiated for over 15 hr with the mercury arc placed about 1 in. 
away. 
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the normal to the prism was determined. The approxi- 
mate angle was read from the circle (to the nearest 
half degree). Then the micrometer screw reading corre- 
sponding to each half degree mark of the circle on each 
side of the position of a critical edge was determined. 
Ten observation were made on each mark ‘and the 
average used in the calculations. The fractional part 
of the half degree corresponding to each critical edge 
was then determined by interpolation. In this way 
the sensitivity of the screw was determined at each half 
degree used in the calculations.” 


Accuracy 


A very careful and detailed study of the accuracy of 
the experimental measurements led to an estimate of 
the precision of the mole fraction of +3.7-8.4X10 
except for the first three solutions. There, the estimate 
is +10-18X 10~—. For the refractive index, the estimated 
precision is +6-15X10-. The root-mean-square devia- 
tion of the experimental values of the refractive index 
from smoothed values, which will be discussed in the 
next section, is +9X10~. The accuracy of the measure- 
ments on the H 8, Hg y, and Hg 6 lines is somewhat 
less than on the other lines because of the low intensity 
of these lines when observed against a dark background. 


RESULTS AND DISCUSSION 


The experimental values of the refractive indices of 
the pure components and the solutions are given in 
Table II. The first column gives the mole fraction of 
carbon tetrachloride. The second column gives the 
molar volumes used in calculating the molar refractions.‘ 
The other columns give the refractive indices at the 
seven frequencies. At each wavelength the refractive 
indices are almost linear in the mole fraction but each 
curve has a slight curvature, concave downward. 
These values are in excellent agreement with those of 
Hubbard® at four common wavelengths and of Scat- 
chard and Ticknor® at the Na D line. 

The molar refraction was calculated from these values 
and the data of Wood and Brusie‘ on the volume of 
mixing by the Lorentz-Lorenz equation. These values 
were then fitted to equations in terms of the mole 
fraction and frequency. The smoothed values of the 
tefractive indices mentioned in the previous section 
were calculated back from these equations. According 
to the simple theory, the molar refraction should be 
additive in the mole fraction, but the deviation from 
linearity was even more marked for these values than 
for the refractive indices themselves and were defi- 
nitely functions of both the mole fraction and fre- 
quency. 


1 The micrometer screw moves tangentially to the circle. Con- 
sequently, the sensitivity of the screw is not uniform over its 
entire length for any single clamped position of the circle. See 
J. Guild, Proc. Phys. Soc. (Lundon) 30, 166 (1918); and L. W. 
Tilton, J. Research Natl. Bur. Standards 30, 322 (1943). 
(1983) Scatchard and L. B. Ticknor, J. Am. Chem. Soc. 74, 3724 
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TABLE II. Refractive indices of benzene-carbon tetrachloride solutions at 25°. 





Mole fraction, Molar volume, 
X11, CChk I, cc 


5.0845 


Frequencies (X10 sec) 


5.1769 5.4897 6.1666 





0.00000 
0.13823 
0.14036 
0.25793» 
0.26069" 
0.37053 
0.37326" 
0.49852» 
0. 503628 
0.61484 

_ 0.61580" 
Q. 74509 
0. 74686" 
0.85739 
0. 86429 
1.00000 


89.403 
90.480 
90.496 
91.402 
91.423 
92.267 
92.288 
93.252 
93.291 
94.150 
94.157 
95.155 
95.169 
96.019 
96.072 
97.103 
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Refractive indices 


49880 . 50200 
-49324 .49626 
-49315 .49616 
-48845 49128 
48835 -49112 
48378 -48644 
-48364 48637 
-47858 -48106 
.47822 .48075 
-47376 -47609 
-47355 -47593 
- 46839 -47054 
-46818 -47031 
-46367 .46571 
-46334 -46536 
45959 


aa 
a ee ee 
[er Ee EP SSR ee SP is os a Pe a BE 











® Carbon tetrachloride weighed first in making solutions. 
b Benzene weighed first in making solutions. 


The theory of dispersion of the refractive index“ 
yields an equation of the form 


R= QA /(vt—w), (1) 


where each A; is proportional to the oscillator strength 
associated with the characteristic frequency v;. The 
symbol » represents the frequency of the light used. 
If only one term of the sum is predominate, a linear 
equation of the form 


1/R= (v2/Ai)—(v2/Ai) 


4H. Eyring, J. Walter, and G. E. Kimball, Quantum Chemistry 
(John Wiley & Sons, Inc., New York, 1944). 


can be derived. When the reciprocal of the molar 
refraction, R, is plotted against »*, a straight line is 
obtained for carbon tetrachloride. However, for benzene 
and for the solutions a curve is obtained. Attempts were 
made to fit the curve with a two term equation of the 
form of Eq. (1), but the results were physically mean- 
ingless. The second term appeared as a small correction 
term to the first term and furthermore, the characteris- 
tic frequency of the second term was imaginary! 

Certainly the Lorentz-Lorenz equation is not strictly 
applicable to the liquid phase. In view of this and the 
nonlinearity of the molar refraction with mole fraction, 
additional calculations using the Béttcher equation have 
been done but further discussion is postponed to the 
following paper. 
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Refractive Index and Dispersion of the Benzene-Methanol System*t 
Scotr E. Woop, Smney LANGER, AND RuBIN BATTINO 
Department of Chemistry, Illinois Institute of Technology, Chicago 16, Illinois 
(Received December 9, 1959) 


The refractive indices of the benzene~methanol system have been measured at 25° at seven wavelengths 
in the visible region. The electronic polarizability of benzene, methanol, and carbon tetrachloride have been 
calculated from the refractive indices of this system and those of the benzene-carbon tetrachloride system 
by use of the Béttcher equation. The data are then used to calculate the molar electronic polarizations of 
the carbon tetrachloride-methanol system which are found to be in good agreement with experimentally 
determined values. These results show that, within the experimental error, the electronic polarizabilities of 
the three components are independent of the composition and hence of the environment. The electronic 
polarizabilities of the three substances are found to follow a dispersion equation with only one term. 





HIS paper is a continuation of the preceding paper.' 

The refractive indices of solutions of benzene and 
methanol have been measured at 25° at approximately 
each eighth mole fraction and the same seven wave- 
lengths in the visible region. The electronic polariza- 
bility of the solutions, calculated according to the 
Lorentz-Lorenz equation, showed marked deviations 
from additivity in terms of the mole fraction. Moreover, 
the dispersion of the polarizability of benzene and 
methanol as well as the solutions were not simple 
functions of the frequency. Because of these difficulties 
and the fact that the Lorentz-Lorenz equation is not 
strictly applicable to the liquid phase, an equation 
developed by Béttcher? has been used to analyze the 
data for this system and for the benzene-carbon tetra- 
chloride system. It is found that the electronic polariza- 
bility of the three components remain the same in the 
solutions and are independent of the composition. Also 
the dispersion of the polarizability is a simple function 
of the frequency. 


EXPERIMENTAL’ 
Purification of Materials 


The benzene was purified by fractional crystallization 
and distillation as described in the previous paper.! 
In addition, the purified product was allowed to stand 
over calcium hydride under a vacuum for several 
hours. The benzene was then distilled into small 
ampoules which were sealed from the vacuum line when 


* This r is taken from a thesis by Sidney Langer submitted 
to the Graduate School of the Illinois Institute of Technology in 
partial fulfillment of the requirements for the Ph.D. degree. 

t The partial support of the National Science Foundation and 
U.S. Atomic Energy Commission is gratefully acknow . The 
data and initial calculations were presented before the Division 
of Physical Chemistry of the American Chemical Society at its 
meeting at Kansas City, Missouri, April, 1954, and the final 
calculations were presented at the meeting in Boston, Massa- 
chusetts, April, 1959. 

1S, E. Wood and C. H. Masland, 3rd, J. Chem. Phys. 32, 1385 
(1960) this issue. 

2C. J. F. Béttcher, The Theory of Flectric Polarization (Elsevier 
Publishing Company, Amsterdam, 1952), p. 177. 

3 Extensive experimental details are given in Sidney Langer, 
thesis, on file in the library of Illinois Institute of Technology. 


full. The amount of benzene contained in each ampoule 
was just sufficient to make a solution for a single 
determination of the refractive indices. Two samples 
were taken, one at the beginning of the distillation of 
the dried benzene and the second at the end of the 
distillation, for the determination of the density of the 
benzene. The average value of the density of the two 
samples was 0.87364 g/cc at 25°; the individual densi- 
ties of the two samples agreed within 0.00002 g/cc. 
The refractive index of the purified material was 1.49793 
at 25° for the Na D line. These values are in good 
agreement with those obtained by Masland.! 

The methanol was purified by fractional distillation 
in an atmosphere of dry nitrogen in order to prevent 
the absorption of water from the air. It was further 
dried by allowing it to stand over calcium hydride 
under a vacuum for several hours. The methanol was 
then distilled into small ampoules which were sealed 
under vacuum. Two samples for density measurements 
were also obtained. The difference between the two 
densities was 0.00008 g/cc. The average density was 
0.78660 g/cc at 25°. This compares to a range of values 
from 0.78651 to 0.78668, found in the literature. The 
refractive index for the Na D line at 25° of the purified 
product was 1.32652 compared with 1.32657, a value 
determined‘ at 15° and then corrected to 25°. 

The solutions were prepared in the manner described 
in the preceding paper.! 


Apparatus 


A Bellingham and Stanley critical angle refractom- 
eter (1948 model, No. 37221) was used for the refrac- 
tometric measurements. This refractometer is similar 
in principle to the Pulfrich refractometer. It has a 60° 
prism rather than a 90° one and is constructed so that 
the observing telescope can be rotated through an angle 
of about 180°. By this means the angle of the prism and 
the refractive index of the glass can be measured di- 
rectly. The observing telescope is attached to a circular 
glass plate on which the circular scale is engraved. The 


A. G. Dorochewski, Zhur. Russ. Fiz. Chim. Obshchestra 43, 
66 (1911). 
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readings of the scale are made by means of a reading 
telescope in which two images of the scale, 180° apart, 
are seen adjacent to each other. The readings on each 
image’ are made separately. Two values of any meas- 
ured angle are thus obtained from these readings 
and the average of these two values is used as the 
actual value. Any eccentricity of the scale tends to be 
cancelled by this method. The cell was constructed by 
placing a glass cylinder, ground to fit the curved portion 
of the prism, upon the prism. A heavy stopcock grease 
was used to hold the cylinder in place. (The cement 
used for the benzene-carbon tetrachloride system was 
attacked by the liquids of this system.) The housing of 
the prism was constructed as a water jacket. Another 
water jacket was furnished which fit around and over 
the cylinder. This jacket carried a water-cooled finger 
which dipped inside the cell. A rather large space existed 
between the jacket and cylinder, which allowed excessive 
evaporation to take place. Consequently, a stainless 
steel collar was fashioned which fit snugly within the 
water jacket and over the cylinder so that evaporation 
losses were reduced to a minimum. The instrument is a 
precision instrument but unfortunately the equation 
used to calculate the refractive index from the observed 
angles is more sensitive to errors than the corresponding 
equation for the Pulfrich refractometer. 

The refractometer was calibrated in a manner similar 
to that described previously.! Each half-degree interval 
of the circular scale was compared to the same section 
of the micrometer screw. This comparison showed that 
each interval was identical in size within the experi- 
mental accuracy. The sensitivity of the micrometer 
screw in terms of the change of the reading of the scale 
per unit of angle of rotation of the circle was found to 
be uniform over the length of the scale used in the 
measurements. The units of the micrometer scale and 
of the circular scale were also proved to be identical 
within the experimental reproducibility of the measure- 
ments. Finally, the angle of the prism and the refractive 
indices of the prism at the seven wavelengths were 
measured directly.® 

The sodium and mercury light sources and all the 
wavelengths were the same as those used for the study 
of the previous system. A new hydrogen arc, similar to 
the previous one, was constructed of Vycor glass 
(No. 7900). Cylindrical electrodes were placed within 
the side tube, in which the arc was formed, so that the 
axes of the cylinders coincided with the axis of the tube 
and of the arc. 


5 The refractive indices of the three standard liquids used in 
the preceding paper were also determined with this instrument. 
However, the equations used to determine the angle of the prism 
and the conversion factor from arbitrary units to degrees from 
these measurements were not sensitive to the unknown quanti- 
ties. Consequently, the angle of the prism was measured directly. 
Also, since the entire circle was graduated and each half-degree 
interval of the circle was the same for that part of the circle 
which was calibrated, it was assumed that the uniformity of the 
divisions was the same in the entire circle and consequently each 
half-degree interval was a true half-degree. 
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The temperature of the prism and cell was controlled 
by pumping water from a thermostat through the water 
jackets surrounding the cell and prism and back to the 
thermostat. A specially constructed thermometer well 
was placed in the return line just after the refractometer. 
The temperature of the water was regulated at this 
point at 25.00+0.025°. 

As in the previous study precautions were taken 
against parallax in the observing and reading telescopes 
of the refractometer. It was also found necessary to 
design a special shutter to regulate the width of the 
line observed in the telescope and to reduce scattered 
and reflected light to a minimum. 

The refractometer was housed in a walk-in booth. 
All settings of the refractometer were made in total 
darkness and the circular scale and the scale of the 
micrometer screw were illuminated by small pilot lights 
only at the time of taking readings. 


Operation 


The procedure for measuring the refractive indices 
was somewhat similar to that previously used. After 
the solutions had been prepared and a sample placed in 
the cell, ten successive determinations of the position 
of the normal to the prism face were made. The ob- 
serving telescope was then clamped in a position so that 
the critical edges of all seven lines could be measured 
on the micrometer screw. Four successive sets of 
readings consisting of five settings of the micrometer 
screw on each critical edge were made at intervals of 
about 20 min. Within this time ten settings of the 
micrometer screw on two half-degree marks on the 
circle (180° apart) were also made. After the position 
of the critical edge had been determined, the position 
of the normal was again determined. The average of the 
two normal positions was used in the subsequent cal- 
culations. 

In order to determine the position of a critical edge 
at the time that the sample was placed in the cell when 
no evaporation or change of composition could have 
taken place, the means of the four settings at each 
20-min interval were plotted against the time. The four 
points usually lay close to a straight line. The experiment 
was repeated with a freshly prepared sample if this was 
not the case. The value of the position of the critical 
edge was then obtained by numerical extrapolation. 


Accuracy 


Again a very careful and detailed study was made of 
the experimental measurements to obtain an estimate 
of their precision. For the mole fraction a precision of 
+1X10~ is expected. For the refractive index, the 
estimated precision is +1.4X10-*. The root-mean- 
square deviations of the refractive indices from 
smoothed values, which will be discussed in the next 
section is +1.6X10~*. The values of the mole fractions 
and the refractive indices reported in Table I (see the 
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Taste I. Refractive indices of benzene-methanol solutions at 25°. 








Mole fraction, 
%2, methanol 


Molar volume, 


,cc 4.5678 


5.0845 


Frequencies (10 sec) 


5.1769 5.4897 6.1666 





0.00000 
0.12988 
0.13461» 
0.25397» 
0.26234 
0.36777 
0.36893 
0.49280 
0.49842 
0.61696 
0.62142 
0.74600 
0.74890 
0.74979 
0.87456 
0.87755 
1.00000 


89.405 
83.112 
82.882 
77.067 
76.659 
71.519 
71.462 
65.419 
65.145 
59.363 
59.146 
53.077 
52.936 
52.893 
46.824 
46.679 
40.735 


Refractive indices 


- 50208 .51000 
-49096 -49855 
-48995 -49761 
-47829 -48559 

48445 


-47179 
-47149 
-45398 
-45266 
-43280 
-43185 
-40587 
-40518 
-40466 
37228 
1.37120 
1.33034 


— i ee et ee 
6... 2 eee 2 
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® Methanol weighed first in making solutions. 
© Benzene weighed first in making solutions. 


next section) are given to five figures to protect the 
accuracy in any calculations. As in the previous system, 
the accuracy of the measurements on the Hf, Hgy, 
and Hgé lines is somewhat less than on the others 
because of the low intensity of these lines when observed 
against a dark background. 


RESULTS AND DISCUSSION 


The experimental values of the refractive indices 
of the pure components and the solutions are given in 
Table I. The entries for the pure substances are averages 
of three determinations. The first column gives the 
mole fraction of methanol.* The second column gives 
the molar volumes used in calculating the molar re- 
fractions or polarizations. The other columns give the 
refractive indices at the seven frequencies. The observed 
values for the Na D line are in good agreement with the 
values reported by Scatchard and Ticknor’ and Pesce 
and Evdokimoff.* The refractive indices of the solutions 
are not additive in the mole fractions but show positive 
deviations. 

The molar refractions were first calculated by the 
Lorentz-Lorenz equation. This equation predicts addi- 
tivity of the refractions in terms of the mole fractions. 
However, the results show a slight positive deviation 
from additivity. Therefore a deviation function was set 
up in terms of the mole fraction. The coefficients of this 
equation were determined by the method of least 
squares. These coefficients were then in turn determined 
as functions of the frequency. Smooth values of the 
refractive indices were calculated from the resulting 


6 The subscript 1 is used to represent benzene and the subscript 
2 to represent methano 

7G. Scatchard and L. B. Ticknor, J. Am. Chem. Soc. 74, 3725 
(1952). 

8 B, Pesce and V. Evdokimoff, Gazz. chim. ital. 70, 723 (1940). 


equations. The root-mean-square deviation of the 
smooth values from the observed values has been re- 
ported in the preceding section. 

The dispersion of the molar refraction of the pure 
substances is given by an equation of the form 


R= DA s/(v?—w?)], 


where the sum is to be taken over all the characteristic 
frequencies v;. If only one term of the sum predominates, 
then the reciprocal of the molar refraction becomes a 
linear function of the square of the frequency of the 
light. This function shows a slight curvature, concave 
downward, for the pure substances. The behavior of 
benzene is exactly the same as that observed in the 
previous paper. 

The Lorentz-Lorenz equation is not strictly applicable 
to the liquid phase. It is therefore a question whether 
the nonadditivity of the molar refractions and the 
nonlinearity of the dispersion is characteristic of the 
system or a result of the use of the Lorentz-Lorenz 
equation. Consequently it was decided to use an equa- 
tion developed by Béttcher* to calculate the electronic 
polarizability of the pure substances and the solutions. 
The difference between the two equations is that the 
reaction field of the immediate neighbors of any mole- 
cule is taken into account by Béttcher, while this field 
is assumed to be zero in the Lorentz-Lorenz equation. 
For light in the visible range, the Béttcher equation is 


Py=[(n?—1) (2n?+1) /9n? 7 = (4xN/3) Dxia:* (2) 


(1) 


where a;,* is 


ay 


a = Tesdn?=2) /ae nti) Ty (3) 
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TABLE II. Calculated values of a and a* for benzene, methanol, 
and carbon tetrachloride. 








Frequency 
(X10- sec) 


Polarizability (10% cm) 
aC,H, aCH;0H a,CCl, 





4.5678 
5.0845 
5.1769 
5.4897 
6.1666 
6.8783 4.7165 
7.4079 4.7168 


a* 3.523 


4.7120 
4.7135 
4.7135 
4.7143 
4.7156 


1.7506 
1.7518 
1.7520 
1.7528 
1.7545 
1.7564 
1.7584 


1.179 


4.8902 
4.8915 
4.8917 
4.8924 
4.8941 
4.8957 
4.8968 


3.563 








The quantity Ps will be called the Béttcher molar 
polarization. In this equation V is the molar volume 
of the liquid; a; is a parameter whose dimensions are in 
cm; and a; is the electronic polarizability. 

A least-squares method was used to determine a 
and a; for benzene and carbon tetrachloride® from the 
data of the previous paper.! In so doing, a; and as were 
eliminated from the Béttcher equation in terms of the 
Béttcher polarization of the pure substances and a 
and a;. This was done on the premise that the data for 
the pure substances were more accurate than those for 
the solutions. The values of a; and a3 were then deter- 
mined at each frequency by a method of least squares 
and, from these values, those of a; and a were finally 
calculated. These values of a; and a3 showed a de- 
pendence on frequency of about 34% over the range of 
frequency. But the a parameter can be conceived as the 
radius of a spherical cavity and consequently should 
be independent of frequency. Moreover, the Béttcher 
equation is of such a form that, for a given set of data, 
a and a are not independent. It was therefore decided 
to make a independent of the frequency. The mean value 
of a for the set obtained from the original least-squares 
calculation was used in the succeeding calculations. A 
new set of values for a; and a3 was then determined. 

For the benzene-methanol system, a,* was first com- 
puted by Eq. (3) with the values of a; and a; determined 
from the previous system. Values of a2* were then 
obtained by the use of Eq. (2) and the Béttcher molar 
polarizations obtained from the experimental data. 
The values of a2 and a2 at each frequency were then 
obtained from graphs of 1/a2* against (2m?—2) /(2n?+ 
1). According to Eq. (3) such plots should be straight 
lines and straight lines were indeed obtained within 
the experimental accuracy. Again a3 showed a slight 
dependency on the frequency. Consequently, the mean 
value was used and a redetermined at each frequency. 

The values of a, the electronic polarizability and a* 
so determined for the three substances are given in 
Table. II. The first column of the table gives the fre- 
quencies and the last three columns give the electronic 
polarizability of benzene, methanol, and carbon tetra- 


® The subscript 3 is used to denote carbon tetrachloride. 


WOOD, LANGER, AND BATTINO 


chloride, respectively. The last line of the table gives the 
values of a’ for the three substances. 

Graphs of 1/aagainst the square of the frequency gave 
straight lines within experimental accuracy for each of 
the three substances in conformity with Eq. (1) with 
the assumption that only one term in the sum is pre- 
dominant. This behavior is in contrast with that ob- 
tained when the Lorentz-Lorenz equation was used to 
determine the electronic polarizability. 

As a final check, the Béttcher molar polarizations 
for the Na D line were calculated for the three binary 
systems, benzene-carbon tetrachloride, benzene-me- 
thanol, and carbon tetrachloride-methanol, and com- 
pared with the observed values determined from the 
experimental refractive indices. The data of Scatchard 
and Ticknor’ were used for carbon tetrachloride- 
methanol system. This comparison is shown in Table 
III where the first column gives the mole fraction of 
benzene for the first two systems and of carbon tetra- 
chloride for the third system. The next two columns give 
the observed and calculated Béttcher molar polariza- 
tions respectively. The last column gives the difference. 
The uncertainty of the polarizations for the first two 
systems is estimated to be +0.01; the figure in the third 
decimal place is retained for purposes of comparison. 
The agreement is quite satisfactory. This is especially 
true for the carbon tetrachloride-methanol system 


Taste III. Comparison of observed and calculated molar 
polarizations at the Na D line. 





Ps (cm) 


calc 


Ps (cm*) 


obs 





Benzene-carbon tetrachloride 


30.218 30.220 
30.217 30.218 
30.183 30.185 
30.146 30. 148 
30.075 30.072 
30.020 30.017 
29.956 29.956 





Benzene-methanol 


30.218 30.220 
27.425 27.424 
24.742 24.741 
22.280 22.274 
19.580 19.565 
16.912 16.886 
14.100 14.063 
11.378 11.346 

8.830 8.831 





Carbon tetrachloride-methanol 


29.956 
27.826 
23.588 
19.346 
15.114 
10.918 

8.830 


29.956 
27.819 
23.569 
19.320 
15.086 
10.896 

8.831 
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because the calculated values have been determined 
from values of the electronic polarizability and the a 
parameter of the two components which, in turn, were 
determined from the data of the other systems and not 
from the carbon tetrachloride-methanol system itself. 

The arbitrariness of using the average value for the a 
parameter and the effect of a change in the value of a 
on the Béttcher molar polarization was tested by cal- 
culating the molar polarization of the benzene-methanol 
system using an a parameter 10% and 1% smaller and 
1% larger than the average value. The average devia- 
tions of the molar polarizations calculated in this way 
were +0.0589 for 10% smaller, +0.005 for 1% smaller, 
and +0.012 for 1% greater compared to +0.007 when 
the average value is used. The accuracy of a@ therefore 
seems to be about 1%. 

From this study it is evident that, within the experi- 
mental accuracy, the electronic polarizability of each 
component in all three solutions is independent of the 
composition, that is, for any central molecule, its 
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electronic polarizability is independent of the environ- 
ment of the molecule. This observation is particularly 
important for the solutions containing methanol. 
Certainly such behavior would be expected for the 
benzene-carbon tetrachloride system where only the 
London dispersion forces are operative in addition to 
the repulsive forces. In the methanol solutions dipole- 
dipole forces and also dipole-induced dipole forces will 
be present. There also may be specific interactions be- 
between the dipoles of the C—Cl group of carbon tetra- 
chloride and the O-H group of methanol. Such interac- 
tions might be sufficiently great to perturb the electronic 
polarizability. If this were the case, the electronic polari- 
zability of a component would be a function of the com- 
position. The magnitude of such an effect would be 
extremely difficult to determine and is probably un- 
known at the present time. We can only say at this 
time that, within the accuracy of the experiments and 
the applicability of the Béttcher equation, the effect 
has not been observed. 
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A discussion is given of the relations which exist among vibrational matrix elements for diatomic mole- 
cules represented as Morse oscillators. This is done according to the wave function approximation of 
Trischka and Salwen. It is shown how the matrix element of the dipole moment 9]{.” is related to the ma- 
trix elements 91) where v’—v€i€v'+v with »’>v. This relation is examined for the case of the 1—2 
band of HCl. It is also shown how the matrix element 91{,' for DCI can be related to the matrix elements 
of HCl. Finally, the influence of the vibration-rotation interaction is incorporated in the wave function ap- 
proximation. In an example, it is shown that the matrix element 3]{%,7':4*! can be expressed in terms of 


the set of matrix elements {31%>o""}, ¢=0, 1, +++. 





I. INTRODUCTION 


HERE has been a great deal of interest recently in 

the study of the intensities of individual lines as 
well as integrated intensities of vibration-rotation 
bands of diatomic molecules. This information is of 
importance in the spectroscopic determination of 
population distributiohs, or rotational and vibrational 
temperatures, and in the fundamental study of line 
shape and width. In these studies a quantity which is 
basic to the understanding or interpretation of such 
measurements is the dipole moment function of the 


molecule, i.e., the dipole moment of the molecule 
as a function of the internuclear distance, M(r). 

In a recent paper Trischka and Salwen! have dis- 
cussed the connection between the dipole moment 
function and its matrix elements for the diatomic case. 
They have been concerned particularly with the prob- 
lem of approximating the dipole moment function from 
a finite number of known matrix elements. They have 
employed a new approach in which the product of the 
dipole moment function and a vibrational wave function 


1 J. Trischka and H. Salwen, J. Chem. Phys. 31, 218 (1959). 
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TABLE I. Matrix elements and Morse constants. 








Matrix element* HCl DCl 





[Sot | 
|S? | 
|S? | 
|S? | 


5.6310 debyes 
4.99X10-% 
3.0810 


6.7010 debyes 
7.03X10% 
5.1610 
9.71X107 


\ 


Constants? 
s 49.82 
B 1.868 108 cm= 








® The experimental matrix elements for HCl and DCI were obtained from 
W. S. Benedict, R. Herman, E. E. Moore, and S. Silverman, J. Chem. Phys. 26, 
1671 (1957). 


b The constants s and 8 defined in Eqs. (2) and (3a) were computed with 
the molecular constants given in G. Herzberg, Spectra of Diatomic Molecules 
(D. Van Nostrand Company, Inc., Princeton, New Jersey, 1950), 2nd ed. 

© We have employed the same value of 8 for both HCl and DC. 


is expanded in terms of the entire set of vibrational 
wave functions, with coefficients given by the matrix 
elements of the dipole moment. This approach, termed 
by them the “wave function approximation,” has been 
compared with the more conventional polynomial ap- 
proximation for the dipole moment function for a 
number of cases. 

It is interesting to note that in the same way that it is 
possible to construct a vibrational potential energy 
function from measurements of line positions, it is 
possible to construct a dipole moment function for a 
molecule from measurements of line and band in- 
tensities. This procedure is, of course, predicated on the 
availability of an adequate set of vibrational wave 
functions. In this paper we wish to exploit certain 
very useful relations that exist among matrix elements 
and which follow from the basic treatment given by 
Trischka and Salwen. In addition, we discuss in this 
paper some of the consequences that arise from taking 
into account the vibration-rotation interaction. 


Il. THEORY 
A. Matrix Elements Ignoring Rotation Effects 


Following the treatment of Trischka and Salwen, we 
ignore at first the influence of rotation. For purposes 
of illustration we assume that the diatomic molecule 
can be represented adequately by a Morse? oscillator 
and later by a Pekeris* oscillator. As has been pointed 
out! the quantity M(z)Ro(z), for example, can be 
represented as 


M() Ro(z) = UM‘R,(2), (1) 


where the Hamiltonian for the Morse oscillator is 


2 P. M. Morse, Phys. Rev. 34, 57 (1929). 
3C. L. Pekeris, Phys. Rev. 45, 98 (1934). 


given by 
H=— (f?/2m) (#/dr) +D.{1—exp[—B(r—r.) ]}*, (2) 
and where 
2=2d, exp[—B(r—r.) ], 
s=2é/y, 
c= 1/Br., (3b) 
7 =2B./w.. (3c) 


The normalized radial wave function R,(z) for the 
state i is given by 


Ri(z) =N e-*? 2°? 1 F\(—i, b+1; 2), 


(3) 
(3a) 


with 


and 


(4) 
where 
b=s—2i-1, 


and where the normalization constant J; is 


N= A(T (6) H{(7)]. 


i 


(4a) 


(4b) 


It follows from the orthogonality of the radial wave 
functions that the quantities My‘ are the matrix ele- 
ments of the dipole moment, i.e., 


MMo'=(0| M(z) | i) = I ”Ro(s)M(2)Ri(z)ds/s. (5) 


Since Ro(z) has the particularly simple form 
Ro(z) = Noem#!g¢-D/2, (6) 


we obtain the following expression for M(z) from 
Eq. (1): 


M(r) = D0 (Ni/No) Mo's‘ 1Fi(—i, 6+1;2). (7) 

This relation is useful in correlating intensity meas- 
urements for bands other than the 0—i. For example, 
if we use Eq. (7) in the expression for IN,” we obtain 
the following relation between IN,” and the IM)’’s, 
which for Morse wave functions involve a relatively 
small number of the IN)’: 


ami = "Ss (Ns/Na)Mat[ Re(2) Ree) =-* 
0 


i=v’—v 


XiF1(—i, b+1;2)dz/z, v>v. (8) 


The justification for the limits placed on the sum and 
the values of the integrals are discussed in Appendix A. 
In using Eq. (7) or (8) it should be remembered that 
only the absolute values of the matrix elements IN‘ 
or I,” can be determined experimentally. Thus Eq. 
(8) is useful in the determination of the relative signs 
of the 9M‘. As an example of the application of Eq. (8) 
we have determined the numerical relation among 
My? and M!, Wo”, and My? for the HCl molecule. The 
necessary numerical data are given in Table I. For the 
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1-2 transition the relation among the foregoing matrix 
elements is 


My? =[V2(s—2)4/(s—5)#(s—4) Jane! 
+[8(s—3)#/(s—4) (s—6) JON? 
+[v3(s—2) (s—3)/(s—5)#(s—6) (s—7)* Jom. (9) 
For the HCI molecule we have from Eq. (9) and Table I 


MM? = 1.5259! +1.2769?+2.0200%,*, (10) 


or 
(+)9.71X10-= (+) 10.18 10-2+ (+)0.90 10 
+ (+)0.10X10~ debye, 


where 1 debye=10~* esu. Thus it appears very likely 
that S1y' and IN,” have opposite signs while the relative 
sign of IN* is indeterminate because of the relatively 
small value of the S1%° term in Eq. (10). 

Since we assume that the dipole moment and po- 
tential functions for DCl may be taken as identical 
with those of HCl, it is possible to evaluate the matrix 
elements of the dipole moment for DCI using the 
intensity data for HCl. From Eq. (3) we note an 
expression relating the coordinate zq for HCl and zp 
for DCI, namely: 


2u = (Su/Sp)2p={2p. 


(11) 


As an illustration we calculate the 0-1 matrix element 
for DCI, '(D), according to the following expression: 


at (D) = LN (HH) /No(H) Jote!(HD) f “Re(eD) 


X Ri(zp) §- ‘tp 1F'1(—1, sa— 21; f2p)dzp/zp. (12) 


A straightforward procedure shows that the main 
contribution to I%'(D) in Eq. (12) comes from the 
term involving S1,)'(H). The contribution from 9%)?(H) 
is about 4% of the leading term and it is expected that 
higher terms will contribute even less. We obtain the 
result 


MMla!(D) =1-( 2523) mean 


sp—3 
+B Sams) Gens 


>(+)5.48X10— (+)0.20X10- debye (13a) 


sSp—2 





which is in good agreement with the experimental value 
5.63 X10-* debye. We note that, as in the case of Eq. 
(10) for the relation among %,?(H) and SG'(H), 
Mo?(H), and I%*(H), the closest agreement between 
the predicted and experimental values in Eq. (13a) is 
obtained if the HCl matrix elements, 9%)'(H) and 
J1%o?(H) , have opposite signs. 
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It is interesting to compare the representation for 
tne dipole moment function given in Eq. (7) with a 
Taylor series expansion 


M(r) = DM r—1,)' (14) 


where 

M ;=(1/i!) (d‘M (r) /dr*) par, (14a) 
In Appendix B we obtain from Eq. (7) an expression 
for M(r) through terms in 91%, from which are derived 
Mo, My, and Mz? as defined in Eq. (14a). Using these 
results for the case of HCl, we obtain 
Mo =MP—0.2759N'—0.499M?-+-0.5909%' debye, 
M,=12.52X10+*9,'— 9.41 K 10+? 


+5.31X10*89%,? debye cm, (15) 


and 
M2=11.9X10"9t%)'— 94x 10*7,? 
+146 x 1091? debye cm-. 
Using the values of the SM‘ in Table I we then have 
Myo=[9M%— (+)0.0184— (+)0.0035 
+ (=+)0.0003] debye, 
M,=[(+)0.840—(+)0.066+ (-)0.003] 


108 debye cm, (16) 


and 
M2=[(+)0.80+ (+)0.66—(+)0.08] 
X10" debye cm™. 


It is noteworthy in Eqs. (16) that although the co- 
efficients of IM%* in Eqs. (15) are not small, the products 
of these coefficients with I%* yield relatively small 
contributions to Mo, M,, and M2. 


B. Influence of Vibration-Rotation Interaction 


In similar fashion, we shall now indicate how the 
effect of the vibration-rotation interaction can be 
incorporated into the wave function approximation. 
Corresponding to Eq. (1) we now have a set of similar 
relations with one for each rotational state, namely,‘ 


M (r) Ros (2s) = DoMo,sF#R 5,4: (2541) » (17) 


where 
zy =2d, expl[—A(r—r-.) ], 


2dy=s{1+}7’%e"(3e—1) J(J+1)}. 
The J-dependent wave functions are 


Ris (27) =N 4,679? y val? 1 Fy (—i, 65 7+1; 2), 


(17a) 
and 


(17b) 


(18) 


‘ Except for the subscripts on z and b, the notation which we 
use here for the wavefunctions is that used in R. Herman and 
R. J. Rubin, Astrophys. J. 121, 533 (1955). 
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Nig=ALP (b..) Hy 


1 
and where 


bx s=s{1+3y'e(e—1) J(J+1)}—2i-1. (18a) 


The quantities defined in Eqs. (17b), (18), and (18a) 
are correct to the first order in the rotational perturba- 
tion.* 

For the following development we wish to choose a 
“basic” set of matrix elements which we arbitrarily 
take to be the set {IM o*4}, i=0, 1, «++. The matrix 
element 91,,7”:7+! can then be expressed in terms of the 
set of I,o"’s simply from the definition 


J, y” Jl 


=(0, J | 2/90" Ria (21) /Ro.o(20)]| 2’, J1). (19) 


As an example of the application of Eq. (19), we obtain 
the following expression for 3%,y'7*" 


Wo pitt! = > (No7/Now)[(st+és) (tay-D/2/s(@—DI2 TEN git 


v 


x [eumrywer ‘aL (s+&) yJRi soil (st+ésa1) y dy/y 
0 


(20) 
where 


y=exp[—B(r—r.) ] 
£7 =}sy'e'(3e—1) J(J+1), 


ng = 3sy'e"(e—1) J(J+1). 





go: of As —1—7—y'—i ain 
I,” (7) =N Nol (s—1—9—9—i) 2 X LL(-») L(—¥) n/m Da/n ee, 


Convenient methods for the numerical evaluation of 
the integrals appearing in Eq. (2) have been outlined 
by Herman e¢¢ al.5 Except for the small rotational-de- 
pendent correction terms in these integrals, the vibra- 
tional wave functions are orthonormal with respect to 
the weight factor (1/y). Thus the principal contribution 
to S,s'7+! comes, as one should expect, from the term 
involving IN%p,o'!; and the other terms on the right-hand 
side of Eq. (20) constitute the rotational correction. 
An order of magnitude calculation shows that in the 
case of HCl and DCl the major part of the correction 
comes from the 3%," term. 
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APPENDIX A 
Evaluation of the Matrix Element 91,” 
We wish to evaluate the integral which appears in 
Eq. (8), namely, 
1" (i) = ["Re(s) Ro (a) 1 sFi(—i, B+152)ds/s. (AL) 
0 


If we introduce into Eq. (Ai) the Ri(z) from Eq. (4) 
and replace 1/1 by the polynomial form 


Fi(—i, b+1;2) =D (—Ha/alTLe/(O+1) 0], (A2) 


where the symbol (b), denotes 6(6+1)---(d+n—1), 
we obtain for J,” (7) the following: 





(A3) 


By performing the sum on m in Eq. (A3) with the aid of Gauss’s theorem,’ we obtain 


I,” (i) Be alia 





(s—21); l=0 


> XU(-) JIC (—2") n/m! 


(sri -w—F + lem 
“ (s—2v) 1(s—20’) m 





(1+0+0'—i-—l—m);. (A4) 


The factor (1-++v-+0'—i—/—m) ; has the property that it contains the factor zero if i>v+v’. Thus 


I,” (i) =0, 


i>ov+’. 


Furthermore without loss of generality we can assume that »<v’. If instead of performing the summation on m, we 
first sum over m, then we obtain the analogous expression 


F(s—1—9—v —i) 


I,” (1) = N,N» 
(i) (520) 





l=0 n=0 


S EL(—0) /IL(—a)a/n! 


_(s—1—v—0'—t) He 
“ (s—20)3(s—2i)n 





(AS) 


In. Eq. (A5) the factor (1-+0+i—v’ —/—n) » is zero if v+-i—v' <0 or i<v'—v. Thus I,” is expressible as a linear 


combination of those IM%"’s for which v’ —1<i<v'+. 


*R. Herman, R. J. Rubin, and R. W. Rothery, J. Mol. Spectroscopy 2, 369 (1958). . 
°W. N. Bailey, Generalized Hypergeometric Series (Cambridge University Press, New York, 1935). Gauss’s theorem is used re- 


peatedly in reference 5, e.g., to obtain Eq. (16) of that reference. 





DIPOLE MOMENT FUNCTION FROM INTENSITIES 


APPENDIX B 
Taylor Expansion Coefficients for M(r) 


In order to obtain the coefficients of the Taylor expansion for M (r) we first write the wave function approxima- 
tion for M(r) explicitly as a function of r through terms in I%*: 


M(r) =I+[(s—2)2 #[s—2 Ps {exp[8(r—r.) J—[s/(s—2) ]} Mo! 
+[(s—2)«}s[4(s—3)2 #{ exp[28(r—re) ]—[2s/(s—4) Jexp[B(r—1.) ]+-Ls°/(s—4) (s—3) J} Me? 
+[(s—2) 6 }s[3 (s—4)s Pl e¥-"?) —[35/(s—6) ]e¥oo) 
+[3s°-"0) /(s—6) (s—5) ]—[s*/(s—6) (s—5) (s—4) ]}au*. (B1) 
It follows from Eq. (B1) that My is given by 
Mo=3G— (2/s) (s—3) 4%! —[(s—12) /s*][(s—5) (s—2) /2 Pome? +[ (14s— 120) /s*][(s—7) (s—3) (s—2) /6 Pome’. 


(B2) 
We also have 








M6 SSP g ys ES) aS (s—30)[(s—7) cS oO one (B3) 


and 





—3)i(s— —5)4(s—2)4(s—8) (s— ee 
Mya) atv 5)4(s ars 8) (s Sang — PS 2PL (s—1) (5-3) (6-2) Mss). 


(B4) 
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Diffraction Studies* 
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A new method based on the principle of least squares is proposed for the calibration of the characteristics 
of photographic emulsion employed in electron diffraction studies. The calibration procedure consists of 
two steps. First, a function having three parameters was found which represents the relation between the 
optical density and exposure. Secondly, the most probable values of the parameters and their standard 
errors were determined in a straightforward way by the method of least squares. An application of this 
method to the diffraction patterns of benzene is described. The standard errors of final relative intensities 
were evaluated over the entire observed range of optical densities. 





I. INTRODUCTION 


ECENTLY, molecular structures in the gaseous 

state have been investigated by a sector-micro- 
photometer technique of electron diffraction. The 
analysis of a diffraction photograph requires the 
construction of a calibration curve by which the optical 
density of the diffraction pattern can be converted into 
the relative intensity of electron scattering. 

Several attempts have been made to obtain a calibra- 
tion curve from two diffraction photographs of different 
exposure.' In these procedures, it is assumed that the 
amount, of exposure to fast electrons is given by the 
product of the time and intensity. Karle and Karle! 
have devised a calibration method based on the addi- 
tional assumption that the optical density is propor- 
tional to the exposure, for low exposures, to fast elec- 
trons. Their procedure seems to be adequate for the 
purpose of determining molecular dimensions. How- 
ever, the main disadvantage of this method is that 
errors introduced in the course of calibration procedure 
might accumulate as the optical density increases. 
At least, an error is present in the proportionality 
constant of the optical density to the exposure. More- 
over, the effect of these errors on the molecular struc- 
ture that is finally determined can hardly be estimated. 
A closely related but more improved method has been 
proposed by Bartell and Brockway,’ in order to average 
out errors involved in the calibration curve, but they 
have given no method of estimation of the errors of 
the relative intensities evaluated from the optical 
densities. 

In the present paper, a new calibration method is 
proposed which is based on the principle of least 
squares, and an application of the method to the diffrac- 
tion patterns of benzene is described as an example. 


* A part of this work has been reported at the twelfth annual 
meeting of the Chemical Society of Japan held April, 1959. 

+ Present address: The Institute for Solid State Physics, The 
University of Tokyo, Komaba-cho, Meguro-ku, Tokyo, Japan. 

1 J. Karle and I. L. Karle, J. Chem. Phys. 18, 957 (1950). 

2L. S. Bartell and L. O. Brockway, J. Appl. Phys. 24, 656 
(1953). 


II, LEAST SQUARES METHOD 


For two diffraction photographs taken under identi- 
cal conditions except for exposure time, the following 
relation must be satisfied between the two patterns, 
A and B: 


[FA=kF, (1) 
where J is the relative intensity and k is a propor- 
tionality constant. In general, J may be expressed by a 
certain function of the optical density, 


I=f(D, Xi, X2,°**, Xm_1), (2) 


including m—1 parameters, X), X2,-+-etc., to be deter- 
mined. Substitution of Eq. (2) into Eq. (1) gives 


Ié~ht Puf(DA. Xe Xq +++, Bagi 
—kf(D#, Xi, X2, pedi X m1) 
=F(D¢, D?, Xi, Xo, soe, Xm) =0, 


i=1, 2, 3, cee, n, 


(3) 


where & is replaced by the mth parameter Xm, 1 is the 
number of independent observation equations, and m 
(<m) the number of independent unknown parameters 
to be determined. If a set of good approximate values 
Xi’, Xo’, +++, Xm’ is known, the corrections x;= X1/— 
X1, %2=X.'— Xo, -++etc., are required to reduce the 
approximate values to the most probable values. 
The Taylor expansion of Eq. (3), retaining only the 
first powers of the corrections, gives 


Ax=L, 


where X is a column matrix, the elements of which are 
corrections to be sought, A, an m-column, n-row matrix 
having the partial derivatives of F with respect to X 
as its elements, and L, a column matrix whose elements 
are constant terms. The quantity L cannot be observed 
directly in experiment, but can be determined from the 
observed quantities and the approximate values of 
these parameters. 
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Since all the observation equations are not of the 
same weight, they must be reduced to ones of the same 
weight by multiplying each by the square root of its 
weight. With an appropriate weighting matrix P, the 
normal equation can be set up in the form 


A*PAx=A*PL or x=B"A*PL, (4) 


where B=A*PA and an asterisk indicates the corre- 
sponding transposed matrix. Thus, the correction x 
can be calculated by Eq. (4). 


Standard Errors of the Parameters 


The standard error o; of the ith parameter x; can 
be evaluated by means of the equation 


o(x;)?= (B) so? = (Bo) s(V*PV)/(n—m), (5) 


where gp is the standard error of a single observation, 
(V*PV) being the sum of the weighted squares of the 
residuals. 


Standard Errors of the Relative Intensities 


Equation (2) is reduced to a linear form by use of 
Eq. (4), 
Al=q@AD+c*x=cqAD+c*BA* PL, 


where c= (0//8D), and ¢ is a column matrix whose 
elements, ¢1, C2, ***, Cm—1 are the partial derivatives of J 
with respect to X,, Xe, °++, Xm-1, respectively, Cm 
being equal to zero. The second term on the right-hand 
side is associated with the -enversion of density into 
intensity, and the first term is with the observed density 
at an arbitrary position. Then the standard error, 
o(I), of the relative intensity can be, to a good approxi- 
mation, given by 


o(1)?=ca(D)?+ (c*B-'c) a. 
Standard Errors of the Optical Densities 


In order to estimate the errors of the relative in- 
tensities obtained by the least squares method, it is 
necessary to consider uncertainties introduced in the 
optical densities measured with a microphotometer 
trace shown in Fig. 1. The optical density D is given 
by the definition 


D= logwL(yo—ye)/(yo—y) J, 


(6) 


a Roaseeso ager ssrane==***9erssr en a 5) 


(I-dp) 














Fic. 1. The microphotometer trace of diffraction pattern. 
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with an error 
AD= (logue) {[(yo—ys)'— (yo— y)* JAy 
+ (yp—ye)~'Ayst+ (yo—y) Ay}, 


where yp denotes the position of a dark line, yg the 
position of the base line, y the coordinate of a point of 
the curve, and A denotes errors in reading the corre- 
sponding y positions. 

Since all y’s in the foregoing equation are independent 
of each other, the standard error of D may be expressed 
in terms of the standard error of y as follows: 


o(D) = (logwe) {[(yo—ya)'— (yo—y) “Po (yo)? 
+ (yp—ya)o(ys)?*+(yo—y)o(y)?}4, (7) 


where o represents the standard error of the corre- 
sponding y. In addition, an error introduced in reading 
y is given by Ay=Ayrt+(dy/dx) Axot+ (dy/dx) Ax. 
Consequently, the standard error of y is given by the 
form 


o(y)?=a(yr)*+ (dy/dx)*a(x)?+ (dy/dx)*a(x)?, (8) 


where Ay, is an error in reading the position of a point 
of the curve; Axo and Ax are errors in determining the 
positions of the center of patterns and of the x scale, 
respectively, and o denotes the corresponding standard 
error. In Eqs. (5) and (6), standard errors o(yp), 
o(ye), o(%), and a(x) are due to systematic errors. 


Ill. EXAMPLE 


The observed densities of two diffraction photo- 
graphs of benzene* were D4=0.14~0.74 and D®= 
0.11~0.63, leading to k equal to about 1.2. As de- 
scribed in the preceding section, it is required that the 
relative intensity be expressed in advance by an analy- 
tic function of the optical density. The first problem is 
to find the type of function representing the char- 
acteristics of the emulsion of these photographs. The 
second is to determine the unknown parameters in- 
volved in the function from observed densities in accord- 
ance with the procedure explained in the foregoing. 


Determination of a Calibration Function 


In the first place, a calibration curve was obtained 
graphically using Karle’s method.! To check the general 


3 Electron diffraction photographs of benzene were taken 
through an r* sector at a camera length of 12 cm and with a 
wavelength of 0.052 A. The diffraction patterns covering the 
region of s=5.35~30.05 were taken on Fuji Process Hard Plates, 
and scanned with a Riken B-type recording microphotometer to 
measure the optical density as a function of radius [s=(4x/ 
) sind, where 26 is scattering angle and \ wavelength]. In order 
to average over the grains of emulsion, the photographic plates 
were rotated rey about the center of the diffraction pattern 
while being scanned. Regarding the apparatus used here and the 
experimental procedure, see also M. Iwasaki, Bull. Chem. Soc. 
Japan 32, 205 (1959); K. Kimura and M. Kubo, J. Chem. Phys. 
30, 151 (1959). 
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log(E - BD) ~ 1/D 


log ((s — D)/D} ~1/D 


log(E — DB) ~ 1/n* 


log {(g - D)/p) ~ 1/n” 


log(E — BD) ~ D 


log ((B — D)/D) ~D 








> 
7 


Fic. 2. Plots of the logarithms of (I’—D) and (I'’—D)/D versus 
D, 1/D, and 1/D*. The scales of the abscissa and ordinate are 
arbitrary. 


feature of the curve (J’) thus obtained, the following 
six plots were made:‘ 


(1) log(J’—D) vs D, (2) logl(1’—D)/D] vs D, 
(4) logl (I’—D)/D] vs 1/D, 


(6) log[ (I’—D)/D] vs 1/D*. 


(3) log(I’—D) vs 1/D, 
(5) log(1’—D) vs 1/D*, 


As seen in Fig. 2, it was found that the values of log 
(I’—D) plotted against 1/D lie on a straight line when 
densities are less than 0.6. The curve of plot 3 is the 
straightest one of the six curves. This fact indicates 
that the calibration curve may be expressed by a func- 


Bis) 


dl 








Fic. 3. Plots of D4 and o(D4) against s. 


‘ For convenience in the calculation, common logarithms were 
used. 


TABLE I. The results of least squares refinements for the density- 
intensity calibration. 





Trial 
value 


First 


Standard Second Standard 
refinement 


error refinement error 





0.650 

0.430 
—0.500 

1.193, 


0.743 

0.415 
—0.467 

1.185, 


0.035 
0.016 
0.049 
0.002; 


0.717 

0.419 
—0.491 

1.1875 





tion of the type J=D+10-*, where ¢=a+b/D for 
D<0.6 and the constants a and 6 are positive. By 
fitting this function to curve 3, it was found that ¢= 
0.65 and 6=0.43. Accordingly k=1.193. For densities 
greater than 0.6, the deviation of curve 3 from linearity 
was corrected to a good approximation by giving an 
additional term, cD?, to the foregoing function ¢. By 
using the data of D>0.6, a simple calculation gave 
c=—0.50 and p=5.7. Thus, for the whole range of 
observed densities, the following analytic function was 
found to represent the characteristics of the emulsion 
of these photographs: 
I=D+10-*, o=a+b/D+cD*. (9) 
Weighting Factors and Standard Errors of Observed 
Densities 
The number of optical densities observed for each 
photograph was about 40. Since the observed values 
have different degrees of uncertainty at each point of s, 
weighting factors P;, which are inversely proportional 
to ¢(D)?, were used in the least squares refinements; 
namely, 


Pi=0min?/o(D#)?, (10) 


where o (D4)? was evaluated from Eq. (5) with o(yp)= 
o(ys)~o(yr)—~0.01 mm, o(%)—~0.014 mm, and o(x)= 
0.0005(x—0) mm. Fig. 3 shows the plot of o(D4) 
mm. Fig. 3 shows the plot of o(D*) against s together 


1(s) 


1(8) ~S Curve 








5 10 


Fic. 4. The final intensity curve and standard errors plotted 


against s. 
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with the curve of the optical density for the diffraction 
pattern A.5 


Results of Least Squares Treatment 


The parameter values obtained in the preceding sec- 
tion were used as trial values for the first least squares 
treatment with the weighting factor estimated in the 
last section (see the first column in Table I). Two suc- 
cessive refinements were made. Table I lists the most 
probable values of the parameters and their standard 
errors obtained in the first and second refinements. The 
final parameter values with standard errors are a= 
0.717+0.021, 6=0.419+0.009, c= —0.491+0.029, and 
k=1.1879+0.001,. 

The calibration function used here has no theoretical 
basis. As shown in Table I, however, the standard 
errors converge rapidly after very few successive 
approximations. It seems that the type of calibration 
function is satisfactory for the region of densities 
covered by the present experiment and that three 
parameters are sufficient to specify the calibration 
function. Further, it must be mentioned that the shape 
of the foregoing calibration function is in good agree- 
ment with that obtained from our previous studies. 

Fig. 4 shows the final intensity curve and the curve 
which exhibits the standard errors. The standard errors 
for several s values are listed in Table II together with 
the corresponding values of D, J, and o(D). It shows 
that o(J) is due mainly to o(D), as expected, except 
in the inner part of s. This also indicates that the con- 
tribution of the second term of Eq. (6) to o(J) is 


5 Although D4 and D® are observed independently of one 
another with the different standard errors (D4) and o(D¥), the 
two series of the observed densities have the degree of precision 
nearly proportional to one another at the same values of s. 
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TABLE II. The standard errors, ¢(D) and o(I), of D and J. 





D I o(D) o(I) 





0.0015 
0.0005 
0.0004 
0.0004 


0.0028 
0.0010 
0.0005 
0.0004 


s 

5.5 
10 
20 
30 





‘ considerably smaller than that of the first term. There- 


fore the use of additional parameters is not required. 
IV. CONCLUSION 


The least squares procedure may be satisfactorily 
applied to the cailbration of photographic emulsion. 
Once a good trial function is found, the least squares 
method enables us to obtain the most probable calibra- 
tion function. Practically, the procedure consists of 
two steps. The first is to find the type of analytic 
function representing the characteristics of photo- 
graphic emulsion, and the second is to determine the 
most probable function by the least squares method. 
The main advantages of the application of the least 
squares method are that uncertainties introduced into 
the calibration are averaged out and that errors due 
to the uncertainties can be estimated. It should be 
noted that the calibration method proposed in the pres- 
ent paper does not require an assumption that the opti- 
cal density is proportional to the relative intensity 
for low optical densities, but it requires the use of a 
certain type of analytic function which covers only the 
range of optical densities under investigation. 
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The ground state energies of the two-electron ions from H- to Ne** are calculated for the simple wave 
function (1s1s’)+X(2p)? with optimized orbital exponents. The use of the difference between the calculated 
energy and the experimental energy as a function of the atomic number for accurate extrapolation is ex- 
plored. The expectation values of the operators r*(m>—2), 5@)(r,), and 5@)(t2) are compared with those 


obtained from more accurate wave functions. 





I. INTRODUCTION 


UITE exact wave functions for two-electron sys- 
tems'* and relatively exact wave functions for 
three-electron systems‘ are available. These are func- 
tions of the Hylleraas® type which explicitly introduce 
the interelectronic distance and normally contain many 
terms. 

‘There is real need for approximate wave functions 
which, on the one hand, yield reasonably accurate 
values of the properties of polyelectronic atomic and 
simple molecular systems and, on the other hand, are of 
sufficiently simple form so that the calculations remain 
tractable. 

One purpose of this series is to investigate the proper- 
ties of several such simple functions in detail. Expec- 
tation values derived from these simple functions are 
compared with corresponding data from experiment 
and more eiaborate wave functions to establish a criter- 
ion of accuracy. The helium-like ions from H- to Ne*+ 
have been selected for the present calculations because 
there is a large amount of material available for com- 
parison. 

A second purpose is the development of extrapolation 
procedures employing the difference between observed 
and approximately calculated quantities to obtain 
improved estimates of quantities not experimentally 
determined. 

As a starting point in the selection of suitable wave 
functions, we note that a single open-shell® or DODE 
(different orbitals for different electrons) configura- 
tion has been found to give good results in a particularly 
simple manner for the energy®”-” and other physical 


* This research was supported by the Robert A. Welch Founda- 
tion of Houston, Texas, and the Office of Ordnance Research, 
U.S. Army. 
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properties"? of 2- to 4-electron atomic systems. 
DODE functions permit some radial correlation al- 
though r,; is not explicitly introduced. Recently, these 
DODE calculations have been successfully extended to 
the 5-electron atomic case® and simple molecular 
systems." This demonstrates the general applicability 
of such functions. 

In 2-electron calculations, the (1s1s’) configuration 
(Hylleraas*-Eckart’ symmetrized exponential) is the 
appropriate choice because this simple function, which 
represents a specialized superposition of radial con- 
figurations,® gives a variational ground state energy 
for helium which is 0.003 atomic unit above the esti- 
mated radial limit-* and 0.014 atomic unit below the 
Hartree-Fock value.” Some angular correlation can be 
introduced by the addition of one or more angular 
configurations. In paper II of this series, a method of 
analysis is presented which may be used to make an 
estimate of the energy improvement to be expected 
from each configuration added. The (2)? configura- 
tion alone has been selected because it has been found 
to make the major angular contribution to the ground 
state energy of helium in expansions of this type.’° 
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TWO-ELECTRON ATOMIC SYSTEM: A NUMERICAL STUDY 


TABLE I. Wave function parameters. 





(1s1s’) 
a b 


a b g —_ 





1.039230 
2.183171 
3.294909 
4.389731 
5.473412 
6.549100 
7.618701 
8.683481 
9.744315 
10. 80184 
52.18575 


0. 2832215 
1.188530 
2.078981 
2.984717 
3.901259 
4.825682 
5.756144 
6.691402 
7.630595 
8.573085 
47.18925 


SScansaunPwre 


1.03556 
2.17621 
3.28975 
4.38638 
5.47076 
6.54625 
7.60546 
8.68290 
9.74370 
10.8018 
52.1857 


0.323563 
1.20152 
2.08734 
2.99095 
3.90515 
4.82894 
5.76892 
6.69260 
7.63261 
8.57309 
47.1892 


0.998054 
2.47547 
3.93732 
5.39864 
6.86000 
8.32799 
9.79802 
11.2391 
12.7350 
14.1850 
72.7577 


0.112426 
0.0617557 
0.0407435 
0.0303173 
0.0241219 
0.0200115 
0.0170967 
0.0149483 
0.0132339 
0.0119038 
0.00235451 





TABLE II. Computed ground state energies* for heliumlike ions in atomic units. 





—E 


(1s)? (1s1s’) Eq. (1) 


—AE 
Angular® 


Pekeris* Pekeris4 





0.47265625 

2.8476562 

7.2226562 
13.597656 
21.972656 
32.347656 
44.722656 
59.097656 
75.472656 
93847656 

2468 .8477 


0.51330289 

2.8756614 

7.2487480 
13.622965 
21.997539 
32.372268 
44.747087 
59. 121946 
75.496843 
93 .871769 

2468. 8713 


0.52457430 

2.8952278 

7.2697616 
13.644592 
22.019506 
32.394456 
44.769414 
59. 144399 
75.519383 
93 . 894367 

2468. 8945 


SScamraurwnrne 


0.52775097 

2.9037244 

7.2799133 
13 .655566 
22 .030972 
32.406247 
44.781445 
59. 156595 
75.531712 
93 .906806 


0.011271 
0.019566 
0.021014 
0.021627 
0.021967 
0.022188 
0.022327 
0.022453 
0.022540 
0.022598 
0.0232 


0.003177 
0.008497 
0.010152 
0.010974 
0.011466 
0.011791 
0.012031 
0.012196 
0.012329 
0.012439 





* Nonrelativistic energies; footnote 3. 
> Bass’)—Eas*. 

® Eiea.y):—Eqae)- 

4 Epekeris—E (Ea.0))- 


By neglecting the antisymmetric spin function, the 
15 normalized wave function may be written as 


w= (1-402) -4{ N[15(1) 1s’ (2) +15"(1) 15(2) ] 
+ (A/V3) [2p0(1) 2p0(2) +2p, (1) 2p_(2) 
+2p_(1)2p,(2) J}, (1) 


where N is the normalization constant for the (1s1s’) 
function and X is a variational parameter. Wave func- 
tion (1) was constructed with hydrogen-like atomic 
orbitals.” The normalized radial portions of these are 


Ry= 2a! exp—ar, (2.1) 


Rio’ = 28! exp—6r, (2.2) 
Ru= (2/V3) g°"r exp—gr, (2.3) 


where a, b, and g are the variationally determined or- 
bital exponents. Such a function has previously been 
employed by Taylor and Parr” for energy calculations 
of helium alone without completely optimizing the 
parameters. 


1 Our selection of the 1S function of (2)? corresponds to a 
normalization of the spherical harmonics for which Y*;(0, ¢)= 


ai See C. W. Ufford and G. H. Shortley, Phys. Rev. 42, 


Il. CALCULATIONS 


A. Energy 


The optimum parameters of Eq. (1) for 1<Z<10 
and Z=50” were determined by an iterative process 
described elsewhere. These parameters as well as the 
optimum orbital exponents of (1sis’),4 taken as a 
single configuration, are presented in Table I. The 
angularly correlated energies from (1) are given in 
Table II where they are compared with the results of 
three other approximations, namely, (1s)?, (1s1s’) and 
the function of Pekeris.* All energies are in atomic 
units.” 


B. Expectation Values of Other Operators 


The operators considered here are r= (r;"+12"), 
(n>—2); 6(r), and 6@(ry»).% The angularly 


2 The case of Z=50 was included in the calculations as a 
numerical check on the analytically derived optimized parameters 
and energy for large Z discussed in reference 18. 

% The optimum (isis’) orbital exponents were refined b by a 
more sensitive numerical method to greater accuracy than values 
reported in references 8 and 9. 

™ As the atomic unit of energy, we have used 2cRy, where 
Ry i is the Rydberg of the atom or ion in question. 

% See H. A. Bethe and E. E. Salpeter, Handbuch der Physik 
(Springer-Verlag, Berlin, 1957), Vol. 8, Part 1, p. 248 ff. 
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Taste III. Expectation values of r~ in atomic units. 


Taste VII. Expectation values of r‘ in atomic units. 





Z 


(1s)? 


(1s1s’) 


Eq. (3) 


Z (1s)? 


(1sis’) 


Eq. (3) 





une 
SOOM AIAUNPWHe 


1.8906 
11.391 
28.891 
54.391 
87.891 

129.39 
178.89 
236.39 
301.89 
375.39 
9875.4 


2.1868 
11.930 
29.676 
55.424 
89.173 

130.92 
180.67 
238.42 
304.17 
377.92 
9887.9 


2.1947 
11.916 
29.659 
55.419 
89.152 

130.89 
180.57 
238.40 
304.18 
377.88 
9887.9 


2749.2 
9.3729 
1.1503 
0.29657 


SScaonsaunpwnre 


0.93207 X10™ 
0.43006 1071 
0.22499 1071 
0.12885 X 107 
0.79001 X10? 
0.51094 10? 
0.73828 10% 


0. 10833 

0.48552 X 1071 
0.24905 X 107! 
0.14062 107 
0.85300X 10 
0.54707 X10 
0.74774 10% 


1541.1 
9.0585 
1.1387 
0.29516 
0.10812 
0.48499 10-1 
0.24835 107 
0.14057 107 
0.85254 10 
0.54707 X10 
0.74774X10% 








TABLE IV. Expectation values of r in atomic units. 








Z 


(1s)? 


(1sis’) 


Eq. (3) 





1.3750 
3.3750 
5.3750 
7.3750 
9.3750 
11.375 
13.375 
15.375 
17.375 


1.3225 
3.3717 
5.3739 
7.3744 
9.3747 
11.375 
13.375 
15.375 
17.375 


1.3546 
3.3743 
5.3747 
7.3755 
9.3744 
11.374 
13.373 
15.375 
17.376 





TaBLe VIII. Expectation values of r* in atomic units. 





N 


(1s)? 


(1s1s’) 


Eq. (3) 





2840.2 10* 
215.56 

5.2088 
0.41464 
0.60812 10-1 
0.12946 X 107! 
0.35433 X 10 
0.11621 10 
0.43688 X 10-* 
0.18274 10-* 
0.38155X10~ 


SScmxnmaupwne 


1312.7X10 
1112.5 


13.632 
0.81690 
0.10257 
0.19802 107! 
0.50679 X 10 
0.15828 X10? 
0.57335 X10-* 
0.23292 10-* 
0.39938 X10 


4224.7X104 
1019.4 


13.246 
0.80579 
0.10195 
0.19730 107 
0.50176X 10? 
0.15812 10 
0.57250 10-* 
0.23290 10-* 


0.39938 10-* 
19.375 


99.375 


19.375 
99.375 


19.374 
99.375 


SS caonaupwne 











TaBLe IX. Expectation values of 5 (r,) in atomic units. 








(1s)? (1s1s’) Eq. (4) Pekeris* 


TABLE V. Expectation values of r in atomic units. Z 











0.16116 
1.7512 1.7430 


N 


(1s)? (1s15’) 0.10344 
1.5296 
6.1787 

15.960 
32.785 
58.562 
95.201 
144.61 
208.71 
289.39 
39047. 


0.15742 0.1645 
1.8104 
6.8519 

17.198 
34.758 
61.443 
99.162 

149.82 

215.34 

297 .62 


Eq. (3) 





6.6863 
16.874 
34.224 
60.645 
98.048 

148.34 

213.44 

295.25 
39196. 


6.6744 
16.864 
34.204 
60.612 
97.928 

148.32 

213.44 

295.20 
39196. 


4.3636 
1.7778 
1.1163 
0.81356 
0.64000 
0.52747 
0.44860 
0.39024 
0.34532 
0.30968 
0.60377 X 107 


6.2247 
1.8758 
1.1490 
0.82979 
0.64968 
0.53390 
0.45317 
0.39366 
0.34798 
0.31180 
0.60454 107 


5.6152 
1.8681 
1.1477 
0.82930 
0.64955 
0.53385 
0.45307 
0.39365 
0.34795 
0.31180 
0.60454 107! 


SS corm dupewre 





SScoaaaupwre 


® See footnote 3. 








TaBLe X. Expectation values of 5 (rj) in atomic units. 





TABLE VI. Expectation values of r? in atomic units. (1s)? (1s1s’) Pekeris* 


Eq. (5) 








(1s)? (1s1s’) Eq. (3) 0.12929 
<107 
0.19120 
0.77233 
1.9951 
4.0981 
7.3202 

11.900 

18.077 

26.088 


36.174 


0.53780 
x107 
0.16477 
0.71114 
1.8841 

3.9224 
7.0649 

11.550 

17.617 

25.504 

35.451 


0.49191 
x107 
0.14462 
0.65251 
1.7683 
3.7285 
6.7737 
11.149 
17.076 
24.812 
34.578 


0.2742 
x10 
0.10641 
0.53389 
1.5232 
3.3128 
6.1415 
10.248 
15.871 
23.249 
32.622 





~ 12.694 

2.1070 
0.83072 
0.44125 
0.27307 
0.18548 
0.13416 
0.10153 
0.79499 107 


33.993 

2.4757 
0.90623 
0.46830 
0.28569 
0.19236 
0.13831 
0.10423 
0.81350 107 


26.209 
2.4470 
0.90323 
0.46754 
0.28551 
0.19231 
0.13821 
0.10421 


0.63933 X 107! 
0.24303 X 10 


0.65257 107 
0.24396 X10? 


0.81333 X 107 
0.65259X 10-1 
0.24396 X 10 


4880.9 


4862.4 


4838.9 














® See footnote 3. 





TWO-ELECTRON ATOMIC SYSTEM: A NUMERICAL STUDY 


TaBLE XI. Various expectation values in atomic units for 'S He. 





Hartree- 
Fock 


Function or 
method 


Perturbation4 


(1s)? procedure 


Correlated 
configuration- 


interaction 


Hylleraas- 


(1s1s’) type 


Eq. (1) 





—E=—(H) 
(r) 

(r) 

(r*) 

(r?) 

(6 (1) ) 
(5 (r2) ) 


2.8617" 2.8477 
3.375 
1.778 
2.107 
3.121 
1.530 


0.1912 


1.860 
2.386> 
3.888 
1.798¢ 
0. 188° 


2.8757 
3.372 
1.876 
2.476 
4.299 
1.751 
0.1648 


2.8952 
3.374 
1.868 
2.447 
4.206 
1.743 
0.1446 


2.90228 2.90372! 
3.376," 3.377% 
1.8595 


2.373, 2.387% 


1.794 

2.282 

3.802 
1.810% 
0.10645 





® Computed with an analytic SCF function; see footnote 17. 
> Computed with an analytic SCF function; see footnote 26. 
© See footnote 25. 

4 See footnote 27. 

® See footnote 26. 

* Computed nonrelativistic energy; see footnote 3. 

© See footnote 28. 

» See footnote 3. 

1 See footnote 27(b). 

i See footnote 29. 


correlated expectation values in atomic units 
found to be 


(r= (i) (ra) = (14-02) N2(n+-2) I (20) 
+ (2b)—"+ (a+b)2.S*(a, 5) ] 
+N°[(m+4) 1/12](2g)-};, n2>—2, 
(8 (11) )= (1+?) -1(N?/4ar) [40°+-46° 

+(a+b)*S*(a, b) J, 

(8 (fiz) = (1-++0?)-*(1/m) {4N*Lab/(a-+6) F 

+128v3NA (ab) *[g/(a+5+ 2g) 

+as0)"s)}, 


N=[2+2S*%(a, 6) 4 (6) 


S(a,b) = J ists’dr=8[ (ab) !/(a-+b)*], 


(7) 


Equations (3)-(5) reduce to the corresponding open- 
shell form for \=0 and further to the closed-shell ex- 
pression for a= (Z—+5,) =b. The angularly correlated, 
open-shell, and closed-shell values of (r") for n=—2, 
—1, 1, 2, 4, and 8 are presented in Tables III to VIII, 
(6@(r,)) in Table IX, and (8(ry»2)) in Table X. 
As a guide in estimating the accuracy of these results, 
we have included the values of (6 (1) ) and (6@ (12) ) 
computed by Pekeris* in Tables IX and X, respectively, 


and have collected in Table XI some calculated” **-*8 
and experimental” expectation values for the helium 
atom. 

In addition, x-ray atomic scattering factors calculated 
with (1) have been presented and will be published 
elsewhere.” 


C. Extrapolation Procedure 


Numerous attempts have been made to extrapolate 
experimentally obtained energies of isoelectronic series 
to systems for which accurate experimental meas- 
urements are not available. For this purpose, a 
series in descending powers of Z has usually been 
employed as the semiempirical extrapolation function.” 
The electron affinities of negative ions found in this 
manner are estimated to be too low, the error increasing 
with atomic number.*! The relatively small differences 
between experimental energies and computed nonrela- 
tivistic energies from an approximate wave function 
suggest that greater accuracy might be obtained by 
extrapolating these differences rather than the experi- 
mental energies themselves. On testing this procedure 
with helium-like ions, this was found to be the case with 
the best results being given by an extrapolation function 


*P.-O. Léwdin and L. Redei, Phys. Rev. 114, 752 (1959). 
. 1 (a) C. Schwarz, Ann. Phys. 6, 170 (1959) ; (b) bid., footnote 


#8 E. Hylleraas and S. Skavlem, Phys. Rev. 79, 117 C960. 
29 G. G. Havens, Phys. Rev. 43, 992 (1933); A. D: and 
N. Lynn, Proc. Phys. Soc. (London) A70, 802 (1957). See also 
A. P. Wills and L. G. Hector, a Rev. 23, 209; 24, 418 (1924) 
for : an earlier determination of 
% J. N. Silverman, O. Platas, R. »». McIver, and F. A. Matsen, 
Bull. Am. Phys. Soc. Ser. II 4, 105 (1959); Acta Cryst. (to be 
published). 
*! See, for example, H. S. W. Massey, Negative Ions (Cambridge 
University Press, New York, 1950). 
® Such a series was first employed by E. A. Hylleraas, Z. 
Physik 65, 209 (1930) for perturbation-variation energy calcula- 
tions. See ‘also reference 25, pp. 214 and 237 ff for a discussion of 
the theoretical justification of this series. 





SILVERMAN, PLATAS, 


AND MATSEN 


TABLE XII. Extrapolated and experimental* ground state energies for some helium-like ions. 








$ 
‘ 


— Leale 


(1s1s’) 


Wave function 


Z R& 


(1s)? 
&/Z & 


Eq. (1) 


&/Z & &/Z4 





1 0.50929 
2 2.8999 
10 94.011 

o 0.0060 


0.49162 

2.8921 
94.039 

0.0153 


0.53180 

2.9031 
94.010 

0.0013 


0.52272 

2.8987 
94.015 

0.0030 


0.53007 

2.9038 
94.009 

0.0007 


0.52756 

2.9027 
94.011 

0.0009 








* The computed energies of reference 3, including mass polarization, relativistic, and Lamb shift corrections, were used as the experimental energies in obtaining 


the least-squares fit. 
b See Eq. (8) and text. 
© Root-mean square deviation over range 157510. 


4 The least-squares parameters used here are: Ci=—0.00471967, C2=0.00208884, C3=—0.0003, 89210C4=0.0000319548, C;=—0.00000103732. 


of the form*® 


Rj= CZ;';_ Co=0, (8) 
i=1 


where we have taken R; as &;=(£; exptl.— EZ; calc) 
and also as &;/Z;. By using five parameters and fitting 
intermediate values (3<Z<9) by the method of least 
squares, extrapolated values of the energy for Z=1, 2, 
and 10 were obtained for the three approximations: 
(1s)?, (1s1s’), and Eq. (1). These results are presented 
in Table XII where they are compared with experimen- 
tal values. 


Ill. DISCUSSION 


The asymptotic behavior of the variational param- 
eters and energy for large Z is discussed elsewhere.* 
From Table II, it is seen that with increasing nuclear 
charge, the magitudes of the radial- and angular-corre- 
lation energy increments approach their limiting values 
from above and below, respectively, while their sum 
remains approximately constant. This behavior closely 
parallels that found by Green e al., who expanded 
Hylleraas-type functions for H~, He, and Lit* in terms 
of radial and angular orthogonal functions. Function 
(1) gives energies which differ from those obtained 
from the elaborate Pekeris* function by only about 0.010 
to 0.012 atomic unit for Z>3 and by a smaller amount 
for Z<3. The data in Tables III through [IX show that 
in general the angularly correlated expectation values 
of r” and 6®(r,) are intermediate to the corresponding 
closed- and open-shell values and approach the latter 


% For this purpose, an extrapolation function in ascending 
powers of Z seems preferable to the Hylleraas-type series of 
reference 32 because the relativistic corrections depend upon 
higher powers of Z. See the relativistic corrections in reference 3 
and the discussion in A. Fréman, Phys. Rev. 112, 870 (1958). 


with increasing Z. For small Z and large n, the expec- 
tation values of r” obtained from these three approxi- 
mations differ widely (e.g., see Tables VII and VIII). 
From Table XI it is seen that (r~'), which gives the 
nuclear diamagnetic shielding,” is relatively insensitive 
to the choice of wave function as all calculated values 
are in good agreement. There is a greater variation in 
the calculated values of (r?), the atomic diamagnetism. 
In fact, the value of (r*) calculated with (1) is in better 
agreement with the most recent experimental result” 
than that calculated with Kinoshita’s?” or Pekeris” 
wave function (see Table XI). An experimental re- 
determination of this quantity would be of interest. 
(6®(r,)) and (6(f2)) are relativistic corrections 
which afford some measure of electronic correlation. 
Values of these quantities computed with (1) are in 
reasonably good agreement with the results obtained by 
Pekeris* (see Tables [IX and X). In particular, our 
computed values of (6®(r2)) are in much better 
agreement than the Hartree-Fock, closed- and open- 
shell values (see Table XI). 

In most cases, the expectation values calculated with 
(1) are surprisingly close to those obtained for the more 
accurate wave functions. There is, in these results, the 
implication that functions of the simplicity of (1) may 
be able to give good approximations to the properties of 
more complex systems. 

It appears that the expectation values calculated 
with simple functions are quite useful for the accurate 
extrapolation of the observables from an isoelectronic 
series. In general, at least one significant figure is gained 
by extrapolating the difference between the experimen- 
tal energies and those calculated with (1s)?, (1s1s’), 
and Eq. (1) (see Tables II and XII). While (1) gives 
the best results, the extrapolation in terms of (1s1s’) 
also is quite good. 
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An analytical study of the 1S ground state of helium-like ions employing the open-shell function (1is1s’) 
and the angularly correlated configuration-interaction function (1s1s’)+-A(2p)? has been made. Expressions 
for the wave function parameters, energy values, and certain other expectation values in terms of the nuclear 
charge Z have been obtained. These are asymptotic expressions for large Z, but they reproduce numerically 
obtained results for small Z with sufficient accuracy to be useful for many purposes. 





INTRODUCTION 


N the first paper of the present series' Silverman, 

Platas, and Matsen have considered in numerical 
detail ground state wave functions for two-electron 
atomic systems of the form 


(1+) 4{ N[1s(1) 1s’(2) +15’ (1) 15(2) J 
+(A/v3) [2p0(1) 2p0(2) 
+2p,(1)2p_(2) +2p_(1)2p,(2) J} (1) 


about a nucleus of charge Z. The N is a normalization 
factor for the first term in the braces, and \ is a varia- 
tion parameter. Their purpose was the practical one of 
making parameters and results available to facilitate 
estimations of atomic properties, as well as to study 
the behavior of configuration-interaction in this simple 


case. In the present paper certain of their numerical — 


results are reproduced by purely analytic means. 


NOTATION 


We work throughout in atomic units? so that the 
Hamiltonian for the two-electron atom of nuclear 
charge Z is 


—4V2—4V2—(Z/n)—(Z/r2)+(1/ra). (2) 


Our wave function, Eq. (1), is constructed from 
hydrogen-like atomic orbitals. The normalized radial 
portions are defined as follows: 


Rw=2¢4(1+«)! exp[—¢(1+2)r], 
Ry’ =2¢4(1—x)! exp[—¢(1—x)r], (3.1’) 
Ru =4v3 (Sy)*"r exp[—fyr]. (3.2) 


The relevant integrals were evaluated by standard 
methods.’ Equation numbers followed by an asterisk 


(3.1) 


* This research was supported in part by the Robert A. Welch 

Foundation of Houston, Texas. 
Briefly reported on at the Boulder Conference, Boulder, 

Colorado (June, 1959). 

1J. N. Silverman, O. Platas, and F. A. Matsen, J. Chem. Phys. 
32, 1402 (1960), this issue. 

2 Unit of length is a), the Bohr radius; unit of energy is 2kcRy. 

§C. - J. Roothaan, J. Chem. Phys. 19, 1445 (1951), for 
example. 


indicate that the corresponding equations are the basis 
of a columnar entry in one of the tables. Exact equali- 
ties are indicated by an ordinary equals sign, and ap- 
proximations by the usual symbol. The subscript c 
refers to closed-shell values; the subscript o refers to 
open-shell values; the subscript @ refers to angularly 
correlated values. The use of these subscripts indicates 
specifically an optimized quantity. 


CLOSED SHELL (1s)? 


Here x=0 and A=0. We state the well-known 
results for optimum energy, 


f= (Z—y5), 


E.=—(Z—455)?. 


(4) 
(S) 


OPEN SHELL N(1s1s’+1s’1s) 


Here A=0. An explicit expression for the unoptimized 
energy as a function of the parameters has been given 
by Shull and Léwdin.t They performed their optimiza- 
tion numerically, however, and for a limited range of Z. 
This numerical approach obscured certain interesting 
points. In our notation the energy is given by 


16f?— (6—2") f 


E= (1-2) 8+ (3-22) +e aay 


(6) 


One may immediately minimize with respect to ¢ to 
obtain 


(16Z—5) (1+ (1—2*)*]+- (6—2?) 2* 


fo(x?, Z) mas 16{ (1—2?) [1+ (1—x*)*]+227} 





(7) 
Resubstitution into Eq. (6) gives 


(1—a?) [1+ (1—2*)*]+-22* 


E.(x*, Z) =—$0(2’, Z) 1+(1i—x2)8 





. (8) 


4H. Shull and P.-O. Léwdin, J. Chem. Phys. 25, 1035 (1956); 
also cf. R. P. Hurst, J. D. Gray, G. H. Brigman, and F. A. Matsen, 
Mol. Phys. 1, 189 (1958). 
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TABLE I. Wave-function parameters and energies.* 
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2 


3 


4 


10 


50 





$o(1+-xq) 


ta(1+%4) 
to. (1—x.) 


$a(1—xe) 
Ya 
—xr 


~ 2, 


—E, 


Computed> 
Computed 
Eq. (10) 


Quadratic* 
Computed 


Computed 


Eq. (12) 
Computed 


Computed 


Eq. (12) 
Computed 


Computed 
Computed 


Eq. (27) 
Computed 


Eq. (15) 
Computed 


Eq. (26) 
Computed 


1.685851 
1.688865 


0.0652174 
0.0962698 
0.0870230 


0.0832705 


2.1875 
2.1832 


2.1762 


1.1875 
1.1885 


1.20152 
1.46576 


0.06951 
0.06176 


2.8710938 
2.8756614 


2.8945415 
2.8952278 





2.686945 
2.688547 


0.0428571 
0.0524520 
0.0511963 


0.0500046 


3.2999 
3.2949 


3.2898 


2.0751 
2.0790 


2.0873 
1.46448 


0.04366 
0.04074 


7.2460938 
7. 2487480 


7.2695415 
7.2697616 


3.687224 . 
3.688663 


0.0319149 
0.0367033 
0.0362996 


0.0357782 


4.3946 
4.3897 


4.3864 


2.9804 
2.9847 


2.9909 
1.46358 


0.03182 
0.03032 


13621094 
13.622965 


13.644541 
13 .644592 


9.687464 
9.687436 


0.0126050 
0.0132498 
0.0132326 


0.0132320 


10.806 
10.802 


10.802 


8.5695 
8.5731 


8.5731 
1.46427 


0.01212 
0.01190 


93 .871094 
93 .871769 


93. 894541 
93 .894367 


49 .68750 
49 .68750 


0.00250417 
0.00252804 
0.00252800 


0.00252800 


52.188 
52.186 


52.186 


47.188 
47.189 


47.189 
1.46431 


0.002362 
0.002355 


2468.8711 
2468. 8713 


2468. 8945 
2468. 8945 





® Atomic units. 


> Computed refers throughout to the numerical calculations of footnote 1. 
© Calculated with the quadratic approximation to Eq. (9). 


The energy in Eq. (8) is next optimized with respect to 


x*. After some manipulation one obtains 
16Zx.?(24—90x.?+ 169x,4— 201x.°+162x.8—91x,' 
+36x."—9xo4+x,!°) =48+32x72—414x,! 
+1013x°—1388x.°+ 1188x.°—644x-+ 224%! 
—48x,!®+5x,!8. (9) 


Now x.’ is a small quantity (cf. Table I). Thus, we 
solve for x.’ retaining only first-order terms and obtain 


xe~3/(24Z—2). (10) * 


If one is interested in a particular ion, it is worthwhile to 
expand to second order in x,” and solve the resulting 
quadratic equation.’ The degree of accuracy so ob- 
tained is indicated in Table I. As a further approxima- 
tion when Z is large, we may write 


xe 1/8Z. (10’) 


When Eq. (7) is expanded to the second order in 2’, 
and then has x? substituted for according to Eq. (10), 
we obtain 


foe Z—yet O(1/Z"), (11) 


5 In this paper, we are only concerned with the root of Eq. (9) 
corresponding to the ground state. This root, which must be less 
than unity, is given to the first order by Eq. (10). For Z=1, the 
extraneous roots were found to be 0.880382 (which corresponds to 
an energy maximum), unity (which corresponds to the energy of a 
hydrogen atom plus a just ionized electron), two roots greater 
than unity and four complex roots. 


i.e., essentially ¢.. By dropping the term in Z~*, we 
obtain from Eqs. (11) and (10) that 


Xolo™ Xo & (Z— >) [3/(24Z— 2) }. 
We expand the square root in powers of Z— and obtain 
Xo 0 3(2Z)1(1—13/48Z), 


so that finally the orbital exponents for (3.1) and 
(3.1’) are, respectively, 


Fo(1+2%) =~ Z+}(2Z)i—+5, 
¢(1—x0) ~Z—4(2Z)—f,. (12)* 
If we expand Eq. (8) to second order in x*, we obtain 
E(x’, Z) ~—¢0(a?, Z) (1+$a4) 
or, putting in the optimized values, 
Eo E.(1+$x-‘). (13) 
By substituting Eq. (10) and expanding the denomi- 
nator in powers of Z~! [or from Eq. (10’) directly], we 
obtain 
E.~ E.(1+3/128Z?+1/256Z*++++), (14) 
E.— E.*3E,/128Z?= —3(Z—%)?/128Z", 


so that 


E.— E.= —3/128. (15) * 





TWO-ELECTRON ATOMIC SYSTEM: AN ANALYTIC STUDY 


That is, the energies of the closed-shell and open-shell 
configurations differ by a constant amount for large 
enough Z. This result is contrary to previous specula- 
tion.‘ 


ANGULAR CORRELATION: ADDITION OF (2p)? 


In this case we obtain a secular determinant 
H 1~ E H. 2 
=0, 
Ay Hn—E 


where Hj, is given by the E of Eq. (6). In addition, we 
have 


(16) 





Hx —4COALTA+y)*—32"](1=2") 


“3-+y) T1+0—2) yay I” 


and 
Axn=ye?— (Z—111/256) ye. (18) 


Since the problem now has three parameters (two of 
them nonlinear), we cannot give quite so exhaustive a 
discussion as in the previous sections. Thus, in order to 
proceed, we assume that for large Z the addition of the 
(2p)? does not appreciably affect the optimized values 
of the open-shell parameters so that 


fa>So. (19) 


Actually, due to the very small mixing coefficient, the 
assumption is excellent even for Z=2, as may be seen 
in Table I. Since x,? is a small quantity for large Z, it 
should negligibly affect the limiting values of \, and 
ya. Thus, to determine these quantities, we may write 


Ay/?~—1 (20) 


(21) 


Xa" = Xe? : 


and 
Hy/f~ 28y*/v3(1+y)’. 
For large Z, 
Hn/P=y—y. (22) 


The second-order perturbation energy approximation 
to the solution of Eq. (16) is given by 


Ex Este 
where 


e.= Ay,?/(Hn— Ax) 
=~ —[784y!9/3(1-+y)#(y?—y+1) ]. 


We maximize the magnitude of this quantity with 
respect to y. This procedure leads to a cubic equation 
for y. which has only one real foot, 


(23) 


Va 1.4643059. (24) * 


This value should be compared with the computed 
values listed in Table I, where it is seen that the 
convergence is rapid. We now use this value to 
find €24; 


€a= —0.023147736. (25) 


Now 
Eq Eoteéea 


= E.— (3/128) +2. 
Therefore 


E.= E.—0.046585236. (26) * 


That is, the wave function of Eq. (1) gives an energy 
which differs by a constant amount from the simple 
open-shell configuration result for large enough Z,° 
and this constant difference is very nearly equal to a 
similar constant difference between Ey and E, [Eq. 
(15) ], despite the fact that the mixing coefficient be- 
comes quite small for large Z. We obtain the mixing 
coefficient from Eq. (16) by using Eqs. (21), (24), 
and (25). 


= —0.11738547/f.. 


¢. may be replaced by ¢,. in Eq. (27). 
One may also obtain immediately the values for a 
wave function of the form 


(1s)?+-A(2p)? 


by replacing the appropriate quantities in Eqs. (26) 
and (27) by the closed-shell values. Thus, the optimum 
energy for the wave function (28) is 


Eopt® E-—0.023147736. 


(27)* 


(28) 


(29) 


MEAN VALUE OF r* AND OTHER OPERATORS 


One finds easily for the simple open-shell wave func- 
tion that to first order in x? 


(r™ o= (ri" ot (72) o 
=((n+2)!/(2f0)"J[1+n(n+1) 22/4]; n>—2 
(30) 


(5 (1) do= (8 (Ta) Jo SP(1+- 9x7) /w, (31) 
(8 (tie) Jo FF(1— Fx?) /8m. (32) 


Equations (30)-(32) reduce to the equivalent closed- 
shell expressions for x7=0. One may consult the first 
paper of this series for the exact expressions of the 
angularly correlated expectation values from which 
approximations similar to Eqs. (30)-(32) may be 
obtained. 


6 The perturbation series expansion of the energy of two- 
electron ions may be written as 


E= —2+(5/8)Z+E,(Z). 


Hylleraas and Midtdal [E. A. Hylleraas and J. Midtdal, Phys. 
Rev. 103, 829 (1956); 109, 1013 (1958) ] find E2( ©) = —0.157657;; 
our best eo gear to this quantity, computed with equa- 
tions (5) and (26), is —0.14424149, 

7 See, for example, H. A. Bethe and E. E. Salpeter, Handbuch 
der Physik (Springer-Verlag, Berlin, 1957), Vol. 35, Part 1, p. 248 ff. 
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The low-temperature emission spectra of the dimethy] ester of mesoporphyrin IX and its divalent deriva- 
tives of cobalt, nickel, copper, zinc, palladium, cadmium, and barium have been obtained. Magnesium 
etioporphyrin(II) and zinc phthalocyanine were also investigated. The divalent silver mesoporphyrin was 
also studied, but no luminescence was obtained for this compound. Considerations of the relative lifetimes 
of fluorescence and phosphorescence of the various derivatives permit qualitative deductions to be made 
regarding magnetic susceptibility. Certain qualitative information on metal-porphyrin bonding is presented 
based on the comparative intensities of fluorescence and phosphorescence. Anomolous emission character- 
istics of several of the metallo-porphyrins are tentatively interpreted in terms of crossing of a first excited 


state and the ground state. 





INTRODUCTION 


N the present investigation, the low-temperature 

electronic emission spectra of the dimethyl ester of 
mesoprophyrin [X and several of its metallo deriva- 
tives as well as that of magnesium etioporphyrin II 
and zinc phthalocyanine are reported. By considering 
the types of emission obtained (i.e., fluorescence and 
phosphorescence) together with their relative intensi- 
- ties and lifetimes, certain deductions are made regard- 
ing the nature of the metal-porphyrin bonding and the 
magnetic charecter of the central metal ion for these 
molecules. 

Relatively few papers have appeared in which the 
emission spectra of metailo-porphyrins have been 
investigated. The most complete study, to the present 
time, concerning the effect of metal substituents on the 
emission spectra of one of the mesoporphyrins was 
carried out by Haurowitz.! He observed that all the 
diamagnetic metal complexes possessed fluorescent 
bands, while the paramagnetic derivatives had no such 
emission. Since no fluorescent bands were found for the 
nickel complex, it was included in the latter group. 
However, later magnetic susceptibility measurements? 
revealed that the metal ion in nickel porphyrins was 
actually diamagnetic. Another group of investigators? 
reported that the nickel, as well as the paramagnetic 
silver, derivative of a tetraphenylporphine, dis- 
played weak fluorescent bands in the same region as 
those found for the uncomplexed tetraphenylporphine. 
Becker and Kasha® were the first to report a solely 


* This research was supported by a grant from the Robert A. 
Welch Foundation. 

+ Abstracted in part from a thesis submitted in partial fulfill- 
riot - the degree of Master of Science, University of Houston 
1958). 

1F. Haurowitz, Ber. deut. chem. Ges. 68, 1795 (1935). 

2 F. Haurowitz and W. Klemm, Ber. deut. chem. Ges. 68, 2312 
(1935). 

3H. V. Knorr and V. M. Albers, Phys. Rev. 57, 347 (1940). 

4V. M. Albers, H. V. Knorr, and D. L. Fry, J. Chem. Phys. 10, 
700 (1942). 
( 353) S. Becker and M. Kasha, J. Am. Chem. Soc. 77, 3669 
1953). . 


phosphorescent emission for nickel etioporphrin II in 
a region clearly discernible from that of the metal-free 
porphyrin. 

Numerous investigators have studied the effects of 
various divalent metal ions upon the absorption spectra 
of porphyrins.“* Dorough and co-workers actually 
attempted to correlate the changes in the absorption 
bands with the nature of the metal-nitrogen bonding 
present in these metallo-porphyrins. While all these 
studies are interesting and important, it should be 
pointed out that, so far, absorption spectral studies 
have been incapable of indicating any of the intricate 
differences that exist between the metal derivatives of 
the porphyrins. For example, the absorption spectra of 
copper and zinc porphyrin are very similar, yet the 
magnetic character of these two metal ions is entirely 
different (i.e., copper is paramagnetic whereas zinc is 
diamagnetic). In addition to this, the absorption 
spectral studies have been incapable of predicting 
certain unusual spectral emission properties often en- 
countered in the metallo-porphyrins. 

Normally, extensive x-ray and infrared analyses are 
carried out in order to ascertain the molecular geometry 
of a molecule. Although such studies do yield quanti- 
tative data, it will be shown that certain valuable 
qualitative information can be gained in a much shorter 
time from electronic spectral emission studies. More- 
over, although quantitative susceptibilities can be 
obtained by means of a Gouy balance, qualitative data 
can be obtained from electronic spectral considerations 
in less time and with much less sample. It should be 
obvious that such information gained from emission 
spectral studies should not necessarily be limited to the 
prophyrin-like molecules, but could be extended to any 
number of metallo-organic molecules. 


6G. D. Dorough, J. R. Miller, and F. M. Huennekens, J. Am. 
Chem. Soc. 73, 4315 (1951). 
7R. J. P. Williams, Chem. Revs. 56, 299 (1956). 
8M. Gouterman, Ph.D. dissertation, University of Chicago, 
ty PF Chem. Phys. 30, 1139 (1959). 
W. Thomas and A. E. Martell, Arch. Biochem. Biophys. 
16, 286 (1958). 
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LUMINESCENT SPECTRA OF PORPHYRINS 


TaBLE I. Luminescence and lifetime data of metalloporphyrins. 








Fluorescence 


Relative 
intensity* 


Position of 1st 


Compound band-cm7! 


Phosphorescence 


Relative 
intensity* 


Estimated lifetime of 
triplet state 


Position of 1st 
band-cm7! 





Mesoporphyrin IX, dimethy] 
ester 

Co(II) mesoporphyrin IX, 
dimethyl ester 

Ni(II) mesoporphyrin IX, 
dimethyl ester 

Cu(II) mesoporphyrin IX, 
dimethy] ester 

Zn(II) mesoporphyrin IX, 
dimethyl ester 

Pd(II) mesoporphyrin IX, 
dimethyl] ester 

Ag(II) mesoporphyrin IX, 

6 jap a ester —— 

mesoporphyrin IX, 

dimethyl ester 

Ba(II) mesoporphyrin IX, 
dimethy] ester 

Mg(II) etioporphyrin II 

Zn(II) phthalocyanine 


16 196 vs 
None 
None 
None 
17 492 
None 
Not observed 
17 185 
16 780 


16 972 
14 876 


13 310 vw 
14 908 vw 
14 680 vw 
14 665 vs 
14 260 m 
15 200 


=5X10~ sec 
<5X10~ sec 
25X10 sec 
<5X10~ sec 
=5X10~ sec 
=5X10~ sec 
Not observed 
13 772 
13 345 


13 439 
Not observed 


=5X10~ sec 


=5X10~ sec 
=5X10~ sec 





® vs=very strong; s=strong; m=moderate; w=weak; vw=very weak. 


EXPERIMENTAL 


All absorption spectra were recorded on a Beckman 
model DK-1 spectrophotometer. Two instruments were 
employed for the emission spectral studies: (1) a 
Steinheil 3-prism spectrograph, model GH and (2) a 
Hilger medium (infrared) glass 1-prism spectrograph. 
The exciting light was supplied by a 1-kw Hanovia 
Xe-Hg compact arc lamp. The wavelength of this 
source was selectively controlled either by use of a 
combination of solution and glass filters or by a Bausch 
and Lomb grating monochromator. A modified Bec- 
querel phosphorscope was used in conjunction with 
the spectrograph for obtaining solely phosphorescent 
emissions of the compounds whose lifetimes were 
sufficiently long, ca. 5X 10~ sec or longer. The emission 
spectra were determined at liquid nitrogen temperature 
in either of two solvent systems which formed a clear 
glass at 77°K: (1) EPA, 2 parts absolute ethanol, 5 
parts ether, and 5 parts isopentane; or (2) EPAF, 3 
parts absolute ethanol, 0.5 parts V,N-dimethylforma- 
mide, 6 parts ether, and 5 parts isopentane. The iso- 
pentane (Phillips instrument grade) and ether were 
purified by fractional distillation over calcium hydride. 
In addition, the isopentane was chromatographed by 
passing it through an activated silica gel column. 
The pure absolute ethanol and spectro grade N,N- 
dimethylformamide were used without further purifica- 
tion. 

The absorption spectra of the compounds not pre- 
pared in our laboratory gave no indication of band 
characteristic of the parent porphyrin; however, subse- 
quent investigation of their emission spectra disclosed 
trace amounts of the metal-free parent porphyrin in 


the cobalt, nickel, and palladium derivatives. Re- 
crystallization from a methanol-chloroform” mixture 
failed to remove the contaminant completely. The 
purification process described by Erdman and co- 
workers" proved to be the most satisfactory. Accord- 
ing to this method the metallo-porphyrin is first ex- 
tracted with formic acid and then chromatographed on 
a calcium carbonate column. The acid extraction was 
eliminated for the cobalt derivative due to the extreme 
instability of this compound in an acid medium. Follow- 
ing this procedure, the emission spectra showed either 
no trace of parent porphyrin or exhibited these bands 
only upon extremely long exposure. 

The divalent cadmium, silver, and barium meso- 
porphyrin were prepared by a modification of that 
described by Dorough, e al. The conversion of the 
dimethyl ester of mesoporphyrin IX to the metallo- 
porphyrin was carried out in a solvent medium which 
could be diluted with the appropriate solvents to form 
an EPAF glass. A 10~ molar solution of the parent 
porphyrin in 0.6 ml of dimethylformamide was added 
to 1.0 ml of absolute ethanol saturated with the metal 
salt [e.g., Cd(C2HsO2)2, Ag(C2H;02), or Ba(OH).]. 
The transformation to the metallo-porphyrin was ap- 
proximately quantitative for the silver derivative if the 
reaction was greatly refluxed for several minutes. 

The barium derivative was found to be unstable in 
solution; therefore, special precautions were observed 
when preparing this compound. In this case, the reac- 
tion was allowed to proceed at room temperature in the 


10 A. H. Corwin and J. G. Erdman, J. Am. Chem. Soc. 68, 2473 
(1946). 

J. G. Erdman, V. G. Ramsey, N. K. Kalenda, and W. E. 
Hanson, J. Am. Chem. Soc. 78, (1956). 
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Fic. 1. Fluorescent and phosphorescent spectra of the dimethyl 
ester of mesoporphyrin IX in EPAF glass. 


absence of light. After several minutes the mixture was 
diluted with the solvents necessary to form an EPAF 
glass (i.e., 2 ml. absolute ethanol, 6 ml of ether, and 5 
ml of isopentane) and immediately cooled to 77°K. 
The absorption spectrum of barium mesoporphyrin 
indicated that 70-85% of the parent had been con- 
verted to the metal derivative. This procedure is ex- 
ceptionally valuable in all those cases where the metal 
complex is unstable, such as the barium prophyrin. 
The concentration of all solutions was approximately 
10°*M. Moreover, in the regions of excitation the inte- 
grated absorption areas were approximately equal. 


RESULTS 


All experimental results are summarized in Table I. 
The origin of the fluorescence and phosphorescence is 
given as well as an estimate of the lifetime associated 
with the triplet state. Figures 1-10 are densitometer 
tracings of the emission spectra of the compounds 
investigated (see Fig. 11 for formulas). Only the first 
fluorescent bands are shown for the barium and cad- 
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Fic. 2. Fluorescent and phosphorescent spectra of magnesium 
etioporphyrin II in EPA glass. 
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Fic. 3. Fluorescent and phosphorescent spectra of the dimethyl 
ester of zinc mesoporphyrin IX in EPA glass. 


mium prophyrins due to the interference of the fluo- 
rescent spectrum of the parent compound present as an 
impurity. The emission spectra for the cobalt, palla- 
dium, and barium derivatives are reported and have 
not appeared in the literature previous to this investi- 
gation. 

This investigation parallels the earlier work of 
Becker and Kasha® in which they reported what ap- 
peared to be a totally phosphorescent emission from 
nickel etioporphyrin II. No fluorescence was ob- 
served for the nickel or silver mesoporphyrins contrary 
to that reported for the corresponding tetraphenyl- 
porphines.** Thus, it is concluded that the reported 
fluorescent emission* was just that of the parent 
porphyrin present as an impurity. 


DISCUSSION 


The metallo derivatives of meosporphyrin provide an 
excellent series of compounds to illustrate the effect of 
increased spin-orbital interaction on the emission 
spectra. The parent meosporphyrin exhibits an emission 
spectrum consisting of very intense fluorescent bands 
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Fic. 4. Phosphorescent spectra of the dimethyl] ester of copper 
mesoporphyrin IX in EPAF glass. 
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Fic. 5. Phosphorescent spectrum of the dimethyl ester of 
nickel mesoporphyrin IX in EPAF glass. 


12000 11000 


and weak phosphorescent bands (Fig. 1). A decided 
increase in the phosphorescent intensity with a cor- 
responding decrease in fluorescent intensity occurs 
when magnesium is complexed with this compound. 
This can be attributed to the atomic number (Z) 
effect on spin-orbital interaction. Replacement of 
magnesium (Z=12) by zinc (Z=30) results in even 
further enhancement of the phosphorescent intensity 
and a decrease in the fluorescent intensity. Complexing 
a paramagnetic metal ion, like copper, with the por- 
phyrin molecule causes a high degree of spin-orbital 
eoupling to occur in the molecular system. As a result, 
there is total quenching of fluorescence and an increase 
in phosphorescent intensity with considerable short- 
ening of the lifetime associated with the triplet state 
(Fig. 4 and Table I). Although these cases behave as 
expected, several of the cases to be considered do not 
behave in accordance with expectation. 

The divalent metallo-porphyrins are normally con- 
sidered to exhibit dsp? square planar bonding between 
the central metal ion and the four pyrrole nitrogens. 
This bonding scheme requires the divalent nickel ion 
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Fic. 6. Phosphorescent spectrum of the dimethyl ester of 
cobalt mesoporphyrin IX in EPAF glass. 
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Fic. 7. Phosphorescent spectrum of the dimethyl ester of 
palladium mesoporphyrin IX in EPAF glass. 


to have an electronic configuration similar to that for 
the zinc ion (i.e., no unpaired electrons). Complexing 
the nickel ion via dsp* square planar bonding with the 
parent porphyrin should then have much the same 
effect on the emission spectrum as did the introduction 
of the zinc ion. Since the emission spectrum of the 
latter contains both fluorescence and phosphorescence, 
and since the atomic number of nickel is even less than 
that of zinc, the nickel derivative would be expected 
to contain fluorescent bands in addition to phospho- 
rescent bands. Contrary to this prediction, the nickel 
mesoporphyrin is solely phosphorescent (Fig. 5) and 
has a lifetime >5X10~ sec. 

If the metal ion in nickel mesoporphyrin is con- 
sidered paramagnetic, then this solely phosphorescent 
emission would be expected. However, the lifetime of 
the triplet state for the nickel complex is too long and 
the emission too weak when compared to a porphyrin 
known to contain a paramagnetic metal ion—the copper 
complex (Table I). Thus, it is concluded that the nickel 
ion is diamagnetic. 
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Fic. 8. Fluorescent and phosphorescent spectra of the dimethy] 
ester of cadmium mesoporphyrin IX in EPA glass. 
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Fic. 9. Fluorescent and phosphorescent spectra of the dimethyl 
ester of barium mesoporphyrin IX in EPAF glass. 


Earlier work by Becker” on nickel etioporphyrin II 
gave results similar to those reported herein. On the 
basis of the emission spectral considerations and com- 
parisons, Becker concluded that the metal-porphyrin 
bonding in the nickel derivative was unusual; that is, 
different from the other metalloporphyrins normally 
considered coplanar. One of the bonding schemes 
suggested was a distorted tetrahedron. Further investi- 
gation by the present authors, including the lifetime of a 
nickel por ‘hyrin (from which the magnetic suscepti- 
bility can be inferred), has led to a similar, but more 
definite conclusion—irregular tetragonal bonding. 

A recent x-ray investigation of nickel etiopor- 
phyrin II** indicates that while the central metal 
ion is in the plane of the molecule as a whole (nickel 
atom plus the four methine carbon atoms), the four 
pyrrole rings may be displaced slightly above and below 
this plane in an alternating manner. The metal- 
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Fic. 10. Fluorescent spectra of the dimethyl ester of zinc meso- 
porphyrin IX and of zinc phthalocyanine in EPA glasses. 


2R. S. Becker, Ph.D. dissertation, Florida State University 
(1955). 

13M. Crute (personal communication). 

“4M. Crute, Acta Cryst. 12, 24 (1959). 
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Fic. 11. Structure of porphyrin-like molecules. (1) Dimethyl 
ester of mesoporphyrin IX: 1,3,5,8-tetramethyl-2, 4-diethyl- 
6, 7-di-(methylpropionate)-porphin; (2) etioporphyrin II: 1,4,5, 
8-tetramethy]-2 ,3 ,6,7-tetraethyl-porphin; (3) phthalocyanine: a, 
B,7,6 aza-1,2,3,4,5,6,7,8-phenyl porphin; (4) metallo-deriva- 
tives: a divalent metal atom replaces the two central H atoms 
forming coordinate-covalent bonds with the four pyrrole nitrogens. 


porphyrin geometry of such a system would indicate 
that the bonding is that of an irregular tetragon 
(dp* or dsp*). 

A more quantitative relative comparison of the in- 
tensity of phosphorescence of nickel and copper meso- 
porphyrin shows the copper derivative to be 300-600 
times greater in intensity than the nickel derivative. 
This could, perhaps, be accounted for in terms of the 
difference in the magnetic susceptibility (thus affecting 
the spin-orbital coupling) of the metal ions involved. 
However, since the nickel derivative does not have 
fluorescence, it is not possible to account for the 
missing quanta via this mechanism as could be possible, 
for instance, in the zinc derivative which does exhibit 
fluorescence and is also diamagnetic. In view of these 
and other considerations, the following mechanism 
and a preferred subsequent one satisfactorily accounts 
for the above results and for those of another derivative 
which will be considered shortly. 


GEOMETRIC CONSIDERATIONS 


In the nickel derivative, the first excited singlet state 
potential energy curve is assumed to cross with the 
ground state curve. Thus, there would be internal 
conversion to the ground state with no fluorescent 
emission. Moreover, the crossing effectively would 
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Fic. 12. Energy level diagram relating rate constants for 
transitions. 
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shorten the lifetime of the first excited singlet state 
making it comparable to higher excited state lifetimes 
(10-%-10-" sec). Normally the lifetime of the first 
excited state is 10-*-10- sec. Figure 12 will aid in 
further discussion of the proposed mechanism. Because 
of this decrease in the lifetime of the first excited state, 
the ratio of the rate constants kc (internal conver- 
sion)” to krg (intersystem crossing)" is greater than 
would be the ratio kp (fluorescence) to krg where the 
first excited state the the ground state did not cross. 
Thus, effectively, the triplet state population is lowered 
because of the existence of a faster, more competitive 
mode of deexcitation (internal conversion). This 
results in a decrease in the quantum yield (intensity) of 
phosphorescence. 

The preceding development has further verification 
when the zinc derivative is considered. The relative 
intensities of the phosphorescence of the metallo 
derivatives are approximately Zn/Ni=60 and Cu/Zn= 
5-10. In the copper-zinc case, even though the phos- 
phorescence of the copper complex is greater than 
that of the zinc complex, the zinc derivative has 
fluorescence making the total quantum yields com- 
parable. However, in the zinc-nickel case, it can be 
seen that despite the fact they are both diamagnetic 
and differ in atomic number by only two, the zinc 
phosphorescence and total quantum yield are con- 
siderably greater. This is satisfactorily accounted for 
on the basis of the mechanism proposed in the fore- 
going. The cause of these differences is attributed in 
total or in part to the nature of the metal-porphyrin 
bonding as previously discussed. 

The emission spectrum of cobalt mesoporphyrin 
consists solely of phosphorescence. Moreover, the life- 
time of the phosphorescence is less than 10~ sec, These 
factors are attributed to strong spin-orbital coupling 
resulting from a paramagnetic ion, namely the cobalt 
ion. The paramagnetic susceptibility is expected 
whether the cobalt ion is involved in dsp square planar 
bonding or an odd type of bonding such as that ex- 
hibited by the nickel derivative. Earlier workers" also 
have shown the cobalt ion to be paramagnetic. How- 
ever, the weak intensity of this emission compared to 
that obtained from the paramagnetic copper complex 
(50 times weaker) seems surprising if dsp? square planar 
bonding exists between the central cobalt ion a:d the 
pyrrole nitrogens. Since the intensity of emission of 
cobalt mesoporphyrin is somewhat comparable to that 
of nickel mesoporphyrin, but much less than that of the 
copper derivative, it would appear necessary to con- 
clude that both the cobalt and nickel derivatives have 
similar bonding schemes. A closer examination of the 
phosphorescent intensities reveals that the emission 
from the cobalt porphyrin is approximately 10 times 
stronger than that observed for the nickel derivative. 


15M. Kasha, Discussions Faraday Soc. 9, 14 (1950). 


16 L. Pauling and C. D. Coryell, Proc, Natl. Acad. Sci. U.S. 22, 
159 (1936). 
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Considering a similar mechanism to that discussed for 
the copper, nickel, zinc cases, it is possible to explain the 
emission from the cobalt derivative. An internal con- 
version mode of de-excitation could exist because of the 
crossing of the ground state and the first excited state. 
However, the cobalt mesoporphyrin would have a higher 
phosphorescent quantum yield (intensity) than the 
nickel compound since there exists a higher value for 
krg because of an expected greater spin-orbital coupling. 
Thus, kre is not as competitive as in the case of nickel, 
and the population of the triplet state would be higher. 
The cobalt complex would have a much lower phos- 
phorescent quantum yield (intensity) than the copper 
derivative because of the highly competitive internal 
conversion rate in the cobalt derivative. This would be 
true even if the kg values for each were comparable and 
large as in the copper porphyrin. 

Palladium mesoporphyrin, like the nickel analog, 
has an emission consisting solely of phosphorescence 
(Fig. 7). The intensity of this emission appears to be at 
least equal to that of the copper complex. This would 
imply that the zg is equal to or greater than that of the 
copper derivative. However, the lifetime of the triplet 
state is much longer in the palladium compound than 
that in the copper porphyrin. The lifetime is equal to 
or greater than 5X 10~ sec. The difference in lifetimes of 
the copper and palladium porphyrins strongly supports 
the conclusion that the palladium ion is diamagnetic. 

Since the metal ion in the palladium porphyrin is 
diamagnetic, the solely phosphorescent emission might 
be attributed to an increase in spin-orbital coupling 
resulting from the high atomic number of the metal ion. 
However, this explanation is ruled out when the 
emission spectrum of the cadmium complex is ex- 
amined. The cadmium ion is not only diamagnetic, but 
its atomic number is also two units higher than that of 
the palladium ion. The spectrum of the cadmium com- 
pound still contains weak fluorescence in addition to the 
intense phosphorescence (Fig. 8). Furthermore, the 
lifetime of the triplet state of cadmium mesoporphyrin 
is >5X10~ sec. Thus, the atomic number effect 
alone is not sufficient to explain the absence of fluo- 
rescence in the palladium compound. Since the pallad- 
ium ion is more electronegative than cadmium, nickel, 
or zinc” (Zn<Ni<Pd>Cd< Zn), there remains the 
strong possibility that this factor alone could cause an 
additional perturbation to the system of sufficient mag- 
nitude to quench the fluorescence. 

Presuming that the palladium mesoporphyrin is 
utilizing the same bonding scheme as that indicated for 
nickel porphyrin, then the difference in relative in- 
tensity of phosphorescence for these two compounds is 
still explicable if the following factors are taken into 
account. The palladium ion has a greater atomic number 
as well as a greater electronegativity than the nickel ion. 
These factors would cause a greater perturbation to 


dasa Gordy and W. J. O. Thomas, J. Chem. Phys. 24, 439 
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the optical electron system. In addition, the palladium 
ion has a larger diameter than the nickel ion. As a 
result, there should be greater overlap between the 
pyrrole nitrogen orbitals and those of the metal ion. 
This would tend to perturb the charge cloud even more 
with a consequent increase in spin-orbital perturbation 
(r effect). These factors also could be operative in the 
case where the palladium bonding scheme was that con- 
sidered normal, that is, square coplanar. 

Considering the intense phosphorescent emission of 
the copper complex, it would seem logical to suppose 
that when any other paramagnetic metal of this same 
periodic group is complexed with the mesoporphyrin, 
the intensity of the resulting phosphorescent emission 
should be equal to or greater than that of copper 
porphyrin. However, no emission bands for the sil- 
ver II porphyrin could be located up to 9000 A even 
with long periods of exposure. If this divalent silver ion 
possesses electronic excitation levels lower than the 
triplet level of the mesoporphyrin complex, it is possible 
that all excitation energy could be transferred to 
these atomic levels. In this case the emission could occur 
farther into the infrared than the photographic plates 
used could detect. (For an example of this type of 
energy transfer see Weissman and Crosby and 
Kasha.) On the other hand, there are several other 
plausible explanations for this lack of expected emis- 
sion. For instance, the divalent silver ion represents an 
oxidation state for this metal which is uncommon. As a 
result, the divalent metal ion is much more electro- 
negative (3.2)” than if it were in the univalent state 
(1.8), and moreover, more electronegative than 
divalent copper (2.3)."° Owing to the paramagnetic 
and more electronegative character of the metal ion, an 
internal degradation mechanism could exist which 
would allow drain off of excitation energy in a radia- 
tionless manner. Moreover, the type and geometry of 
the bonding with the pyrrole nitrogen atoms could be 
different than in the divalent copper case due to the 
expected more electronegative nature of the divalent 
silver ion. In order to test these hypotheses, a more 
comprehensive study of silver(II) porphyrin seems 
necessary. 

The barium porphyrin exhibits very weak fluores- 
cence in addition to its intense phosphorescence (Fig.9). 
The uecrease in fluorescent intensity between the 
cadmium (Z=48) and barium (Z=56) derivatives is 
much larger (approximately 200 times) than the de- 
crease occurring between the zinc (Z=30) and cad- 
mium (Z==48) complexes. This decrease in fluorescent 
intensity is considerably larger (2000 times) than can be 
accounted for by atomic number effect alone. However, 
the change in radius of these metals could be one factor 


18S. I. Weissman, J. Chem. Phys. 10, 214 (1942). 

19G. A. Crosby and M. Kasha, Spectrochim. Acta 10, 377 
(1958). 

20 E. G. Rochow, D. T. Hurda, and R. N. Lewis, The Chemistry 
of Organometallic Compounds (John Wiley & Sons, Inc., New 
York, 1957), p. 17. 
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explaining this difference (ionic radius of Ba?+= 1.43 A, 
Cd?+= 1.03 A, and Zn*+=0.83 A.”') Because of the large 
size of barium, the central metal ion may no longer 
assume a normal position in the center of the ring. 
This could provide an additional perturbation which 
could increase the spin-orbital coupling to an even 
greater degree than that due to just a change in atomic 
number. In addition, the barium ion is highly electro- 
positive (the same as the sodium ion).” This factor 
certainly causes an appreciable alteration in the nature 
of the metal porphyrin bonding. The effect is mani- 
fested by the high degree of instability of the barium 
derivative. Thus, the relative decrease in fluorescent 
intensity as noted previously appears to be a complex 
function of atomic number, ionic radius, planarity, and 
electronegativity effects. 


LIGAND FIELD CONSIDERATIONS 


Because of the fact that the total quantum yield of 
luminescence was low for the nickel(II) and cobalt (II) 
porphyrins, special spectroscopic investigation was 
performed on these derivatives. The investigation 
centered on the possibility of the introduction of new 
levels resulting from ligand field splitting of the d 
levels in these transition metal ions (for example, see 
J. F. Gibson e¢ al.” and Griffith’). Thus, if low-lying 
levels existed, intramolecular energy transfer could have 
occurred to these levels with a consequent lower energy 
emission. The emission spectrum of each of the deriva- 
tives was studied using photographic plates to approxi- 
mately 11400 A (6~8770 cm“). No definitive emis- 
sion characteristic of the metallo-porphyrins was 
found. 

The introduction of levels resulting from ligand field 
splitting could provide a modification of part or all of 
the mechanisms proposed herein. The absence of 
fluorescence and low quantum yield (intensity) of 
phosphorescence could be caused by internal conver- 
sion among the level which is normally the first excited 
level (also normally the fluorescence level, S' Fig. 11), 
the new level (s) resulting from ligand field splitting, 
and the ground level. 

The comparison of the emission spectra of the 
nickel(II) and zinc(II) derivatives provides the 
knowledge of a rather high intrinsic spin-orbital coupl- 
ing perturbation by zinc because of the nearly equal 
intensity of the phosphorescence and fluorescence of the 
metallo-porphyrin. The difference in the nickel(II) 
and zinc(II) is 2Z units and unfilled d orbitals for the 
nickel(II). It is entirely unreasonable that the change 
in the Z factor could be responsible for the low phos- 
phorescence intensity of the nickel derivative. More- 
over, fluorescence is entirely quenched. Thus, the 


21T. Moeller, Inorganic Chemistry (John Wiley & Sons, Inc., 
New York, 1956), pp. 140-141. : 

2 J. F. Gibson, D. J. Ingram, and D. Schonland, Discussions 
Faraday Soc. 26, 72 (1958). 

23 J. S. Griffith, Discussions Faraday Soc. 26, 81 (1958). 
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difference in these ions of great importance is the d 
electron configuration. These and other factors provide 
evidence that the mechanism proposed in the preceding 
paragraph is the operative one in the cases of the nickel 
and cobalt derivatives. 


BONDING CONSIDERATIONS 


An estimation of the quantum yield of fluorescence 
for zinc phthalocyanine compared to zinc mesopor- 
phyrin presents a means to determine the structural 
similarity between these molecules. In order to make 
this estimation as quantitative as possible, both 
metallo compounds were studied in the same solvent 
system (EPA). The concentration of each sample was 
adjusted so that equal integrated absorption areas were 
present in the regions excited. Approximately twice the 
intensity of exciting light was used to irradiate the 
mesoporphyrin derivative as that for the corresponding 
phthalocyanine. 

A consideration of all factors, including plate sensi- 
tivity, shows that the intensity of fluorescence in the 
zinc phthalocyanine is approximately twice that of the 
zinc porphyrin despite the excitation intensity differ- 
ence. This would indicate that the quantum yield of 
phosphorescence for zinc phthalocyanine would be 
approximately one-half as great as that for the zinc 
mesoporphyrin. This difference in quantum yield 
(intensity) of fluorescence is related to the amount of 


spin-orbital interaction present in these metallo com- 
pounds. The implied greater intensity of phospho- 
rescence for zinc mesoporphyrin indicates a greater 
degree of spin-orbital interaction. This could be ac- 
counted for by the difference in the expected electron 
density in the vicinity of the pyrrole nitrogens for these 
two compounds. In the case of the phthalocyanine, 
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there would be a fairly uniform distribution of electron 
density on all of the skeletal nitrogens. The porphyrin, 
on the other hand, no longer has this uniform distribu- 
tion since the four methine carbon atoms have replaced 
the nitrogens joining the pyrrole rings. Moreover, the 
electron density on the pyrrole nitrogens in the por- 
phyrin is increased because of the difference in electro- 
negativity of the nitrogen compared to the methine 
carbon. This would enable the central metal ion (in the 
porphyrin) to have a greater degree of orbital overlap 
with the pyrrole nitrogen orbitals. As a result, the 
bond distance between the metal ion and the four 
pyrrole nitrogens could be shorter than those in the 
metallo-phthalocyanine molecule. The effect of this 
would be an increase in the spin-orbital perturbation 
caused by the metal ion (r effect) with a consequent 
decrease in the quantum yield (intensity) of fluo- 
rescence. Thus, it appears that the pyrrole rings in the 
zinc porphyrin molecule would be moved in closer 
toward the center of the ring system than in the corre- 
sponding phthalocyanine molecule. 

The use of electronic emission spectral data for the 
prediction of magnetic susceptibility and certain struc- 
trual and bonding characteristics appears to have 
qualitative validity. It is obviously important to have 
actual lifetime data and, in addition, have such data on 
more compounds before conclusive validity and limits 
can be established. Moreover, more quantitative in- 
tensity data would be desirable. These and other con- 
siderations are under investigation. 
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The effect of pressure on the spectra of certain color centers produced in the alkali halides by x irradiation 
has been measured to pressures as high as 166 000 atm. 

For the F center a shift to higher energies with increasing pressure is observed. The slope of the shift versus 
density is at least twice the value that would be predicted from Ivey’s relation at low pressure, and decreases 
with increasing pressure. This indicates that the compressibility in the neighborhood of the F center is greater 


than in the bulk crystal, particularly at low pressure. 


For the M center in LiCl a shift to higher energy with increasing pressure is observed, about one-fifth as 


great as the shift observed for the F center. 





INTRODUCTION 


HE effect of pressure on the spectra of certain color 
centers in alkali halide lattices produced by ionizing 
radiation has been studied to as high as 166 000 atm. 
There have been three previous investigations of the 
effect of pressure on color centers in alkali halides. 
Burstein ef al.1 measured the shift of the F-band peak 
frequency to 2000 atm in three alkali halides. Jacobs? 
measured the effect of pressure on the peak frequency 
of the F band to as high as 8000 atm in seven alkali 
halides. Maisch and Drickamer® studied the effect of 


pressure on the spectra of the F band in six alkali - 


halides and the M band in one other alkali halide to 
50 000 atm. 

They found that, in general, a shift to higher energy 
occurred for all bands with pressure as long as no phase 
transition occurred. Maisch and Drickamer’ also found 
that m some alkali halides, there appears at higher 
pressures a new band on the high energy side of the F 
band which they called the K! band. 


EXPERIMENTAL PROCEDURE 


The types of crystals and color centers studied, the 
techniques used to introduce the centers, and the pres- 
sure ranges involved are summarized in Table I. 

The crystals to be x irradiated were cleaved to about 
2454 mm and exposed at a distance of one inch for 
times ranging from one to twenty-five hours to an x-ray 
tube with a tungsten target and beryllium windows 
operated at 40 kv and 15 ma. The crystals were stored 
in the dark until used. They were loaded into the bomb 
in a very dim red light. This procedure was found by 
Maisch and Drickamer' to give results identical to those 
obtained with additively colored crystals. 

The crystals to be bleached were exposed from 5-10 
min at a distance of 2-3 in. to the radiation from a 


* This work was supported in part by U. S. Atomic Energy 
Commission contract, Chemical Engineering Project 5. 


1. Burstein, J. J. Oberly, and J. W. Davisson, Phys. Rev. 85, 
729 (1952). 


21. S. Jacobs, Phys. Rev. 93, 993 (1954). 


8 W. G. Maisch and H. G. Drickamer, J. Phys. Chem. Solids 5, 
328 (1958). 


Hanovia type 16 200 mercury lamp, then used im- 
mediately. 


The high-pressure optical system and techniques 
have been described previously.‘ 


RESULTS AND DISCUSSION 
A. F Center in the fcc Structure 


The primary result of x irradiation of a pure alkali 
halide crystal is the introduction of a band in the visible 
called the F center. The commonly accepted model of 
the defect, due to deBoer,' is that of an electron trapped 
at a negative ion vacancy. The shift of this peak with 
pressure is shown in Figs. 1 to 6 for six alkali halide 
crystals which have the fcc (NaCl) structure, at least 
at atmospheric pressure. The maximum scatter in the 
data is +300 cm . Figures 7 to 10 show typical spectra 
for KCl, KBr, and KL.° 

It was first suggested by Burstein and Oberly’ that 
the F center could, to the zeroth order, be treated as a 
particle trapped in a box. One of the important con- 
clusions of this model is that E« (1/1)? where / is the 
box diameter. Thus 


Vm= E/h« (1/ Ac?) ap? 


where Ap is the lattice parameter and ¢ is the density. 
Mollwo,’ using data at one atmosphere and 25°C for 
several alkali halides having the fcc structure, showed 


that v»Ao is essentially constant. Later Ivey® correlated 
the data and found that 


E,Ao'*=1.76X 10- v m?. 


The density of certain alkali halides has been meas- 
ured as a function of pressure to 100 000 kg/cm? by 


*R. A. Fitch, T. E. Slykhouse, and H. G. Drickamer, J. Opt. 
Soc. Am. 47, 1015 (1957). 


5 J. H. deBoer, Rec. trav. chim. 56, 301 (1937). 


6 It may be noted that the half-widths do not agree particularly 
well with other published values. 


7E. Burstein and J. J. Oberly, Natl. Bur. Standards Circ. No. 
5109, 285 (1952). 


8 E. Mollwo, Nachr. Ges. Wiss. Géttingen, Math. phys. KI. 
97 (1931). 


9H. F. Ivey, Phys. Rev. 72, 341 (1947), 
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TaBLE I. Preparation of color centers in alkali halides. 





Study of Starting material 


Maximum 
pressure 


Source (atm) 


Preparation 





F center in NaCl Single crystal NaCl 
F center in NaBr 
F center in KCl 
F center in KBr 
F center in KI 

F center in LiCl 


M center in LiCl 


Single crystal NaBr 
Single crystal KCl 
Single crystal KBr 
Single crystal KI 
Single crystal LiCl 
Single crystal LiCl 


Harshaw Chemical Company 
Single Crystal Corporation 
Harshaw Chemical Company 
Harshaw Chemical Company 
Harshaw Chemical Company 
Semi-Elements Inc. 


Semi-Elements, Inc. 


x irradiation 
x irradiation 
x irradiation 
x irradiation 
x irradiation 
x irradiation 
x irradiation; bleaching 


166 000 
150 500 
137 500 
152 000 
104 000 
106 000 
50 000 





Bridgman.” Figures 10 to 14 are plots of log(v/v) m 
vs log(p/po). If the compressibility in the neighborhood 
of the F center were the same as the bulk compressi- 
bility one should obtain a slope of 3 (or 06.13 assuming 
the Ivey relation). Actually the slope is at least twice 
this at low pressures, but decreases rapidly with pres- 
sure in the low pressure region. At higher pressures the 
slope is constant at a value somewhat above 4%. The 
situation in KBr and KI is complicated by the presence 
of the K’ and other bands. The results are generally 
quite consistent with the vacancy mechanism since 
the absence of the nuclear repulsive force should lead to 
a greater local compressibility than is exhibited by the 
bulk crystal. 

The data also permit the evaluation of Jacob’s 
function fr=9 InR/d InA) where R is the lattice con- 
stant in the neighborhood of the F center, if one accepts 
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Fic. 1. Effect of pressure on the spectra of the F band in NaCl. 


10 P, W. Bridgman, Proc. Am. Acad. Arts Sci. 76, 1 (1945). 


the validity of the Ivey relation as applied to the F 
center. By using this assumption, 0 InR/dP can be 
calculated from the experimental data (Figs. 10-14) 
and converted to 8InR/dA using Bridgman’s data. 
The values of fr shown are based on the data in the 
region 0-20 000atm. Table II compares the experimental 
values with Jacob’s calculations. 

The agreement is reasonably good considering the 
simplicity of the model. 

The effect of pressure on the density of LiCl has not 
been measured directly. It can be estimated from 
the effect of pressure on the F center v,, and the atmo- 
spheric lattice constant, assuming v» has a density 
dependence similar to the other chlorides. Results are 
listed in Table ITI. 


B. Growth of the K’ Band 


Maisch and Drickamer® found that in KBr, KI, 
CsCl, CsBr a new band appeared on the high energy 
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Fic. 2. Effect of pressureon the spectra of the F band in NaBr, 
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Fic. 3. Effect of pressure on the spectra of the F band in KCl. 


side of the F band under pressure. They made an ex- 
tensive investigation of its characteristics which can be 
summarized as follows: 

(1) The K’ band grows with increasing pressure at the 
expense of the F band. 

(2) Transition between the two bands is reversible. 

(3) Bleaching with light of the frequency of one band 
bleaches both bands. 

As a result of the further measurements presented in 
this paper the following additional observations can be 
made: ; 

(a) Measurements on three alkali halides which do 
not undergo phase transition at any known pressure or 
temperature, NaCl, NaBr,and LiCl, failed to produce 
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Fic. 4. Effect of pressure on the spectra of the F and K’ bands 
in KBr. 
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Fic. 8. Color center spectra at various pressures—KBr. 


the K’ band in any case. This indicates that the forma- 
tion of the K’ band is related in some way to the transi- 
tion between the two alkali halide structures. 

(b) The paper by Lazarus" shows that the shear con- 
stant of sodium chloride is relatively high and is rela- 
tively independent of pressure, while the shear constant 
of potassium chloride is not only much lower at one 
atmosphere, but decreases with increasing pressure. 

(c) Wiederhorn” has shown that the transmittance 
of the potassium halides decreases by a factor of over 
10~* before the pressure induced phase transition is 
more than 10% complete. 

The preceding indicate that the K’ band growth may 
possibly by connected with the propagation of shear 
through the lattice, causing a disruption in the structure 
of the F center. It is possible that the defect ties down 
the ends of dislocations formed by the shear, introduc- 
ing new forces into the energy scheme of the center. 


C. Transition Effects, and the F Center in the sc 
(CsCl) Structure 


Three potassium halides (KCl, KBr, and KI) 
transform from the fcc to the sc structure at 19 000- 
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20 000 atm pressure. A discontinuous shif* of the peak 
frequency to higher energies is observed at the transi- 
tion (see Figs. 3-5 and 12-14). Interpretation of these 
data are hampered by the growth of the K’ band in 
KBr and KI, and by further structure in KI which also 
was observed by Maisch and Drickamer.* 


D. Effect of Pressure on the M Center 


When crystals containing F centers are irradiated 
with light in the F-band region at room temperature, 
the F band bleaches and several new bands appear on 
the low energy side of the F band.™ The strongest 
of these is the M center. 

The nature of this center is uncertain. Seitz pro- 
posed that it consists of an F center plus a vacancy 
pair. More recent experiments” indicate that it posses- 


13 F, Seitz, Revs. Modern Phys. 26, 7 (1954). 

4 F, Seitz, Revs. Modern Phys. 18, 384 (1946). 

6 A. W. Overhauser and H. Ruchardt, Phys. Rev. 112, 722 
(1958). 
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TABLE II. Comparison of experimental and calculated values of fr. 





Compound Sr exptl. Srealc 





NaCl 
NaBr 
KCl 
KBr 
KI 








TABLE III. Density of LiCl vs pressure. 
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Fic, 15. Effect of pressure on the spectra of the F and M 
centers in LiCl. 


ses a higher degree of symmetry than Seitz’ model would 
indicate. Knox’ proposed a modification of Seitz’ 
model which possesses this higher symmetry, wherein a 
positive ion and an electron occupy a vacancy aggrega- 
tion consisting of two negative ion vacancies and two 
positive ion vacancies. 

The effect of pressure to 50 000 atm has been meas- 
ured on the M center in LiCl. The results are compared 
with data for the F center in LiCl in Fig. 15. The shift 
with pressure for the M center is less than one-fifth 
that of the F center. 

The low compressibility seems inconsistent with the 
Seitz model. On the other hand, the Knox modifica- 
tion to this model!'* does appear to be somewhat more 
consistent with the data since the atom in the middle 
of the center might tend to oppose the compression to a 
greater degree than one fixed in the corner. 
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The recent theory of the interaction of sound with a burning propellant surface is extended to include 
density fluctuations of the solid propellant. Both compressibility and thermal expansion are treated, but 
the latter is found to be less important than the former. For reasonable values of the compressibility, it is 
shown that the acoustic response, Real (fi,/€), of the surface is reduced by as much as 0.1 in a broad range of 
frequency around several Kc. A simple low-frequency approximation for the burning surface response is 


also discussed. 





I, INTRODUCTION 


FUNDAMENTAL theoretical treatment! of the 
interaction of a sound wave with a burning pro- 
pellant surface has shown that, even in the absence of 
time lags in the chemical processes of combustion, the 
time dependent transport of heat and mass in the com- 
bustion zone can lead to acoustic amplification. This 
was shown to occur over a broad frequency range for 
many typical sets of values of the physicochemical 
constants of a propellant. 

One simplification employed in that study was in 
the treatment of heat transfer in the solid—the density 
of the solid was treated as constant (i.e., the effects of 
compressibility and thermal expansion were omitted). 
However, typical solid propellants are relatively com- 
pressible, so it is desirable to calculate the effect of 
propellant density fluctuations on the acoustic ampli- 
fication. 

The object of the present work is then to extend the 
calculation of Paper I to include compressibility 
and thermal expansion of the solid propellant. To this 
end we treat in detail the (one-dimensional) problem 
of heat transfer in the solid in the presence of acoustic 
oscillations. 


Il, STATEMENT OF THE PROBLEM 


Our calculation will be based on the model of the 
combustion zone (see Fig. 1) introduced in Paper I, 
except that we shall not assume a constant propellant 
density. To the left of the combustion zone, the pro- 
pellant is in a state of elastic wave motion, with tem- 
perature and density fluctuating about their ambient 
values T., p-. Similarly, the burnt gas on the right of the 
combustion zone is assumed to be in a state of acoustic 
oscillation. In these regions heat transfer is negligible 
since the temperature gradients are very small. 

In the combustion zone proper, the temperature 
gradient is large, and heat transfer is the dominant 
process. The (mean) temperature rises exponentially 
through the solid induction region towards the solid-gas 


* This work supported by the Bureau of Ordnance, Department 
of the Navy. 

t Now with Physics Section, Convair, San Diego, California. 

1R. W. Hart and F. T. McClure, J. Chem. Phys. 30, 1501 
(1959) hereafter referred to as Paper I. 


interface, where the propellant undergoes phase change 
and solid phase chemical reaction. This surface region 
(shaded layer in Fig. 1) is assumed to be vanishingly 
thin, and we take this moving surface as origin for 
our one-dimensional coordinate system. In the gas 
induction region, the evolved gas rises exponentially 
in (mean) temperature towards the flame-front where it 
ignites and burns essentially completely to its products 
in the gas reaction layer which is assumed to be of 
ignorable thickness. The size of the entire combustion 
zone is then approximately the sum of the induction 
region widths, which are of the order of the character- 
istic heat transfer lengths, viz., a few tens of microns. 

In Paper I the acoustic amplification was calcu- 
lated by solving the time-dependent mass and energy 
conservation equations in the gas phase inductio 
region (0<x<10- cm) for appropriate boundary 
conditions at the flame front and at x=0. It is clear 
that the inclusion of solid density fluctuations will 
modify only the two equations which constitute the 
“cold boundary” (x=0) condition [Eqs. (3b) and 
(6a) of Paper I].? 

The first of these equations, an Arrhenius expression 
for the variation of surface transpiration rate (m= 
mass flow across plane x=0), is altered very simply 
by solid density variations: 


bmm/iMeB (5To/To) — (8Go/Go) + (5po/Bo), (1)* 


SOLIO PHASE 
REACTION 
—— 


GAS PHASE 
REACTION 
LAYER 





GAS PHASE 
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ZONE 














x20 


X~-1073cm 


X~+1075cm 


Fic. 1. Model of the combustion zone (schematic). 


* Incidentally, two transcription errors will be found in the 
—— of Paper I, where boundary condition is derived. 

e corrected ier ns read yo= ~Fit/ os (moh) /tenpa, and 
ett! = To— Tet o— Te) (mai) iar. 

3 We use the bar to indicate steady-state quantities, and 5 to 
indicate an infinitesimal fluctuation. 


1423 





1424 


in the symbols of reference 1. 5p is related [Eq. (12) ] to 
variations of surface temperature and pressure. 

The second cold-boundary equation is derived by 
first writing down the equation of (instantaneous) heat 
balance across the solid phase reaction layer. Since the 
layer is very thin, this balance is the same as in Paper I; 
for infinitesimal fluctuations it reads 


NSGo—As5Goe =i (Cp— Cz) To + [y+ (Cp— Cz) To limo. 
(2) 


Then the temperature gradient on the solid side of the 
reaction layer, Gos, is found in terms of other surface 
fluctuations [Eq. (16) ]. Combining this with Eq. (2) 
gives the second cold-boundary equation [Eq. (17) ] as 
a relation between Go, mo, To and the surface pressure 
po. (Note that in Paper I none of the cold-boundary 
equations involved #» explicitly, since the solid was in- 
compressible. ) 

Our main concern in the following work, then, is to 
calculate Go, by finding the temperature distribution in 
the solid induction region (—10-*<x<0), taking 
account of the thermal and mechanical density fluctua- 
tions of the solid propellant. 


III. BASIC EQUATIONS IN SOLID INDUCTION REGION 


The energy and mass conservation equations in the 
x-coordinate system of Fig. 1 are‘ 


C.L9(pT) /dt]= (8/dx) [A.(8T/dx) ]—C,[d(mT) /dx] 
+ (0T/kp)[(dp/dt)+(dp/dx)], (3) 
dp/dt= —dm/dx, (4) 


where v= m/p is particle velocity, C, is constant volume 
specific heat, 6 is thermal expansion coefficient, & is 
compressibility, and the other symbols are as in 
Paper I. Equations (3) and (4) relate the three 
variables m, T, and p. p is related to T and to the 
mechanical strain in the solid, so that if 7 is defined as 
the displacement of an element from its mechanical 
equilibrium position, 

p=pe(T)[1+0n/dx}". (5a) 
Here p.(7) denotes the density under zero mechanical 
displacement (n=0), and so depends only on 7. In 
incremental form, Eq. (5a) becomes 


d Inp=—6dT—d In(1+dn/dx), (Sb) 


since 6= — p~'(0p/OT) any az- 


4 Equation (3) may be derived from the first law of thermo- 
dynamics with the aid of M. W. Zemansky, Heat and Thermo- 
dynamics (McGraw-Hill Book Company, Inc., New York, 1943), 
p. 226. 
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It is convenient to rewrite the energy equation (3), 
with the aid of (4) and (5b), in the form 


C.p(dT/dt) = (8/dx) [\o(8T/Ax) ]— Cem(dT/dx) 
— (6T/k)[(0/dt) +0(0/dx) ]In(1+-dn/dx), (6) 


where C,=C,+@T7/kp is the constant pressure specific 
heat of the propellant. 

Equations (4), (5), and (6) give the variation of T 
in terms of the strain 0n/dx. 7 could be found by solving 
the momentum equation in the combustion zone and | 
matching it to the acoustic displacements in the cold 
solid and the burnt gas (cf. Fig. 1), but this would be 
extremely difficult since the combustion zone is inhomo- 
geneous. However, since the combustion zone thickness 
(~10-* cm) is very small compared to sound wave- 
length ($1 cm), dn/dx may be taken as constant over 
the zone.’ Its value we then obtain by matching normal 
force in the solid to the fluctuation in gas pressure on 
the transpiring surface, 5pp>=e(¢)p. Thus we replace 
On/dx in Eqs. (5), and (6) according to 


dn/dx—— kipe, ( 7) 


where ki=(A+2y)-', and where A, w are the usual 
Lamé elastic moduli; &; may be thought of as a “‘one- 
dimensional” compressibility.® 

The set of Eqs. (4)-(7) is now sufficient to deter- 
mine the temperature distribution in the solid induction 
region in terms of e(¢), as well as in terms of the other 
boundary conditions to be applied to the solution. 


IV. BOUNDARY CONDITIONS 


It is clear that the solution T(x, ¢) of Eqs. (4)-(7) 
will involve the fractional surface pressure variation, 
e(t). In addition, there will be three arbitrary constants 
in the solution, arising from the x integration of Eqs. 
(4) and (6). Two of these may be evaluated in terms 
of To and mo, the temperature and mass flow at x=0. 
The remaining integration constant is fixed by match- 
ing the temperature fluctuation at the cold end of the 
solid induction region to the temperature variation 
associated with the acoustic disturbance in the cold 
propellant (Fig. 1). For such a disturbance we may 
neglect heat conduction (A,=0) and then, from Eq. 
(6), the boundary condition is (to first order in e), 


TT .+¢,T., (8) 


where 7,=6kip/p-kC,. 


5 This generally introduces ~0.1% error in the compressibility 
effect, which itself only contributes a small part to the amplifica- 
tion, so our approximation is excellent. It is true that when the 
transpiring surface approaches very near a pressure node for the 
solid-gas system, the effect of nonconstant dn/dx becomes large 
compared even to incompressible effects. However, in this limit 
the amplification vanishes anyway and there is never any sig- 
nificant error arising from our approximation. 

6 For simplicity, we regard C;, As, 0, k, and k; as absolutely 
constant in all the rest of this work. 
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We will have finally a temperature distribution de- 
pending parametrically on 7, mo, and e, from which we 
will find Go, as a function of To, mo, €. 


V. LINEARIZED EQUATIONS FOR TEMPERATURE 
DISTRIBUTION 

Since the pressure disturbance will be assumed very 
small (e1), we shall consider only first-order fluctua- 
tions about steady-state values. This allows us to 
linearize Eqs. (4) to (7), and reduce them to a single 
equation for 67. 

Considering first the steady-state (time-independent 
in x frame), we have from (4) that m=constant, so 
that the f and 7' equations (4) and (6) are 


8 Inp/dx= —00T /dx; 7 /a2=CmaT/dx. (9) 


From (9) the characteristic heat transfer length is 
d./mC,~ 10 cm for a typical propellant (A,=7X10~ 
cal/cm sec °K, C,=4 cal/g °K, m=2 g/cm? sec). In- 
troducing the dimensionless coordinate y=mC,x/X., the 
steady-state solutions are 


T=T.+Ae, A=T—T., (10a) 


and 
B=p- exp[ —0Ae"]. (10b) 


We shall assume harmonic time dependence for the 
fluctuations, so e= Relé exp(iwt)], 57= Re[5T exp(iwt)], 
etc. Then, from Eqs. (6), (7), and (10), the first-order 
temperature perturbation satisfies 


(B/p-)iwr. (81) =[a?(5T)) /dy*]—[d(5T) /dy] 
—fide’+iwrs.(T.+Ae)é (ila) 


Here we have introduced the characteristic time 
T2=)ap-/MC,~10-*/x,~10-* sec, since =m/pe~1 
cm/sec. The fractional increment of mass flux in the 
solid Re[f exp(iw/) ]=u=5m/m) is given in terms of its 
value at the surface by integrating the perturbed 
continuity equation (4) : ‘ 


Bet iors "dy(B/o-)(0(8T)— Ripe]. (110) 


We have used here the density perturbation found 
from Eqs. (5a) and (7) [noting that s=p.(7') J, 


5p= —p(05T—kipe). (12) 


The pair of Eqs. (11) form an integro-differential 
equation for the fluctuation 57 in terms of jo and e. 


VI. TEMPERATURE DISTRIBUTION IN SOLID 
INDUCTION REGION 

We shall now obtain the temperature perturbation 
57, up to and including terms linear in @, by an iteration 
procedure. This approach makes the Eqs. (11) tract- 
able and is justified by the fact that thermal expan- 
sion effects have little importance in our results, as we 
shall see. 

The magnitude of the effect of solid density fluctua- 
tions contained in Eqs. (11) is governed by the sizes of 
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6 and k,(~&). For our one-dimensional treatment, @ is 
the linear coefficient of thermal expansion, while ; is 
related to the velocity of longitudinal (“dilational”’) 
waves in the solid by k:=1/pc.’. For typical propellants 
we may assume celluloidlike values, viz., @~10-*/°K, 
and k~4X10-*/atm (p~1.6 gm/cc, ca~4X10 
cm/sec), for approximately room temperature. For the 
higher temperatures of the combustion zone (7o~ 
600°K), 8 is probably not much different, but it is 
possible that &; is several times larger. In the following 
work we shall adopt as plausible estimates 


6~10-*/°K, k~10-*/atm 


As we shall show in detail later, one may gauge the 
importance of thermal and mechanical density varia- 
tions from the sizes of 0A, r,, and kip compared to 
unity. For A~300°K and p= 60 atm, we have 


6A~3X107, 3 7~3X10, kp~6X10~ or larger. 
(13) 


From (13) one may anticipate that thermal expansion 
effects will be secondary in importance to compressi- 
bility effects. 

For the case of zero 0, the temperature perturbation 
satisfying Eqs. (11) and the boundary conditions 
(Sec. IV) is readily found to be 


(87") omo= (57) omve™”-+[A/ox(a— 1) ](o— krpé) (e*™—e”) 
+AkipeyeY, (14) 


where a=}+}3(1+4iwr,)4. The form of this solution 
differs from that of the incompressible case (Paper I) 
by the last term in (14). The amplitude of this term 
is largest at y=—1, and is opposite in phase to the 
pressure oscillation. To understand this behavior, we 
note that a positive pressure fluctuation produces a 
positive density fluctuation which means that the mass 
flow toward x=0 increases linearly with distance below 
the solid-gas interface. This net mass flow from lower 
to higher temperature regions then produces a negative 
temperature fluctuation, which is proportional to depth 
below the surface and to 07'/dy. 

The solution for 57° to first order in @ may now be 
obtained by replacing 67 by (57°)e—0 in Eq. (11b). 
For simplicity we neglect not only @ terms, but also 
terms of order &p0A compared to unity [cf. (13) ]. 
We then find 


67 = 67 o{[1+ (0A/2a) (a?—2a—1) Jew 
— (84/2cx) (a— 1)? e+ (6A/cx) e¥} 
+ fol A/oe(a— 1) ]{(1+ (0A/2a) (a?— 1) Je 
— (04/2cx) (a— 1)%e+P¥—[1+ (64/a) (a—1) Jer} 
—e[hypA/a(a—1) ]{e—e—a(a—1) yer} 
—e,{Te—Aev—T.}. (15) 
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Finally, from Eq. (15), we have for the fluctuation in temperature gradient at the solid side of the surface x=0: 
(d./mMC,) 5Goa= 8 Toe 1— OAL (a*— 1) /20*} +-fo(A/x) {1-+0A[ (a—1)/2e]} +#pAl(a—1)/a]—#.(aTr—A) (16) 
VII. ACOUSTIC AMPLIFICATION BY COMBUSTION ZONE 


We can now present the modified form of the second “‘cold-boundary” equation (Sec. II), and the consequent 
changes in the response functions’ fio/é, f,/é. From Eqs. (1), (2), and (16) [with (12)] the desired equation is 


AGo=mo(h+CyTo) +ihipo J. (w) +meK (w), 


where 


(17) 


J,=C,AL(1—a) /a][1— (04/2a) ]+C,To(a—1) {1—4(6A) [(a+1) /a]} 


xX 


2(h+CyTo) — CAL (a—1) /ae][1— (04/2a) J 





and 


(8B—0To) (h+CpTo) —CpTo—C,To(a—1) {1— (0A) [(a+1)/a]}’ 


(18a) 


K=C,A{[(a—1)/a}kp—[a( T/A) —1]7.}+C,To(a—1) {1-3 (0A) [(a+1) /o]} 
C.A{[(a—1) /ap—[a( T/A) —1]}r.} — (h+C,To) ap 





(8B—0T») (h+CyTo) —CpTo— C.To(a—1) {1—4(0A) [(a+1) /a]}} 


Now, in view of the order of magnitude estimates 
(13), as well as the fact that, typically, 8~40, we shall 
in all the following neglect terms of relative order r,, 
64/8, and kip/8, with consequent error less than 0.1%. 
In this approximation, Eqs. (18) simplify to 


J+(w) = J(w) +C,A[(a—1) /20? 0d, 
K (w) = C,A[(a—1)/a Jap, 


with J(w) given by Eq. (6b) of Paper I. 

Equations (17) [with (19)] and (1) are the ap- 
propriate modification of the “cold-boundary” con- 
dition for the effects of solid density variations. It is 
now straightforward, though extremely arduous, to 
obtain the altered fi and i, by the procedure of Paper I. 
We find® (omitting the bars on steady-state quantities 
- from now on) 


(19a) 
(19b) 


pu/e=[1+ (J4/28) (1—T)P41—Ler—1) BAD) 


— (b,/D,*) — (K/h) 3(1—To) 


rank. - 5 al; (20) 


Fes Cr “(any a 
é (a M) y /\MI-T,/ 2¢ i+ h 


iwro 1—T» 
Bey rion a ) 


yen) weet be ot. 
" Z Te rj 2h 


D,* 

7 We recall (Paper I) that the combustion zone amplifies if 
Re(ji,/€) >1/7, where y is specific heat ratio of the burnt gas. 

8 We make one further change, unrelated to solid density 
fluctuations, in the treatment of Paper I, in order to include 
the effect mentioned in the footnote to Eq. (18) in Paper I. 
Thus we replace 7» by T’) in that equation, so (7) is exactly time 
independent for fixed T, but Eq. (19c) of Paper I is changed 
to ®(To, j= —NST o/m(h-+C,T>). 


(a:+4@2+<ax) 
re r; y|r 


(21) 


(18b) 





Here P,, Q, are Legendre functions, D,t+=W,*+T,— 
V,*S,, S,, T, are given in Paper I, 

) (1—T¢’) 

iro 1+ (J4/2h) (1—To) J 
x|z iwro 


2h B—(1+To) ax[t+ga-m |} (22a) 


V,* similar but with P,-Q,, ro is a characteristic re- 
sponse time for the gas, and 


1—a—b Pian. Fe 
mae es 





W,t=P, (r+ (S| 





(o1th 
sep, ta i— at 21— ae 





h= 5 =a (22b) 


a= M1 (ioe) 
Y 
J, [1+4(y—-1) (1-Ts)J 


2hyiwro [1+ (J4/2h) (1—To) ] 


[1+4(y—1) (1—To) JL1+ (J/4h) (1—To) J 
[8—4(1+To) [1+ (J/2h)(1—To) J’ 
(22d) 
(22e) 





(22c) 





: 
Y 


x= (K/2hiwro) [1+ (J/2h) (1A—To) 7 


with a, b of Eq. (22b) given in Paper I. 

The mass flux response functions (20) and (21) 
differ from those of Paper I by the modifications 
J,—J, and K, which arise from the solid thermal 
expansion and compressibility, respectively. A further 
difference, arising from the change mentioned in the 
last footnote, appears in the terms «a, as well as in 

—W,, —V,and D,+—D, (cf. Paper I). 


VIII. AMPLIFICATION FOR AUDIO FREQUENCIES 


Before presenting numerical calculations of the re- 
sponse function, we shall first consider the simple 
limiting case that exists when the gas induction region 
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Taste I. Summary of numerical results. 
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* Consult reference 1, Table I, where values of the other parameters are given. 
b §==[Re(jli/€) lomo timo — (Re fl /©)\omio-*/0K; kim1/1200/atm- 
© fe==frequency above which adiabatic approximation [Eq. (26)] is in error by >0.1. 


responds adiabatically to the pressure fluctuation, i.e., 
when its response time 7» is small compared to the 
period of the oscillating disturbance. For typical values, 
to~ 10-5 sec, we do not expect errors arising from this 
assumption to be large so long as w=10° sec (cf. 
Paper I, especially Fig. 6). Thus, the great amount 
of labor saved by the assumption is paid for by limiting 
its applicability at the interesting high frequencies. 

Rather than obtaining the desired limit by setting 
wro—0 in Eqs. (20) and (21), it is simpler to use 
adiabaticity from the start in order to see first, that 
by the continuity equation we have y=, and second, 
that the relationship between mo, ¢€ and the temperature 
gradient on the gas side of x=0 is 


8Go/Go= Aoptot doe, (23) 


where do, bo are to be determined from the steady-state 
relation between Go, 7, p. We use the empirical burning 
rate law of Paper I map*T./, together with the 
steady-state forms of Eqs. (1) and (8) of Paper I to 
find 


Thus, in Eqs. (19), we neglect 1/8 and 6A, so that 
J,~—C,A(a—1)/a and Eq. (25) is approximately 





(26)° 


jh 
é 


fo _n—hiBj(A/T.) (a—1)/a 
@~ 1=j(A/T.) (a-1)/a 


From (26) we can now see that in this low-frequency 
regime the effect of compressibility on the amplification 
criterion [Eq. (32) of Paper I] is equivalent to the 
simple modification 

n—n—kp, 1/y1/y—hp, (27) 
in the results of the incompressible case (Paper I). 
As such, the effect is inessential, unless kip is ab- 
normally large. 


IX. NUMERICAL RESULTS 


The response function ji/é given by Eqs. (21) and 
(22) has been computed as a function of frequency for 


_A+C,Tof1+ (8—0T0)~*]— (C.T./j) 
h+ C,TiL1— (8—0T,)] : 
(n/j )C.T.—Cy, ToL hip/ (B—0T») ] 
h+-C,To1— (8—6T)*] 
~ On solving Eqs. (23) and (17) [using also (1)] we 
find;the response function is simply 
Pr _ Po _ n—j(K/C.T.) 
1+j(J4/C.T.) 
Now because 1/8 and @A are ordinarily only a few per- 


cent, while : may be considerably larger, let us con- 
sider the case of dominant compressibility effects. 





(24a) 


bo= 





(24b) 





€ 


(25) 


€ 


the following values of @, ki: 
6=4X 10; 10; 3X10 (in °K-"): 


= 1/1200; 1/600; 1/120 (in atm-). (28) 
For other parameters involved we have restricted our- 
selves to the 14 sets of values displayed in Table I of 
Paper I. 

For all the cases considered, the computation shows 
that the effect of solid density fluctuations is to de- 


® The sensitivity of the response (26) to values of the parameter 
group 34/ T, near unity is associated with an inherent instability 
type mentioned in Paper I. We shall not discuss this 

aspect further here. 
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ie) ° 
1°) fe) 

1?) 


Re (ji,/€) 


10 102 103 104 10° 
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116. 2. Response vs frequency in case 2 of Table I, for varying 
compressibility (k,) and thermal expansion (@). (For explanation 
of curve a’ see text.) 


crease” Re(jfi,/é) and consequently lower the amplifica- 
tion. This decrease is generally largest around fre- 
quencies ~ 10* to 10‘ sec~!, and extends over a fairly 
broad frequency interval. As an example, we present 
in Table I of this report the main features of the results 
for 6=10-*/°K, k,=1/1200/atm. We see that. the 
decrease is ~5% to 10% (relative to 1/y=0.8), the 
largest effects occurring when A/T, is largest. [Case 5 
is unusual, both in that the effect is small, and re- 
stricted to the high frequency region. This is probably 
because j=0 here, (cf. Eq. (26) ]. 

The calculations for other values of 6, AilEq. (28) ] 
show that the thermal expansion effects are secondary 
in importance to the compressibility effects. In fact, 

i.4 : 
(atm™') | (°K) 
0 ° 
fc) 10-4 
10-4 
10-4 
10-4 


10 102 105 10% 105 
FREQUENCY (sec™!) 


Fic. 3. Response curves in case 6 of Table I, as functions of 
compressibility (&:) and thermal expansion (6). Note for very 
large k, there is no amplification (curve e). 


10 This seems plausible, since compressibility contributes a 
temperature fluctuation in the solid induction region which is 
opposite in phase to ¢ (cf. Sec. VI). For this leads to an in-phase 
fluctuation of Go,, which in turn produces an in-phase variation 
of heat loss from the surface reaction layer. Consequently, there 
results a transpiration rate fluctuation which is 180° out of phase 
with the pressure oscillation e. 


the decrease in the response function for the largest 
value of @ in (28) (with 4:=0) is at most only about as 
much as for the smallest value of k, in (28) (with 
6=0). The compressibility effect for k:=1/600/atm 
is roughly twice as large as for k:=1/1200/atm. For 
the largest value of k; considered k:=1/120/atm, the 
decrease in the response function is drastic, however, as 
might be expected since here kip~1. As discussed 
above (Sec. VI), reasonable values of 6 and & are 
probably @=10-*/°K, ki=1/1200/atm to 1/600/ 
atm. 

In Figs. 2-4 we display the calculated response func- 
tion vs frequency for the cases 2, 6, and 9 of Table I. 
These exhibit the general feature of decrease of the 
response function in the frequency region 10*-10‘ cps. 
In addition, they show the amount of decrease for 
various values of @ and &." 


0.9 


0.8 


L 
Y 


0.7 k, @ 
(atm=')| (°K"') 
0.6 Oo O 
fe) 10-4 
0.5 1/1200} 10-4 
1/600 | 1074 
0.4 1/600 | 3x1074 


Re(ji,/@) 


0.3 


0.2 


0.1 
10 102 10> 104¢ 105 
FREQUENCY (sec~') 


Fic. 4. Response curves in case 9 of Table I, for several values 
of compressibility (k:) and thermal expansion (@). 


We have also computed the response function from 
the approximation (26). On comparing the results to 
the exact calculation for the 14 cases considered we 
find, as expected, that the adiabatic approximation is 
frequently adequate (~10% accuracy) up to fre- 
quencies fo~ 104 sec. This is shown in Table I. Note 
that case 1, however, is exceptional in that the limiting 
frequency is much lower. This uniqueness is presumably 
associated with the fact that in this case the pressure 
exponent m is 0. 

X. CONCLUSIONS 


We first recall the approximations made in getting to 
the results of Sec. IX. In addition to neglecting the 
combustion zone thickness compared to sound wave- 
length (Sec. III), we have dropped terms of relative 
order (6A)?, (k:p0A), rs, 04/8, and kip/8. None of these 

11 Of all the curves, only a’ (Fig. 2) does not include the effect 
of the correction mentioned in the footnote preceding Eq. (20). 
Comparing a’ to a in Fig. 2, we see that this correction reduces 


the response by ~0.04, mostly at frequencies $5000 sec. For 
other cases of Table I, the effect is similar. 





PROPELLANT COMPRESSIBILITY, COMBUSTION 


approximations should introduce error >1%. For a 
discussion of the adequacy of the combustion model we 
used, see reference 1, Sec. VI. 

It seems safe to conclude from our results that, inso- 
far as the parameter values we have considered are 
typical: 

(a) The adiabatic-gas approximation is usually 
adequate (~10% accuracy) for frequencies below 104 
sec~!, though not always; 

(b) the solid density fluctuations which arise from 
thermal expansion (0) generally have only a small 
effect (~0.01) on the response function; 

(c) the solid density fluctuations induced me- 
chanically via propellant compressibility (&) tend to 
decrease the response moderately (~0.1) at fre- 
quencies ~10°—10* sec~. The effect seems largest 
for large A/T, and/or j. For extremely compressible 
propellants (i.e., small elastic constants and sound 
velocity in the solid) the decrease may sometimes be 
sufficient to render the combustion zone nonamplifying. 


INSTABILITY 1429 

In general, it is seen that the results of Paper I are 
not changed qualitatively by the introduction of solid 
density fluctuations. In an exact treatment these 
fluctuations would have to be included. However, such 
a treatment would also have to handle appropriately 
the large number of chemical reactions involved in 
both the gas and solid in the real combustion process. 
If any of these have rates such that they contribute 
significantly to the phase and amplitude relationships 
at the burning surface, they may produce even larger 
effects (both positive and negative) on the response 
function. This may be expected particularly at high 
frequencies, of course, but even at frequencies ~ 104 
sec—!, the residual influence of chemical reaction time 
lags sometimes may be considerable. 
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Liquid densities of solutions of CCl, and CH2Cl, have been measured at 20°C, and the excess volume has 
been obtained. Liquid-vapor equilibrium studies have been made at 30°, 35°, and 39°C, and the excess free 
energy of mixing has been deduced. Liquid viscosities have been measured at 20°C. The excess free energy 
of activation for viscous flow has been calculated. Vapor viscosity measurements have been made on the 
same system at 20°, 80°, and 140°C, as an adjunct to the theory to calculate the parameters in the Lennard- 


Jones potential. 





INTRODUCTION 


S a continuation of the experimental and theo- 
retical program of this laboratory on the liquid 
state,' we have undertaken to measure the equilibrium 
and transport properties of a nonelectrolyte system 
exhibiting only slight deviations from ideality. The 
carbon tetrachloride-methylene chloride system fulfills 
the requirements by having only a slight deviation from 
Raoult’s law. Of the equilibrium properties, we were 
interested in the volume change on mixing and the 
activity coefficients at several temperatures. Of the 
transport properties, we were interested in the liquid 
and gaseous viscosity. From the latter we obtained 
the six interaction parameters of the Lennard-Jones 
potentials. 


PURIFICATION OF MATERIALS 


Solvent grade CCl, was twice refluxed for 16 hr over 
clean mercury. After shaking with concentrated sulfuric 
acid and washing with water, the material was refluxed 
for about 24 hr with 10% NaOH—10% KMnO, 
aqueous solution. Finally, the CCl, was distilled from 
P.O; through a 5-ft column filled with glass helices. The 
middle cut was stored over CaH». The refractive index 
was p= 1.46026 at 20.00°C. Cooling curve analysis* 
indicated an impurity of 0.015 mole%. 

Eastman Organic Chemical’s methylene chloride 
was refluxed over mercury for 25 hr. Shaking with con- 
centrated sulfuric acid produced a distinct amber 
coloration of the acid layer. This step was repeated with 
fresh acid until no further coloration was noticed. 
This material was washed with a 5% aqueous solution 
of Na2CO; and water. The material was distilled from 
the same column used in the foregoing, and stored over 
CaH». The final material had a refractive index of 
np=1.42347 at 20.00°C. Cooling curve analysis 
showed no detectable impurity so that the material is 
at least 99.99 mole % CHeCle. 


1C. R. Mueller and J. E. Lewis, J. Chem. Phys. 26, 286 (1957). 

2C. R. Mueller and E. R. Kearns, J. Phys. Chem. 62, 1441 
(1958). 

3K. L. Nelson, Anal. Chem. 29, 512 (1957). 


VOLUME CHANGE ON MIXING 


The densities of various mixtures of CCl, and CH2Cl: 
were measured at 20.00°C. A bicapillary pycnometer* 
was used for these measurements due to the high 
volatility of CH2Cl. The device was calibrated with 
standard water,® and all weighings were reduced to 
vacuo. The isothermal bath temperature was meas- 
ured with a platinum resistance thermometer and could 
be maintained to +0.004°C. 

Table I gives the results of these measurements 
along with the percentage volume change on mixing. 


TABLE I. Densities and excess volumes for solutions of carbon 
tetrachloride and methylene chloride at 20.00°C. 








Mole fraction 
CC 


Density 


(g/ml) (V®/V*) 100 





1.3252 0 

1.3620 0.129 
1.3933 0.233 
1.4188 0.279 
1.4559 0.328 
1.4830 0.328 
1.5312 0.227 
1.5458 0.196 
1.5745 0.080 
1.5937 0 








VAPOR PRESSURE MEASUREMENTS 


The Scatchard equilibrium still® as modified by 
Lewis! was used in the vapor pressure measurements. 
This device was coupled with a precision manometer- 
cathetometer system. Full manometric corrections were 
applied as recommended by Beattie and co-workers.’ 
The temperature in the equilibrium still was measured 
by a platinum resistance thermometer and a Leeds 


‘ aiid Standards (1952), Part 5, ASTM Designation: D 941- 
49, p. 400. 
5 Technique of Organic Chemistry, edited by A. Weisberger 
(Interscience Publishers, Inc., New York, 1959), Vol. I, Physical 
Methods, Part 1, 3rd ed., p. 256. 

6G. Scatchard, C. L. Raymond, and H. H. Gilmann, J. Am. 
Chem. Soc. 60, 1275 (1938). 

7J. A. Beattie, M. Benedict, and B. E. Blaisdell, Proc. Am. 
Acad. Arts Sci. 74, 327, 343, 371 (1941). 
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EQUILIBRIUM AND TRANSPORT PROPERTIES OF CCl,.-CH:;:Cl, 


TABLE II. Vapor pressures of pure carbon tetrachloride and pure 
methylene chloride at various temperatures. 





CHCl 


Temp. CCl 
°C mm Hg+0.02 


mm Hg+0.02 





29.993 
34.993 
38.993 
39.993 
49.992 
69.992 


141.59 
174.44 
213.35 
311.89 
617.31 


529.02 
638.87 
739.34 
765.94 





and Northrup Mueller bridge arrangement. The 
thermometer was recalibrated prior to starting the 
measurements. 

Vapor pressure measurements were made on pure 
carbon tetrachloride near 30°, 35°, 40°, 50°, and 70°C. 
Methylene chloride was measured at 30°, 35°, 39°, 
and 40°C. The measurements on CCl, served as a 
satisfactory check on the apparatus and technique 
since several workers have made measurements on 
CCl, with a corresponding degree of precision, including 
the work of Scatchard et al.,? who used essentially the 
same apparatus. The excellent agreement attests to 
the consistency of the method employed. Table II 
gives the vapor pressures of CCl, and CH2Cl; in stand- 
ard mm of mercury, taking 0°C = 273.150° K according 
to the Tenth General Conference on Weights and 
Measures (1954). 

The phase diagrams are for temperatures of 30°, 
35°, and 39° C. Because of the great difference in 
liquid and vapor composition, equilibrium is quite 
difficult to attain in this region, and the actual meas- 
urements were made at slightly different temperatures. 
These results have been corrected by use of a concentra- 
tion-dependent form of the Clausius-Clapeyron equa- 
tion. The heat of mixing data of Cheesman and Whita- 
ker® was used for this correction. 

Tables III to V give a summary of the liquid-vapor 
equilibrium data for the system near 30°, 35°, and 39° C, 
respectively. The composition of the liquid phase is 
given under %cci,, while the vapor-phase composition 


TaBLE III. Vapor pressure data at 30°C. 








p(t) 


p (29.993) 
Xccu Yock +0.02 +0.02 





0.9507 
0.8251 
0.7290 
0.5188 
0.3933 
0.2599 


0.785 
0.551 
0.396 
0.226 
0.166 
0.107 


173.46 
234.83 
283.28 
367.19 
410.39 
451.66 


173.46 ‘ 
: 29.993 
29.993 


30.035 
29.966 





* G. Scatchard, S. E. Wood, and J. M. Mochel, J. Am. Chem. 
Soc. 61, 3206 (1939). 

*G. H. Cheesman and A. M. B. Whitaker, Proc. Roy. Soc. 
(London) A212, 406 (1952). 


1431 


TABLE IV. Vapor pressure data at 35°C. 





~ (35.000) 


*cocn yock ; t, +0.02 





0.9613 
0.8529 
0.8111 
0.7190 
0.6034 
0.4679 
0.3510 
0.2915 


0.860 
0.597 
0.516 
0.384 
0.286 
0.198 
0.150 
0.127 


34.992 
34.987 
34.989 
35.003 
35.041 
34.969 
34.980 
35.012 


198.14 





is given under ycci,. Figure 1 is the phase diagram at 
29.99°C and is representative of the others. 

A few remarks are, perhaps, in order about the 
accuracy of the measurements reported in the various 
tables. The behavior of the free energy plot leads one to 
suspect that there is a disparity between accuracy and 
precision. By means of density measurements we can, 
for example, measure the trap concentration quite 
precisely, but in the subsequent calculations we assume 
that this measures the equilibrium vapor concentration. 
We do not yet know to what extent this is true, and we 
do not know how many significant figures should 
really be reported. 

Similar remarks should also apply to the parameters 
calculated, later in the paper, from vapor viscosity 
data. 


LIQUID VISCOSITY 


Measurements of the liquid viscosity of solutions of 
CCl, and CH2Cl, were made at 20°C using a Cannon- 
Fenske viscometer (No. 50). 

The viscometer was calibrated with the same stand- 
ard water used in the density calibration. The kine- 
matic viscosity (n/d) of water at 20.00°C was taken as 
1.0038 centistokes.” 

The results of the liquid viscosity measurements at 
20.00°C are shown in Table VI. The column headed 
n/d gives the kinematic viscosity in centistokes 
(cm?/sec) , while the column headed 7 gives the dynamic 
viscosity in centipoise (g/cm sec). 


TABLE V. Vapor pressure data at 39°C. 





(#) (38.993) 
£0.02 . +0.02 


*%ccu 





0.9025 
0.7994 
0.5923 
0.5035 
0.3172 . 
0.2313 , 


278.90 
353.73 
483.19 
$24.17 
607.15 
643.92 


38.993 
38.998 
38.980 
39.010 
38.966 
39.043 


278.90 
353.66 
483.43 
523.84 
607.75 
642.51 





10 J. F. Swindler, J. R. Coe, Jr., and T. B. Godfrey, J. Research 


Natl. Bur. Stan 48, 1 (1952). 





SS ae. 
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Fic. 1. Phase diagram, 29.99°C. 





VAPOR VISCOSITY 


The viscosity of the vapors of this system were 
measured by observing the damping produced by the 
vapors on the oscillatory vibrations of a freely sus- 
pended set of disks, moving parallel to, and between, 
a fixed set. The method is similar to that originally 
described by Maxwell." 

Details of construction are given by Lewis.” Only 
slight modifications were made to extend the tempera- 
ture range of operation and to increase the ease of 
making the visual observations. 

This form of viscosity apparatus serves as a fairly 
good manometer at low pressures. In order to obtain 
a.value of the wire constant, the system must be 
pumped and degassed. It was found necessary to close 
off all mercury manometers from the system. After an 
extended period of pumping, the wire constant dropped 
by a factor of fifteen, and remained constant. 

The low value of the logarithmic decrement of the 
suspension was confirmed by making some approximate 
theoretical calculations based on the internal friction of 
metals.!* The empirical value lies between the extremes 
set by two different approaches. 


TABLE VI. Coefficient of liquid viscosity for solutions of carbon 
tetrachloride and methylene chloride at 20.00°C. 








mole fraction 
CCL 


n/d 


n 
centistokes centipoise 





0 0.3356 
0.1001 0.3437 
0.1938 0.3544 
0.2746 0.3665 
0.4035 0.3903 
0.5051 0.4125 
0.6023 0.4381 
0.7020 0.4668 
0.7677 0.4894 
0.9026 0.5494 
1 0.6038 


0.4447 
0.4681 
0.4939 
0.5200 
0.5683 
0.6117 
0.6605 
0.7147 
0.7564 
0.8651 
0.9623 








The Scientific Papers of James Clerk Maxwell, edited by 
W. D. gger (Libraire Scientifique, J. Hermann, Paris), Vol. II, 
pp. 1-25. 

2 J. E. Lewis, Ph.D. thesis, Purdue University (1956). 

183A, Gemant, Frictional Phenomena (Chemical Publishing 
Company, Inc., Brooklyn, 1950). 
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IGNATOWSKI 


The apparatus constant was determined at each of 
the temperatures studied using filtered, dried, and 
CO.-free air, taking the value 723°= 1830.06 10~ poise 
as suggested by Hopper and Laby.™ The viscosity at 
other temperatures was calculated by means of the 
Sutherland equation taking C=117. 

The results of the vapor viscosity measurements are 
given in Table VII. The precision values give the 
deviation from the mean of the separate determina- 
tions. The measurements at 80.10°C are inexplicably 
erratic and were used only as a rough check. 


TABLE VII. Coefficient of viscosity for vapors of carbon 
tetrachloride and methylene chloride. 





X10? 
poise 


Mole fraction 
CCk 





19.99°C 


1024.8+3.2 
1020.7+1.2 
0.3015 1015.9+1.1 
0.4986 1012.7+0.4 
0.6886 999.8+0.3 
0.8516 991.2+2.1 
1 982.141.5 


0 
0.1575 


80.10°C 


1202+26 
1212+ 1 
1192+37 
1160+38 


140.27°C 


1426.6+1.6 
1424.642.5 
1402.9+8.7 
1410.8+2.7 
0.7096 1382.4+0.6 
0.8739 1368.345.4 
1 1362.6+0.9 








DISCUSSION 


From the viscosity at two temperatures, the param- 
eters « and o in the Lennard-Jones (6-12) potential 
may be determined. For this purpose it is convenient 
to use the tables of Hirschfelder ef al. In the case of 
the pure components, the parameters were easily 
extracted. Considerably more difficulty was encoun- 
tered in the case of the 1-2 interaction parameters. 
Normal methods failed to give physically acceptable 
values. The Ajs* collision integral was fixed by a 
stochastic method which finally resulted in excellent 
reproducibility of the viscosity data. The values of the: 
parameters obtained are given in Table VIII. The 


Sutherland constants for the pure components are also 
included. 


4 V. D. Hopper and T. H. Laby, Proc. Roy. Soc. (London) 
A178, 243 (1941). 

6 J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Molecular 
Theory of Gases and Liquids (John Wiley & Sons, Inc., New 
York, 1954). 





EQUILIBRIUM AND TRANSPORT PROPERTIES OF CCl,4-CH:2Cl: 


Taste VIII. Lennard-Jones parameters and Sutherland constants. 





CCl. CH:Ch 1-2 





244 
5.79 


276 
5.16 
298.9 


e/k, "K45% 264 
o, A+1% 6.19 
C, °K 287.4 





TABLE IX. Virial coefficients (cc/mole). 





29.993°C 35.000°C 38.993 





—565 
—356 
—400 


—578 
—364 
—410 


—595 
—375 
—422 





TABLE X. Fugacities, activity coefficients and excess free energies 
at 29.993°C. 





ba) 
& 


Iecu fSomcr vYock YCH2Ch 





140.9 0 
135.4 37.14 
128.6 104.8 
111.2 170.1 
82.2 282.0 
67.4 339.4 
47.9 399.5 
0 523.5 


440 
145 
199 


068 
031 


0 
17.1 
64.2 
64.7 
69.5 
70.2 
55.9 

0 





TABLE XI. Fugacities, activity coefficients, and excess free energies 
at 35.000°C. 








oS 
i) 


toon Somcr Yccl YCH2Ch 





173.5 0 1 
27.67 1.015 
108.4 1.083 
140.8 1.065 
210.6 1.052 
287.3 1.097 
373.2 1.131 
1 
1 


1.133 
1.168 
1.181 
1.187 
1.147 
1.111 
1.054 
1.029 
1 


431.9 252 
460.2 .320 
631.1 2a 


on 
mMAOWMDOOOCO 





TasBLeE XII. Fugacities, activity coefficients, and excess free 


energies at 38.993°C. 





g®+1 cal 





Xock foo. Somecte Yocu  YCmC! 





1 203.8 1 
0.9025 187.3 ; 1.018 
0.7994 169.2 1.038 
0.5923 128.8 1.067 
0.5035 116.3 1.133 
0.3172 80.8 1.250 


1.262 


0.2313 1.279 


0 





® Note remarks in text on accuracy. 
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Fic. 2. Excess free 
energy and enthalpy. 


CALORIES /MOLE 
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Once all*the parameters have been obtained, a 
theoretical equation for the viscosity of a gaseous binary 
mixture can be derived from Eq. (8.2-22) of Hirsch- 
felder et al., of the form 


Nmix( poise) = (1-++-a+ bxyx2+ cx") / (day?+ exyxet+fx2*). 
(1) 


There is considerable uncertainty in the values of the 
1-2 interaction potentials. These values must be known 
quite accurately if they are to be of use in comparison 
of theories of solution, and it seems probable that 
measurements of the diffusion coefficient or use of the 
molecular beam technique will be required. 

The parameters ¢ and o are used to calculate the 
degree of gaseous imperfection. Guggenheim” gives the 
fugacity of a component in a slightly imperfect binary 
gaseous mixture, 


fa=YaPror exp{ (Pror/RT) [Baa 


+ys?(2Bas—Baa—Bzz)]} (2) 


TABLE XIII. Free a activation for viscous flow 
at 20. 











A®F,* 
cal/mole 


AF,* 
cal/mole 


Mole fraction 
CCL 





0 5169 0 

0.1001 5229 —9.4 
0.1938 5286 —16.5 
0.2746 5338 —20.5 
0.4035 5422 —24.7 
0.5051 5490 —27.3 
0.6023 5556 —27.4 
0.7020 5624 —28.3 
0.7677 5671 —26.6 
0.9026 5777 —13.9 
1 5857 0 





16 E. A. Guggenheim, Mixtures (Clarendon Press, Oxford, 
England, 1952), p. 153. 
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Fic. 3. Excess free energy of activation for flow. 











with a corresponding equation for the other component, 
in which y is the mole fraction of the component in the 
vapor, Por is the total pressure and the B’s are the virial 
coefficients for like and unlike molecular interactions. 

All the quantities are known except the virial co- 
efficients. These may be calculated by the methods of 
statistical mechanics. Assuming the Lennard-Jones 
(6-12) potential for the form of the interaction po- 
tential, the second virial coefficient can be expressed in 
terms of o and the reduced temperature, T*=kT/e. 
The computations are facilitated by the table of co- 
efficients given in Hirschfelder e¢ a/.% Table IX is a 
summary of the calculated virial coefficients. 

Tables X—XII summarize the fugacities and activity 
coefficients at the temperatures 30°, 35°, and 39°C, 
respectively. In addition, the excess free energies at each 
temperature are included. 

However, the excess entropy and enthalpy, requiring 
a knowledge of the temperature derivative of the 
activity coefficient, could not be obtained. In the case 
of this system, the free energy is so weakly dependent 
on the temperature that the entropy is masked by the 
experimental fluctuations. 

Fortunately, this same system of CClh—CH2Cl 
has been studied by Chessman and Whitaker.’ They 
have measured the enthalpy at various compositions 
and several temperatures, taking the often neglected 
precaution of eliminating the vapor space in the design 
of their apparatus. The enthalpy was observed to be a 
contrast over the temperature range studied. With this 
knowledge, the entropy may be obtained from the 
familiar formula 


Ts? =h®— g*. (3) 


Figure 2 shows the concentration dependence of the 
excess free energy along with the enthalpy of Cheesman 
and Whitaker. The smooth symmetry of the enthalpy 
curve contrasts the rather uncertain shape of the free 
energy curve. We would like to reserve judgement as to 
the final shape of the free energy curve until after mak- 
ing a more critical investigation of vapor pressure 
measurements as a technique of obtaining the thermo- 
dynamics of solutions. 

The scattering of the free energy data in the region of 


0.60 to 0.85 mole fraction CCl, is a reflection of the 
difficulty experienced in this region in the operation of 
the equilibrium still. There is in this region almost a 
factor of two in the concentrations of gaseous and 
liquid states. In order to make the measurements in 
this region, one must start with different concentra- 
tions in the various boilers and traps. While the pres- 
sure composition curves are smooth, the scatter in the 
free energy curve probably reflects the inability of the 
apparatus to reach equilibrium. Further, the inability 
to obtain the temperature derivative of the activity 
coefficients points up the limitation of the vapor pres- 
sure device used. 

The theory of absolute reaction rates of Eyring” 
has been applied to the viscous flow of a liquid. A 
relationship is obtained between the viscosity and the 
free energy of activation for the viscous flow process: 


n/d=(hN/M) exp(AF,*/RT). (4) 


Table XIII gives these free energies of activation for 
various solutions of CCl, and CHCl. In addition, the 
excess free energy of activation for flow, A?F,*, are 
calculated. These excess quantities are also tabulated in 
Table XIV. 

Figure 3 is a curve of the excess free energy of 
activation for flow versus the mole fraction of CCl in 
the CCl,—CH2Cl, solutions. This curve shows the 
characteristic parabolic shape of the excess solution 
functions. In this case, however, the asymmetry is 
rather pronounced. The maximum occurs at about 
0.65 mole fraction CCl with about —27.5 cal/mole 
excess free energy of activation. The shift of the 
maximum to a higher CCl, concentration is similar to 
the situation in the CCl,-CHCl; system.® 

The excess free energy of activation and the excess 
free energy of mixing as obtained from the vapor 
pressure work are related. An empirical correlation has 
been obtained by Powell et a/.!® It was found that the 
ratio of the excess free energy of mixing and the excess 
free energy of viscosity is approximately equal to 2.45. 
This same relation appears between AF,* and the 
energy of vaporization or the energy required for hole 
formation. The ratio g¥/AF,*® was examined at 
integral tenths of mole fraction CCly. The value of this 
ratio ranged from 2.88 to 2.00 with a value of 2.57 at 
0.5 mole fraction. However, the average for the 9 
ratios was 2.43. 
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A theory of saturation in electron spin resonance spectra exhibiting hyperfine splitting is presented. This 
theory is used to study the saturation of free radical spectra in solution, and a variety of relaxation processes 
are investigated. It is shown that motional modulation of the intramolecular electron-nuclear anisotropic 
dipole-dipole interaction introduces a relation between the saturation parameters and the hyperfine com- 
ponents that varies symmetrically about the center of the spectrum and causes a smaller degree of relaxa- 
tion for the components in the central portion of the spectrum than for those ‘n the wings. This relaxation 
mechanism introduces a greater dependence on nuclear spin state for radicals with several magnetic nuclei 
than for radicals with only one such nucleus. It is also shown that a cross term between this intramolecular 
dipolar interaction and motional modulation of the anisotropic g tensor introduces a relaxation that varies 
linearly from one side of the spectrum to the other. Numerical values of the relaxation-induced transition 
probabilities are estimated for the benzene negative ion, and tables are given from which saturation factors 
can be computed for a variety of conditions for several different spin systems. The relation between the 
spin-lattice relaxation time 7; and the parameters which determine saturation is discussed, and it is pointed 


out that these quantities are not equivalent in systems exhibiting cross relaxation. 





I. INTRODUCTION 


| CF prpacereaiy TAL studies of the electron resonance 
of solutions of free radicals have shown that the 
spectra are partially saturated at typical levels of 
microwave power and that the individual hyperfine 
components saturate to varying degrees.' In many 
spectra, the intensities (areas) and heights of maximum 
absorption of the hyperfine components are quanti- 
tatively not in the ratio of the relative degeneracies of 
the components, and the line widths vary from one 
component to another. Furthermore, the relative inten- 
sities, peak heights, and widths vary with the degree 
of saturation. 

In the present discussion, we examine the theory of 
saturation in complex multilevel systems, extending 
the work of Lloyd and Pake,? and calculate the effects of 
a variety of relaxation mechanisms. Our primary ob- 
jective has been to investigate a mechanism which 
would affect the relaxation of the different hyperfine 
components to varying degrees. To agree with the 
experimental observations,! the mechanism would have 
to explain a greater degree of saturation for the central 
components of the spectrum than for the wings, and 
would have to produce an effect which was essentially 
symmetric about the center of the spectrum. It is 
shown in the following that a symmetrical saturation 
of this type can arise from motional modulation of the 
intramolecular anisotropic dipole-dipole interaction 
between the unpaired electron and the magnetic nuclei 
in a free radical.* McConnell‘ has shown that aniso- 


* This research was supported in part by the United States Air 
Force through the Office of Scientific Research. 
1J. W. H. Schreurs, G. E. Blomgren, and G. K. Fraenkel J. 
Chem. Phys. (to be published). 
: De ss —, G. Beam vo “soit Be = (1954). 
e are indebted to Professor N. Bloembergen for suggesting 
is mechanism 


this ; 
*H. M. McConnell, J. Chem. Phys. 25, 709 (1956). 


tropy in the spectroscopic-splitting tensor (g tensor) 
can cause a systematic variation of the line widths 
among the different hyperfine components from one 
end of the spectrum to the other, and the influence of 
this mechanism on the saturation behavior is also 
included in the present calculation. These two mecha- 
nisms, anisotropic intramolecular electron-nuclear di- 
polar interaction and g-factor anisotropy, are the only 
types of relaxation considered which give rise to differ- 
ences in behavior among the different hyperfine com- 
ponents. Nuclear electric quadrupole relaxation (for 
nuclear spins with J>4), and modulation of the iso- 
tropic hyperfine interaction’ also may relax different 
hyperfine components differently. 

A large variety of mechanisms can cause relaxation 
of the electron spin without affecting the nuclear-spin 
states. One contribution to these effects is the interac- 
tion between the electron and the fluctuating magnetic 
fields arising from the motion of charged particles in 
the solution. The intramolecular part is the spin-rota- 
tional interaction. For molecules with electron spin 
greater than one-half (S>4), motional modulation of 
the zero-field splitting (analogous to crystal-field 
splitting) can give rise to another type of intramolecular 
relaxation which does not depend on the nuclei. The 
significant intermolecular relaxation mechanisms which 
affect the electron also cause a nuclear-spin-state inde- 
pendent relaxation. Of these, probably the most im- 
portant in free-radical spectra arise from dipole-dipole 
interaction between the unpaired electron and the 
nuclear moments in the solvent; from dipole-dipole 
and exchange interactions between different radicals 
and between radicals and paramagnetic impurities; and 
from chemical reactions which destroy the radical 
species. In the present calculation, explicit estimates 


5A, Abragam and J. Combrisson, Nuovo cimento 6, Suppl. 
No. 3, 1197 (1957). 
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are made of the effects of the spin-rotational interaction 
and of the dipolar interactions. 

A complete study of the effect of relaxation mecha- 
nisms on the characteristics of electron resonance 
spectra in solutions would include a calculation of the 
widths of the hyperfine components. Such a calculation 
is most suitably performed by use of a theory similar to 
that developed by Kubo and Tomita,® and is being 
carried out by Kivelson.’ 

In Sec. II of the present paper, the equations which 
relate the steady-state populations of the nuclear- and 
electron-spin energy levels to the intensity of the 
applied radiation field are formulated. A simple pro- 
cedure is given for obtaining from these equations the 
parameters which determine the saturation in terms of 
the transition probabilities arising from relaxation. 
In Sec. III, explicit calculation is made of the transition 
probabilities induced by relaxation mechanisms. Sec- 
tion IV is concerned with a brief discussion of the 
relation of the spin-lattice relaxation time (7) to the 
transition probabilities causing relaxation and of limita- 
tions on the use of T; as a parameter to describe satura- 
tion behavior in complex multilevel systems. The final 
results are described in Sec. V. 


Il. GENERAL THEORY OF SATURATION 


In this section we discuss the saturation behavior of a 
dilute solution of molecules consisting of an unpaired 
electron (i.e., S=}) interacting with a number of 
equivalent nuclear spins. Two nuclei are considered 
equivalent in the present treatment if they consist of 
the same isotopic species and their positions can be 
interchanged by the symmetry operations under which 
the molecular properties are invariant. The molecules 
will be assumed to be rapidly tumbling in the solution. 
In the presence of a strong static magnetic field Ho in 


the z direction, the spin energy levels of a molecule are 
given by*® 


E(m,, my) = g.8,.Hom.— g18r1Homyt+hAmmy. (2.1) 


In this expression, 6, and 6; are the Bohr and nuclear 
magnetons, respectively, and gy is the nuclear g factor. 
The electronic g factor g, is the motionally averaged 


value of the spectroscopic splitting factor tensor, and is 
given by 


&s= 3 (git got gs) (2.2) 


where gi, go, and g; are the principal values of the g 
tensor of the molecule. The coupling parameter A is the 
motionally averaged value of the hyperfine interaction 
and therefore consists primarily of the Fermi contact 
interaction. The eigenvalue of the z component of the 
electron spin angular momentum (in units of hf) is 


®R. Kubo and K. Tomita, J. Phys. Soc. Japan 9, 888 (1954). 

7D. Kivelson (private communication). 

8 B. Venkataraman and G. K. Fraenkel, J. Am. Chem. Soc. 77, 
2707 (1955). 


9S. I. Weissman, J. Chem. Phys. 22, 1378 (1954). 
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given by m,, and my is the eigenvalue of the total z 
component of the nuclear spin. Thus, if m; is the z 
component of the ith nuclear spin, 


J 
m= >m iy 
i=1 


where m is the number of (equivalent) nuclei in the 
molecule. The energy levels have a degeneracy which 
will be denoted by D(n, I, mz) where J is the spin of the 
nuclei. For a single nucleus, D(1, I, my) =1, and for 
nuclei with spin of one-half (e.g., protons), 


D(n, 3, mz) =n!/[(4n—my)\(gn-+-my)!]. (2.3) 


If J>4, expressions for D(n, I, mz) are also easily 
obtained. 

In an electron resonance experiment, the laboratory 
radiation field induces transitions (m,, m;)—>(m,+1, 
my), and in the presence of a given radiation field and a 
fixed static field (slow passage), a stationary spin 
population will ultimately result in which the radio- 
frequency absorption is just balanced by the energy 
carried to the lattice through relaxation processes. The 
rate P at which energy is absorbed from the radiation 
field is proportional to the population difference between 
the two levels.?"° For convenience in the following, we 
frequently replace the (m,, my) notation to designate 
an energy level by a single index, say k, and designate a 
particular one of the D,=D(n, I, my) degenerate 
states belonging to the th energy level by the index u." 
Let the probability of finding the system in the state 
ku be Qiu, and let the probability distribution for a 
system at equilibrium, namely, the Boltzmann dis- 
tribution, be denoted by Q,.°. The Q)., are independent 
of the particular degenerate state, and we can write 
Q;, the probability of finding the system in the kth 
energy level, as 


Qr= DiQieu- (2.4) 


It is useful, following Lloyd and Pake,? to express 
the steady-state difference in relative populations 
when an rf field is present, Q.—Qz, in terms of the 
relative population difference at equilibrium, Q,°—(Q,°, 
by introducing a saturation factor defined as 


Zas= (Qa—Qs)/(Qa°—Qs"). (2.5) 


As shown by Lloyd and Pake and also in the following, 
the saturation factor always may be written in the 
form 


Zap= (1+2V aga) (2.6) 


where Qag takes the place of the spin lattice relaxation 
time 7; appropriate for the description of saturation for 
a two-level spin system as used by Bloembergen et al.! 


10 N. Bloembergen, E. M. Purcell, and R. V. Pound, Phys. Rev. 
73, 679 (1948). 

11 We use a, B to denote a particular pair of energy levels be- 
tween which radiation-induced transitions are occurring and j, k 
to denote any pair of levels. 
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and by Bloch.” Vag is the probability of the transition 

(a, 8) induced by the radiation. For a system with 

S=4, we have® 

is LV ew.su'= th-*g28 2H Pgap(¥— |Yas|)Da, (2.7) 
where 2H; is the amplitude of the applied radiation field 
perpendicular to the static field, and gas(v—|vag|) is 
a line-shape factor for the (a, 8) transition. In obtaining 
Eq. (2.7), use has been made of the equality of the 
degeneracy of the two levels involved in the transition 
(Da= Dg). The parameter Q,¢ is related to what Lloyd 
and Pake call the relaxation probability, (Wr)as, by 


Qas=[2(W Rr) apf. (2.8) 


From Eq. (2.6) it will be observed that the saturation 
factor is a function of the particular transition (a, 8) 
through the dependence of Vag on the line-shape func- 
tion gag and the degeneracy D, as well as through the 
saturation parameter Qug. 

It can be shown from Eqs. (2.6) and (2.7) that 
the imaginary part of the magnetic susceptibility as- 
sociated with the transition (a, 8) is given by 


Xap’ = 3x0 | wap | [Da/ 2D.] 


: Sap(v— | Vap |) | 
a 'gas(¥— | vas |) DaQas) (2.9) 


Equation (2.9), in which xo is the static electron-spin 
susceptibility of the radical, is a well-known result for 
nondegenerate systems; it has been given here only to 
indicate how to take proper account of the degeneracy. 

The remainder of this section is concerned with the 
evaluation of the saturation factors Zag in terms of the 
transition probabilities induced by relaxation mecha- 
nisms. Under conditions of a steady-state distribution 
of populations, the Qi. satisfy the well-known system of 
equations? 


Qw= Do Qa wr Qin’ DW in’ ru =O (2.10) 





where Wix,jur is the total transition probability from 
state k, u to state j, wu’ including that induced by both 
the lattice and the radiation field. The prime on the 
summation is to indicate that the term ku=ju’ is 
excluded. Equation (2.10) also contains terms arising 
out of a reshuffling among the degenerate states. 
These terms are not important and drop out in Eq. 
(2.13). The Qj. also must satisfy the normalizing con- 


dition 
20t= 1. (2.11) 


12 F, Bloch, Phys. Rev. 70, 460 (1946). 

13 G. E. Pake, Solid State Physics (Academic Press, Inc., New 
York, 1956), Vol. 2, p. 13. 

“ME. R. Andrew, Nuclear Magnetic Resonance (University 
Press, Cambridge, England, 1955). 
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In writing Eq. (2.10) we are making the random phase 
approximation, i.e., assuming all off-diagonal elements 
of the density matrix are zero. By introducing the total 
transition probability from energy level & to level 
J, Wiis 

Wis= LW ewiw’s 


u,ul 


(2.12) 


and adding together all equations belonging to the 
same j, these equations can be expressed in terms of 
the Q;: 


L/D "Wis— OD*2'W n=0, (2.13) 
k 


LO=1. 


k 
Written in matrix form, Eq. (2.13) is 
AQ=0 


(2.14) 


(2.15) 


where A is a singular matrix having elements 
Aje=WijDe (j#k) 


Ajg=— L/W Dp. (2.16) 
k 


A solution of Eq. (2.15) is proportional to any column 
of the matrix adjoint to A and the constant of pro- 
portionality is determined by the condition Eq. (2.14) 
When the rank of A is r—1 (where r is the order of A), 
the solution is unique and is proportional to the sum 
of all the columns of Adj A. Thus, using Eq. (2.14), 


Qi LBi/ LBs (2.17) 


where B,; is the cofactor of Aj; in A and the jith 
element of Adj A. The results also may be expressed in 
terms of diagonal cofactors only. Since >>;B;; is just 
| A| with the ith column replaced by a column in 
which each element is unity, we may add all rows to 
row i in this determinant to obtain 


De Bji=1Bii. 
i 
By using this result in Eq. (2.17), we obtain 


Q:=Bii/> Bu. (2.18) 
k 

For a lattice in thermal equilibrium, the lattice- 

induced transition probabilities, W’,;, are related by” 


W's= W' x exp (Bwr;). (2.19) 


Substitution of Eq. (2.19) into Eq. (2.18) may be 

shown to lead to a Boltzmann distribution in the Qj. 
Suppose now that a radiation field induces transi- 

tions between levels a and 8 with transition probability 


6 Y, Ayant, J. phys. radium 16, 411 (1955); F. Bloch, Phys. 
Rev. 102, 104 (1956). 
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Vas= Vga as given by Eq. (2.7). Then, 
: W ap= W'as+ Vas 
Wpa=W’' sat Vag 
Wy=W' 5s, (ijA#aB, Ba). (2.20) 


Consider the matrix A’ obtained from A by setting all 
the degeneracies D,=1 and replacing the W,; by the 
W’ ;. Let C4 be the cofactor of A’; and Cy,i; the 
determinant obtained from A’,; by crossing out rows 
i and j and columns i and j. By using an expansion on 
diagonal elements and Eq. (2.20), it is readily seen that 


Baa= (D el D ) [Caa— VasCap as | 
Bss= (Ds/D)[Css— VasCas,as | 


D= ID. 
k 


is the product of all the degeneracies. By using Eqs. 
(2.21) and (2.18) in Eq. (2.5) for the saturation 
factor, one obtains, since D.= Da, 


Z Qa—Qs >-Bu(0) 
«= 02-0, Seles Vas) 


where we have indicated explicitly that By, in the 
numerator is calculated when there is no rf field while 
in the denominator it is calculated when the field- 
induced transition probability is Vas. 

At temperatures high enough to allow the approxi- 
mation exp(6;fiu,j)=1, we can use Eq. (2.19) to write 


, / 
W 5= Wi 


(2.21) 
where 


(2.22) 





(2.23) 


(2.24) 


and Eq. (2.23) can be simplified. By using Eq. (2.24) 
one can show that 


[Bii(Vas) Je mo= (Di/D)[Caa— VasCap.ap] (2.25) 


where the tildes over the C’s, (C) indicate this is the 
high- -temperature approximation. By putting Vig=0, 
it is seen from Eq. (2.25) that all the diagonal cofactors 
Coo are equal. Substitution of Eq. (2.25) in Eq. (2.23) 
leads to the very simple formula for the saturation 
factor: 


Zep=([1—Voas(Cas,a8/Caa) t". 
The relaxation parameter Qug is therefore 
Qos=[2(Wr) as b= — Cas.a8/2Caa- 
For a two-level system we must take 


Cap,0p= 1. 


(2.26) 


(2.27) 


The order r of A is even and it may be shown” that 


Cas, af is always positive and Coa negative so that 
Qag in Eq. (2.27) is positive. 


16 W. Ledermann, Proc. Cambridge Phil. Soc. 46, 581 (1950), 
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Ill. TRANSITION PROBABILITIES EFFECTING 
RELAXATION 


The transition probability per unit time induced 
between states j and & by a perturbation H’ acting on 
the spin system may be calculated from the result 


W' n= 2h- pont nal F(0) p> (ju| A®| ku!) /? 


(3.1) 
where the perturbation has been written as 


A’ = DOF (1) A®, (3.2) 
q 

In Eq. (3.2), the F(t) are randomly varying func- 
tions of the lattice coordinates and the A™ are opera- 
tors in spin space. The quantity 7,, is the correlation 
time associated with the function F™. The large 
angular brackets in Eq. (3.1) indicate a classical 
average over all configurations of the system, and the 
summation u,u’ is over all degenerate states. W’ , may 
be shown to be independent of the particular choice of 
degenerate states, i.e., W’, is invariant under a unitary 
transformation among the , 1’ 

The relaxation mechanisms that can induce transi- 
tions may be conveniently divided into intramolecular 
and intermolecular contributions, and only intra- 
molecular mechanisms will lead to relaxation effects 
that vary from one hyperfine component to another. 
In free radicals, the most important effects that cause a 
dependence on the hyperfine component arise from 
motional modulation of the electron-nuclear anisotropic 
dipole-dipole interaction and of the anisotropic g 
tensor. Other effects causing relaxation which is de- 
pendent on the nuclear-spin state (all probably small 
and not included in the present calculation) would 
arise from quadrupole coupling (J>4), nuclear spin- 
spin coupling, and modulation of the isotropic hyper- 
fine coupling constant A of Eq. (2.1). In addition to 
these effects, there will be a number of sources of 
relaxation, both inter- and intramolecular, that relax 
the electron spin independently of the nuclei, and 
which will all be included together in terms of a single 
parameter. 

A detailed examination of the electron-nuclear 
dipole-dipole interaction and of the anisotropy in the 
g tensor shows that the lattice-induced transition 
probabilities may be written in the form 


W'(m,, mz; m,+1, mz) 
= (Kms’+ Lmjy+M)D(n, I, ms) 
W'(m,, my; m1, my+1) 
=6W’' (m,, my; m.-F1, my+1) 
=4(1+-w*72)—"W' (m,, my; m,, my+1) 


(3.3) 


=nK > (1m) (Ia-m+1)D(n—1, I, my—m). 


(3.4) 
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Here n is the number of equivalent nuclei in the radical 
and D(m, I, my) is the degeneracy of the level (m,, my), 
as for example, in Eq. (2.3). For a single nucleus, the 
last line in Eq. (3.4) should be replaced by 


K (I my) (Ia~my+1). 


For simplicity, a single correlation time 7, has been 
assumed for the dipole-dipole and g-tensor interac- 
tions. In Eqs. (3.3) and (3.4), the wy, of Eq. (3.1) 
have been replaced by w=fi-'g,8,Ho, the mean angular 
frequency of the spectrum, for all transitions in which 
Am,==+1, so that differences in frequency between 
different hyperfine components in the electron reso- 
nance spectrum have been neglected. For the nuclear 
transitions (Am,=0, Ams=+1), the w, have been 
taken to be zero, i.e., it is assumed for these transitions 
that wr.<1. 

The parameter K in these equations arises from the 
effects of the intramolecular dipole-dipole interaction 
and L arises from a cross term between the effects of 
this dipolar interaction and the anisotropy of the g 
tensor. In the vertical transitions (Am,=-+1, Am;=0) 
with probabilities given by Eq. (3.3), K affects the 
relaxation symmetrically about the center of the 
spectrum, causing a greater relaxation for large my 
than for small m,, while L introduces an asymmetric 
effect that varies linearly from the low-field side of the 
spectrum to the high-field side. M includes all the 
effects that relax the electron spin without influencing 
the nuclei, and produces a relaxation that is inde- 
pendent of m,;. Only K affects the cross relaxations 
(Am,=0, +1; Am;= +1), with probabilities given by 
Eqs. (3.4), and again the relaxation is symmetric 
about the center of the spectrum. This symmetry can 
be seen as follows. That part of the determinant A’ ;; 
[see discussion following Eq. (2.20) ] which depends 
on K is both symmetric and centrosymmetric, i.e., 
A’ j= A'r41-3,r41-i, where r is the order of the deter- 
minant and where the rows and columns are labeled so 
as to progress uniformly from low m, to high my. Thus, 
by interchanging rows and columns, one can show for 
the K-dependent part that 


Cas p= Cs0,60= Crs—a.rti-b: r+1—ay r+1—fy 


and since Cae is independent of a [see Eq. (2.25) ], the 
saturation parameter can be written as 


Qap= Qy41~a r+1—p- 


In other words, that part of the saturation which de- 
pends on the intramolecular dipolar interaction (K) 
is symmetric about the center of the spectrum. 

The calculation of the transition probabilities from 
Eq. (3.1) is quite standard.‘ The explicit expressions 


for the parameters K and L are 


K=3—*—g92rr[| @ P+2 |b P+2 | ¢ | 


3.5 
1+w*r; o4) 


T 


Lat path aallel Mee) (c+e*) 
+[2gs— (g:+g2) Ja} 


a= ($x)*(r'*¥20(0’, ¢’) ) 
b= ($x) *(r' *¥n(0’, $') ) 
c= ($x)*(r'*¥n(6’, 4’) ) (3.7) 


and where gi, ge, and g; are the principal values of the 
g tensor along molecule-fixed axes x’, y’, and 2’, re- 
spectively. In Eq. (3.7), the angular brackets signify 
an average over the electronic wave function of the 
unpaired electron, and the spherical harmonics 
Ymn(0’, ¢’) are referred to the molecule-fixed principal 
axes x’, y’, 2’ of the g tensor. 

The parameter M may arise from a number of differ- 
ent effects some of which we now consider. 

(a) The g-factor anisotropy also leads to a nuclear- 
spin independent relaxation of electron spins. The 
contribution calculated using Eq. (3.1) is 


(3.6) 
where 


Te 


Mo= 3 itate? 


PH Ph (3g:g—9g.7) (3.8) 


where 
seer beets, 

(b) Relaxation is caused by dipole-dipole interac- 
tions between the electron spin and other magnetic 
spins, either nuclear or electronic, in the solution. The 
contribution from solvent nuclei may be estimated by 


a modified version®-” of the arguments of Bloembergen 
et al.” to be 


Moon=[8a2nN*/3RT T[rr4/(r-+r°)*]g282(42*)21*(1*-+1) 
(3.9) 


Here r is the effective radius of the free radical, r* is the 
effective radius of the solvent molecules, 7 is the vis- 
cosity of the solvent, V* is the number of solvent nuclei 
per cubic centimeter of spin J* with gyromagnetic ratio 
yr’, and T is the absolute temperature. In obtaining 
Eq. (3.9), relative rotational motion of interacting 
molecules is neglected, and it is assumed that the 
translational correlation time 7 is so short that wm<1. 
Both of these assumptions may be questionable in the 
present application. The contribution of paramagnetic 
species in the solution with magnetic moments different 
from that of the free radical giving rise to the spin 
resonance spectrum also may be estimated from Eq. 
(3.19) if the magnetic moment of the paramagnetic 
species uw is substituted for AyrLJ*(I*+1) }. It is as- 


17T, Solomon, Phys. Rev. 99, 559 (1955). 
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4K=-2L+M 
4K+2L+M 
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Fic. 1. Relaxation probabilities for spin system with $=} and 
one nucleus with J = 2. Energy levels, indicated by filled rectangles 
are labeled by M,, M ;. The possible relaxations calculated from 
Eqs. (3.3) and (3.4) for extreme motional narrowing are shown 
by arrows. The degeneracies are indicated by Dyy. 


sumed that the concentration of these other paramag- 
netic species is so low that exchange effects can be 
neglected. A modification of Eq. (3.19) also can be used 
to estimate the effects of dipolar interaction between 
the free radicals themselves. Again, assuming the con- 
centration of the primary species V° (in molecules per 
cm*) is low enough to allow neglect of exchange, one 
obtains®:”.” 


Mna-raa=30°qN(g,8,)*h2/4kT. (3.10) 


(c) The interaction between the electron spin and 
the fluctuating magnetic fields arising from the relative 


motion of the electron and charged particles also may 
contribute to the relaxation parameter M. Let us as- 
sume that the magnetic field is of intramolecular origin 
and of magnitude H(t) so that the interaction with the 
electron is g.8,S:H(t). The contribution to the transi- 


tion probability of this spin-rotational interaction is 
then 


Mu=%3e'Beh (| H(t) |*)[r'/(1+-e*r-)] (3.11) 


where the angular brackets signify an average over all 
configurations of the system, and the correlation time 
is denoted by 7,’ in Eq. (3.11) to indicate that it is 
different from the correlation time 7, used previously 
for the dipolar and g-factor interactions in Eqs. (3.4)- 
(3.18). A similar mechanism has been proposed by 
Landesman.”® 

These three mechanisms of relaxation of the electron 
spin are probably the most important for dilute solu- 
tions of free radicals but do not form a comprehensive 
list of possible mechanisms. In much of what follows, 
relaxations represented by M will be treated as an 
adjustable parameter. 

In the way of an example, we attempt to make order 
of magnitude estimates of the parameters K, L, and M 
for the benzene negative ion. The magnitude of the 
intramolecular electron-nuclear dipolar interaction can 
be estimated from the calculation of McConnell and 


8 A. Landesman (private communication from Professor 
A. 'Abragam). 
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Strathdee® for a —CH fragment. Adapting their 
results to the parameters a, 6, and c in Eq. (3.7), one 
obtains, 


gBshryra= (2.5/6) Mc/sec 
gBehy1rb=0 


geBshryrc= (—16.7/6) Mc/sec (3.12) 


where the factor of six arises from the division of the 
unpaired electron among six nuclei. It is assumed that 
the electron is equally distributed over the six nuclei, 
and contributions from carbon atoms which are not 
nearest neighbors are neglected. The anisotropy of the 
g tensor was estimated as follows. The isotropic g 
factors, gs, of free radicals are typically in the range 
from 2.004 to 2.005,%-* so that the departure from 
the free-electron value of go= 2.0023 is about g,—go= 
0.002. Assume the odd electron in the benzene negative 
ion is in an orbitally nondegenerate state in an axially 
symmetric field. When the external magnetic field is 
oriented perpendicular to the plane of the molecule, the 
g value will be the free-electron g value, go. From Eq. 
(2.2) we therefore obtain, since g:= go, 


£1— 83= £2— 83= (3) (gs—go) = 0.003. (3.13) 


In evaluating the contributions of g-tensor anisotropy, 
the external field was taken to be Hp=3X10* gauss. 
The solvent was assumed to be water at room tempera- 
ture (300°K.) with viscosity »=1.02 centipoises. For 
the effective radii of solvent and solute we have 
put rr*/(r+r*)? equal to its maximum value of }. 
The quantity H(t) in Eq. (3.11) is more difficult to 
estimate than the other parameters. Let us assume 
H(t) to arise out of spin-rotational interaction and take 
H(t) proportional to the rotational angular momentum 
J, i.e., H(t)=AoJ where Ao is a constant. Taking 
the average indicated in Eq. (3.11), assuming a Boltz- 
mann distribution of rotational states, one obtains 


(| H(t) |?)= Ac?(2IokT/h?), (3.14) 


where Jo is the average moment of inertia of the mole- 
cule. For benzene, [s5=+2X 10-8 g-cm?. Apo is difficult to 
estimate, but rotational magnetic moments are of the 
order of a nuclear magneton, and if we take the dis- 
tance between the rotational axis and the electron spin 
to be 2 A, the value of Ap is of the order of (one nuclear 
magneton) /(8 A’), i.e., Ac&0.6. By using Eq. (3.14), 
the mean square field becomes (| H(t) |?)S¢5.4x10? 
(gauss)?. Comparison of Eq. (3.11) with Eq. (2.7) 
shows that an external radiation field of amplitude 


19H. M. McConnell and J. Strathdee, J. Mol. Phys. 2, 129 
1959). 
20 Ok Adams, M. S. Blois, and R. H. Sands, J. Chem. Phys. 28, 
774 (1958). 

2 J. Wertz, Chem. Rev. 55, 829 (1953). 

2B. Venkataraman, B. G. Segal, and G. K. Fraenkel, J. Chem. 
Phys. 30, 1006 (1959). 
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2H; produces an intensity of transition equal to that 
induced by the spin-rotational field H(t) if 


HH (1) [472/3g(v) P27 re’ /g(v) P. (3.15) 


Substitution of the preceding numerical values for 
the benzene negative ion in Eqs. (3.5), (3.6), (3.8), 
(3.9), and (3.11) gives 


K=3.8X10"r,.(1-++-w?r2)—! sec 
L=—0.8X10"7,(1+-w*r2)— sec 
M,=4.2X 10"7,(1+-w*r2)— sec 
M wiw=2.0X 104 sect 


Mu=5X 107,’ (1+-w*r,’2)—! sec (3.16) 
For typical free radicals, the rotational correlation 
time 1, is the time in which a molecule undergoes an 
appreciable change in orientation. It is undoubtedly 
greater than 10-" sec, and values from 10~° to 10-4 
sec are not unreasonable. The correlation time 7,’ ap- 
propriate for the spin-rotational interaction may be 
thought of as the time that the rotational magnetic 
moment of a molecule maintains its orientation in 
space. In a liquid, any small collision will generally be 
sufficient to change the orientation of the magnetic 
moment, and thus 7, will be several orders of mag- 
nitude smaller than 7,. As a result, the quantity My 
is probably not as important as the other terms in Eq. 
(3.16), although for a molecule in the gas phase, the 
interaction between the electron spin and the rotational 
motion is in general the largest term. 

It is instructive to examine an energy-level diagram 
showing the different transitions effecting relaxation. 
In Fig. 1, the transitions are shown in terms of the 
parameters K, L, and M for a single electron interacting 
with a nucleus of spin J=2, and in Fig. 2 the transi- 
tions are shown for the interaction of a single electron 
with four equivalent nuclei of spin 7=}. In the dia- 
grams, each horizontal bar represents an energy level 
determined by m, and my; those for m,= +3 are in the 
top row, and the values of my increase from left to 
right. 

Differences in the transitions from one level to 
another exist in both diagrams, but there is a much more 
marked variation among the levels in Fig. 2 than in 
Fig. 1. In other words, the intramolecular dipolar 
interactions exhibit a greater effect when several nuclei 
are present than when only a single nucleus interacts 
with the electron. The increase in these effects when 
several nuclei are present may be explained very simply. 
Since the transition probabilities W ;;’ involve sums over 
degenerate states that are independent of the particular 
choice of degenerate functions, the nuclear spin states 
can be described by a coupled representation. In the 
case of four nuclei of spin J=4, the possible values of 
the total nuclear spin angular momentum J= )_ J; are 
J=2, 1, 0?, where the exponent indicates the number 
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Fic. 2. Relaxation probabilities for spin system with S=} and 
four equivalent nuclei with =}. Energy levels, indicated by 
filled rectangles are labeled by M,, M ,;. The possible relaxations 
calculated from Eqs. (3.3) iad (3.4) for extreme motional narrow- 
ing are shown by arrows. The degeneracies are indicated by Dy. 


of states with this particular value of J. When all the 
nuclei are equivalent, the dipolar mechanism cannot 
connect states of different J, and therefore the cross- 
relaxation terms are just the superposition of the relaxa- 
tions for the individual values of J. The pattern in 
Fig. 2, for example, is just the pattern that would be 
obtained by superimposing the cross relaxation from a 
single nucleus with spin J=2, three nuclei with spin 
I=1, and two nuclei with zero spin. 


IV. SPIN-LATTICE RELAXATION TIME 


The spin-lattice, or longitudinal, relaxation time 7; 
was introduced by Bloch as a parameter to measure 
the presumed exponential decay of the component of 
the macroscopic magnetization parallel to the externally 
applied field.” This parameter was then calculated by 
Bloembergen ef al."° from the transition probabilities 
causing relaxation in a two-level system. This spin- 
lattice relaxation time for a two-level system deter- 
mines both the saturation behavior and the decay of 
the field-direction component of the magnetization. It 
also can be shown that there is an exponential decay of 
this component of the magnetization in such a system 
which is describable by a single relaxation time.” 
A multilevel equally spaced system such as a nuclear 
spin with J>} also behaves in many respects like a 
two-level system. The decay of the field-direction com- 
ponent of the magnetization in complex systems of the 
type considered in the present discussion may not, 
however, be determined by a single relaxation time; 
and the saturation parameters 2 of Sec. II are, in 
general, not simply related to a parameter that can be 
identified with 7}. 

Nevertheless, even in a complex system, there is a 
simple relation between 7; as defined, for example, by 
Kubo and Tomita,® and the transition probabilities 
induced by relaxation. By assuming that the approach 
to equilibrium is governed by an exponential law, i.e., 
exp(—i/T7}), it is readily shown that 


T= (LW n'ost/DiEF), (4.1) 
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TaBLE I. Relaxation cofactors; one nucleus, spin J =1. 





Coefficient 
of: 


ay 





Cx 12 
Cus 
Can 


0 


—400  -—10 800 





6900 
7800 
—96 075 





TABLE II. Relaxation cofactors; two nuclei, spin J= 4. 








Coefficient 
of: 


ag? 


ay? 


arg a a2 a 





Cz 2 
Cu 4 
Cus 


0 
0 
—800 


800 
400 
—18 600 





—800 
0 


10 800 
7800 
—134 100 


—3000 
0 


29 025 
38 025 
—280 800 





TABLE III. Relaxation cofactors; four nuclei, spin J =4. 








Coefficient of: a! at 


ona aPoeg? ajarg* a? 





10 Cis 19 
10 Cu 3 
10-* Cse.s6 
10 Cac 


22.118 0 
5.5296 0 


3.6864 14.7456 


—22.1184 —2156.5 eee 


—44.237 
—5.5296 
0 


—44. 237 
—22.118 
—18, 432 


44.237 
22.118 
0 


1459.8 
464.49 


331.78 
— 78469 





Coefficient of: ajay? a? a? 


a1Qt2 


a’ 


ag? a ae 





10 Cre.12 
10 Cus 
10? Cse,s6 
10* Cae 


—862.62 331.78 
—464.49 165.89 
—630.37 0 


32 497 
13 355 
10 596 
—1 319 376 


— 12348 
—8105.7 


0 





—5225.5 
—2220.8 150 078 
—6353.5 140 901 

eee —1 026 105X10! 


296 359 —59 552 
—41 197 


0 


935 221 

550 169 

664 877 
—294 202K10 





where the summation extends over all spin energy 
levels [the degeneracy already having been included, 
see Eq. (2.12) ], and where the origin of the energy has 
been taken at the center of gravity of the energy- 
level system. 


Application of Eq. (4.1) to the transition proba- 
bilities given by Eqs. (3.3) and (3.4) is performed by 
summing over m, and m,;. After some manipulation it 
can be shown that the 7; appropriate for energy 
transfer to the lattice from a spin system consisting of 
an unpaired electron and equivalent nuclei of spin I is 

Ty'= (20/9) I (I+1)K+2M. (4.2) 
In obtaining Eq. (4.2), the system is assumed to be at 
high fields, and the only mechanisms assumed to cause 
relaxation are those considered in Sec. III. 

In concluding this section, we would like to empha- 
size the distinction between 7; and the saturation 
parameter 2. For a complex system, 7; may not have 
meaning unless it can be shown that the field-direction 


component of the magnetization decays exponentially 
with a single relaxation time, and it is possible that in 
different spectral regions the magnetization may decay 
at different rates. Furthermore, in steady-state mag- 
netic resonance experiments, such as are typically 
performed for electron resonance at microwave fre- 
quencies, 7; is not an experimental parameter, while 
the saturation parameters @ are directly amenable to 
experimental determination, On the other hand, sup- 
pose a system consisting of an unpaired electron (S=4) 
interacting with a number of nuclei undergoes relaxa- 
tion through mechanisms which are predominantly in- 
dependent of the nuclear spin states. Such a system 
reduces effectively to a set of two-level systems, one 
for each value of my. Under these conditions, the only 
important transition probability is the term in M in 
Eq. (3.3), and from Eq. (4.2), T:-'=2M. Also, it can 
be readily seen from Eq. (2.27) that D,Qas= (2M), 
and therefore D.Qag= 7;. By substituting this value in 
Eq. (2.6) and using Eq. (2.7), one obtains 


Zap=(1+ (3) 8." Ay gapT 1 1, (4.3) 
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which is the usual expression for the saturation factor 
for a two-level system." 


V. RESULTS 


In this section we give the results of the calculation 
of the saturation parameters 2 for spin systems con- 
sisting of an unpaired electron, S=4, interacting with 
three different collections of nuclei: (1) one nucleus 
with spin J=1; (2) two equivalent nuclei with spin 
I=}; and (3) four equivalent nuclei with spin J=}. 

The transition probabilities are taken to be of the 
form given in Eqs. (3.3) and (3.4), so that the mecha- 
nisms of relaxation considered are confined to those 
discussed in Sec. III. We assume for simplicity that 
wreK1 (extreme motional narrowing) even though 
for electron resonance experiments performed at 9000 
Mc/sec this condition is not met unless 7-<107". 
When extreme narrowing does not occur, terms in the 
intramolecular dipolar interaction (K) involving transi- 
tions among nuclear levels which do not change the 
spin of the electron (Am,=0, Amy=+1), and terms 
depending on translational relaxation such as Mon, 
show a different dependence on 7, than the other 
transition probabilities. 

By using the assumption of extreme narrowing, three 
parameters, K, L, and M, determine the transition 
probabilities in Eqs. (3.3) and (3.4), and by forming 
ratios we may calculate the saturation factors for the 
various transitions as a function of two parameters. 
These parameters are taken to be 


a= 6M/K 
o2=6L/K. (5.1) 


The cofactors occurring in Eq. (2.27) may now be 
expanded as polynomials in a and a», and the co- 
efficients of the various powers of aia: for the pre- 
ceding spin systems are tabulated in Tables I to III. 
(In Tables I and II Cyos6 is obtained from C232 by 
changing the sign of a. In Table III C2g.73 and Co,10;9.10 
are obtained from Cy and C1212, respectively, by 
changing the sign of az.) A simple method exists for 
evaluating the cofactors using relaxation diagrams of 
the type shown in Figs. 1 and 2. This method will be 
described elsewhere.” In the Tables, energy levels have 


TABLE IV. Saturation ——— _ of K-1); one nucleus, 
spin J=1, 
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Taste V. Saturation pammaneners a of K-); two nuclei, 
spin J =}. 





DQ2/DQu +D,Q2X10 +DQu4X10 








been labeled in order of decreasing values of m; and 
odd numbers correspond to m,=+4 and even numbers 
to m,=—}. Thus 1=(m,=}, my=nl), 2=(m,=—3, 
my=n1), 3=(m,=4, my=nI—1), etc. By using Eq. 
(5.1), each of the cofactors is expressed in units of 
(K/6)? where p is the order of the cofactor. 

Limiting values (for H; large) of the ratios of peak 
heights for different components can be obtained [see 
Eq. (2.9) ] by computing ratios of the Q.s, and since 
the Caz are independent of a [see Eq. (2.25) ], ratios of 
Qag can be obtained from ratios of the C.8,08 For sim- 
plicity, therefore, the Cae required to obtain the abso- 
lute magnitude of the saturation are tabulated only for 
the case a2.=0, corresponding to absence of the asym- 
metric feature of the saturation arising from the 
cross term between the intramolecular dipolar interac- 
tion and the g-tensor anisotropy. 

The variation of the ratio of the saturation param- 
eters for different hyperfine components is illustrated 
(for the case a2=0) by allowing a; to vary from 0 to ~, 
and ratios of the factor D.Qas for the outer lines to the 
central line are tabulated for the preceding spin sys- 
tems in Tables IV to VI. 

The absolute magnitude of D,Q.s is also given in 
Tables IV to VI in units of K—. Values of D.Qag in 
seconds are obtained by multiplying the numbers in 
the tables by K-! where K is expressed in sec™. 

The anisotropy of the spectrum depends on the mag- 
nitude and sign of ae. To illustrate the type of aniso- 
tropy to be expected when saturation is taking place, 
we have arbitrarily set a,=10 and varied az over the 
range 0 to 10 for the spin system (2) in the foregoing, 
ie, S=4 and two equivalent nuclei with =}. The 
results are shown in Table VII. Further values may be 
readily calculated from the results in Tables I to III. 

In actual application of these results a spectrum that 
is symmetrical about its center is determined by 
values of 2 which depend on only one parameter. If this 
parameter is fixed by one ratio, it will be possible to 
make definite predictions about the other lines of the 
spectrum. If the spectrum shows a variation from low 
field to high field, there are still only two parameters, 
and it will again be possible to compare theory and 
experiment directly for any spectrum with more 
than three components. An evaluation of the param- 
eters a, and a: from experiment would enable us to 
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TaBLE VI. Saturation parameters (units of K~'); four nuclei, spin J=}4. 
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draw conclusions about the relative importance of the 
intramolecular dipolar relaxation, the g-tensor aniso- 
tropy relaxation, and those mechanisms which relax 
the electron without influencing the nuclear states. 

When a; is large, there is no appreciable cross relaxa- 
tion, and the system behaves as a number of two-level 
systems, one for each value of m;. Replacing the nota- 
tion a6 for a transition with the notation my, it is easy 
to show that 


Dm Qm = (2M)-. (5.3) 


As mentioned in Sec. IV, in the special case that there is 
no cross relaxation, the spin-lattice relaxation time 7; 
and the quantity D.Qas become equal. 

When a; is large, and Eq. (5.3) holds, systems with 
S=4 and either (i) m equivalent nuclei of spin J, or 
(ii) one nucleus of spin mJ, behave identically with 
respect to saturation. On the other hand, when a; is not 
large, corresponding to appreciable relaxation through 
the intramolecular dipolar interaction, there is no 
simple relaxation between the one-nucleus and the 
many-nuclei problems, and there is no simple relation 
between the D,Q.g and the spin-lattice relaxation time. 


TaBLe VII. Anisotropy in saturation parameters; two nuclei, 
spin J=}(a,=10). 
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0.55 
0.66 
0.70 


1.41 
0.93 
0.73 
0.70 








The sign of the anisotropy introduced by the cross- 
term between the intramolecular and g tensor-induced 
relaxation is also of interest. If the sign of the term 
which governs this anisotropy, the parameter L of 
Eq. (3.18), is negative, as it is estimated to be for the 
benzene negative ion, components with negative 
values of m, relax more rapidly than components with 
positive values of m;. For the benzene negative ion, in 
which the hyperfine splitting arises from an indirect 
mechanism involving configuration interaction, Mc- 
Connell has predicted that the isotropic proton hyper- 
fine interaction constant A should be negative, and 
recent experimental results on malonic acid radicals 
trapped in malonic acid single crystals confirm this 
prediction.*5 As a result, high-field components 
correspond to positive values of my. The low-field 
components should therefore relax more rapidly than 
high-field components, and the high-field components 
should be narrower and should saturate more rapidly 
than the low-field components. For other free radicals, 
detailed examination of the g-tensor anisotropy and 
of the anisotropic dipolar interaction must be made to 
determine the sign of L, and other types of isotropic 
hyperfine interaction exist for which A is not neces- 
sarily negative. 
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The effects on spectral calculations of including interaction between the ground and lower excited states 
are investigated by the free-electron model for some hydrocarbons in which such interaction should occur 
in principle, viz., phenanthrene, perinaphthenylium cation, and azulene. The resultant lowering of the 
ground state energy is less than 150 cm~ when the ground and excited states have equal charge densities. 
For azulene, with unequal charge densities, the interaction is about 4000 cm-', and the agreement with ex- 
periment for the two lower singlet levels is considerably improved. The free-electron calculations for the 


nonalternant ions C;H;~ and C;H;* are also reported. 





ECENT semiempirical theories of the z-electronic 

spectra of even alternant hydrocarbons, with 
explicit inclusion of the effects of x-electron repulsion, 
have met with considerable quantitative success.‘ 
One of the reasons for this success is that for even 
alternants, the excited states have charge densities 
(uniform) equal to that of the ground state,® and this 
equality gives considerable self-consistency to the spec- 
tral calculations for these molecules. For odd alternants, 
and for even and odd nonalternants, the equality of 
charge densities may not hold and in this circumstance 
there results a larger interaction between the lower 
excited states and the ground state. It is the purpose 
of this note to examine quantitatively by the free-elec- 
tron model‘ the effects of this type of interaction on 
spectral calculations for some representative molecules 
and ions, viz., phenanthrene (even alternant), the 
highly symmetric nonalternant ions C;H;- and C;H7*, 
the perinaphthenylium cation C;;Hy+ (odd alternant), 
and azulene, an even nonalternant. 


I, PHENANTHRENE 


Phenanthrene and the polyacenes are similar in 
being even alternants (with equal charge densities in 
the ground and excited states), but they differ in that 
the four lower excited states of the polyacenes (1Ba, ‘Bs, 
1D, 'Ly)’ are not totally symmetric and cannot interact 
with the ground state, whereas in phenanthrene, two of 
these states (1B,, 'Z;) are of the correct symmetry to 
interact with the ground state. For the B, state the 
interaction almost cancels, but for the L, state it lowers 
the ground state by 134 cm—. This interaction does 


1J. A. Pople, Trans. Faraday Soc. 49, 1375 (1953). 

? W. Moffitt, J. Chem. Phys. 22, 320 (1954). 

*R. Pariser, J. Chem. Phys. 24, 250 (1956). 

‘N. S. Ham and K. Ruedenberg, J. Chem. Phys. 25, 1 (1956); 
29, 237 (1958). | ait | 

5 N. S. Ham and K. ome ey 


¢W. Moffitt, J. Chem. Phys. 22, 1820 (1954); M. J. S. Dewar 
and H. C. Longuet-Higgins, 


Proc. Phys. Soc. (London) A67, 
795 (1954); and footnotes 3-5. 


" The state notation is that of J. R. Platt, J. Chem. Phys. 17, 
fe (1949) with the modifications discussed in Part II (footnote 


J. Chem. Phys. 25, 13 (1956). 


nothing toward removing the 3200 cm discrepancy be- 
tween the calculated and observed 'Z; level (see Fig. 1), 
but it suggests that in other less symmetrical even 
alternants, e.g., the polyacene isomers, the lower energy 
levels will be only very slightly affected by such inter- 
action.® 


II. IONS C;H;- AND C,;H;* 


The high symmetry (Dsa, Dm) of these nonalternant 
ions (iso-r-electronic with benzene) determines the 
orbitals and state functions and since these are already 
self-consistent, the excited states do not interact with 
the ground state. These ions have been treated by 
Longuet-Higgins and collaborators® using the Pariser- 
Parr LCAO method.” 

The separations between the excited states are 
formally the same in the free-electron model as in the 
LCAO method." The major difference between the two 
calculations lies in the equation used to obtain the 
orbital energies, which difference places the centers 
of gravity of the transitions differently.” For C;H;* 


8 This conclusion, for the FE method, is in keeping with 
Pariser’s finding for the LCAO method that the ground states of 
the polyacenes were depressed by less than 0.05 ev (400 cm™) 
following the interaction of a large number of singly excited con- 
figurations formed with Hiickel orbitals (see footnote 3). 

9 J. N. Murrell and H. C. Longuet-Higgins, J. Chem. Phys. 23, 
2347 (1955); H. C. Longuet-Higgins and K. L. McEwen, J. 
Chem. Phys. 26, 719 (1957). 

1 R. Pariser and R. G. Parr, J. Chem. Phys. 21, 767 (1953). 

11 The theoretical separations (s;) in terms of the orbital 
energies ¢, and electron interaction function G, are as follows: 


CsHs~: 59 €c— & —0.2000G, +-0.3236G; —0.1236G; 

i= 0.4000G, — 0.2472G,—0.6472G; 

3=3= 0.4000G, —0.6472G,+-0.2472G; 
s==0. 


CrH7*: s5= €e— &@—0.1429G, +0.2574G2—0.1781G3+-0.0636G, 
a= 0.2857G, +-0.3563G2—0.1272G; —0.5148G, 
3=3= 0.2857G, —0.5148G2+-0.3563G;—0.1272G, 

$ 


For definition of symbols s;, €n, and Gy, see Part I‘. For the 
LCAO separations the Gy’s are replaced by Coulomb integrals 
(11 | JJ) between the 2px atomic orbitals. 

2 The FE formula of Part II® for the orbital excitation 
energies ¢.—@ gives 55 700 cm (CsH,~) and 28 420 cm™ (C;H:*), 
whereas the LCAO formula of Pariser and Parr” gives the values 
43 120 cm=! and 32 630 cm“, respectively. 
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Fic. 1. Theoretical and experimental energy levels for phenan- 
threne, ordenantationyt anion, benzene, tropylium cation, 
rinaphthenylium cation, and azulene. Theoretical levels are 
indicated by lines and experimental levels for phenanthrene, 
benzene, and azulene by circles (a levels, hollow circles; 6 levels, 
solid circles), and for tropylium and perinaphthenylium cations 
by solid squares. The theoretical siubdersste are indicated by: 
II parallel to long axis; 1, pe lar to long axis, except for 
rinaphthenylium ‘adenbans || and 1 are referred to one 
PF bonds to the central atom. For azulene, the left-hand 
column is obtained if the interaction between 1B, level and the 
ground state is neglected; the interaction is included for the 
right-hand column. 


both methods agree about equally well with the single 
experimental point,” but the. free-electron results for 
CsHs- are much higher than the LCAO ones. Un- 
fortunately no experimental data for CsH;- seem to be 
available to check the predictions here. 


Ill. PERINAPHTHENYLIUM CATION C,;H,* 


This odd alternant ion (symmetry Dy,) does not have 
uniform charge density in its ground state“; in the 
lower excited states, some have the ground state 
charge distribution and some do not. 

The orbitals of the perinaphthene nucleus can be 
related nodally to those of the cyclic polyene CyH 
(symmetry D,,) and can be labeled as in Fig. 2. As 
to the orbital labeled 72, it is not possible to classify it 
according to its number of nodes around the Cy» perim- 
eter: it is the orbital introduced by the atom in the 
center of the framework. Since the molecule is an odd 
alternant, it has one nonbonding orbital (sin3¢). 

The ground state of the ion has 12 z electrons assigned 
to the orbitals as shown in Fig. 2 and the lower excited 
states (symmetry E£’, Ay’, As’ in Dy) result from the 
orbital excitations shown. The energies and other prop- 
erties of the excited states are summarized in Table I. 
Three E’ states and one A,’ state have charge distribu- 
tions which are different from that of the ground state, 
but none of these states is of the correct symmetry to 
interact with the ground state. On the other hand, the 
two A,’ states, with ground state charge distributions, 


43,W. E. von Doering and L. H. Knox, J. Am. Chem. Soc. 76, 
—_ (1954); M. J. S. Dewar and R. Pettit, J. Chem. Soc. 1956, 


4H. C. Longuet-Higgins, J. Chem. Phys. 18, 265 (1950). 


interact only very weakly with the ground state. With 
the effects of the charge of the ion thus minimized, the 
calculated spectrum might be expected to be free from 
serious quantitative error. 

The reported spectrum consists of a strong band at 
25 000 cm! (log émax 4.67) and another band at 44 250 
cm=! (log émax 4.51). The lowest transition is cal- 
culated to lie at 25 300 cm™ and two allowed and one 
forbidden transitions are calculated to occur between 
40 000 and 47 500 cm~'. The calculations also predict 
a forbidden transition at about 17 400 cm and it seems 
likely that the cation has a weak band close to 16 000 
cm=!.!6 These results cre summarized in Fig. 1. 

The general agreement is extremely good but part of 
this must be attributed to the high symmetry of the 
perinaphthene nucleus. For less symmetrical molecules 
containing this nucleus, the free-electron calculations 
should be equally successful provided that their orbitals 
can be related to those of the perinaphthene nucleus 
itself and the excited states are formed from excita- 
tions corresponding to those used in Table I. In this way 
the reduced symmetry, with its attendant interaction 
between the ground state and excited states, will be 
minimized. 

IV. AZULENE 

For the molecules considered so far, the interaction 
of the ground state with the lower excited states has 
either been small (equal charge densities) or zero 
(symmetry forbidden). For the nonalternant azulene, 
which is polar in its ground state and has different non- 
uniform charge distributions in each of the four lower 


Cotte Coty 











t -. e 
Fic. 2. Nodal properties of orbitals of the cyclic polyene 
Ci2Hi2 and the perinaphthene framework. For the perinaph- 
thenylium cation, the orbital excitations, indicated by arrows, 
result in states belonging to the representations of D3, as shown. 


% R. Pettit, Chem. and Ind. 1956, 1306. 
16 Dr. D. H. Reid reports (private communication) that 1,4,7- 
—— perinaphthenylium rate shows a — ak band 
€max 2.98) at 15 cm~!, Indeno [2,1-a] | perinaphthene 
ni (w/w) HeSO, has a band ts 16 130 cm™ (log émax 3. 22) 


which most probably arises within ene anes 
see I. M. Aitken and D. H. Reid, J. i Chem me 1986 
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excited states (1B, ‘By, ‘La, ‘Ly)’, the interaction is 
considerable. Here the interaction occurs with the a 
states: it almost cancels for the 'Z, state but it rein- 
forces for the 'B, state to lower the ground state by 
4073 cm.” 

The new energy levels referred to the ground state 
are plotted in Fig. 1, together with the previous energy 
levels obtained without interaction.’ The agreement 
with experiment for the two lower levels is greatly im- 
proved by including the interaction, but the two higher 
levels are pushed too high. 


17 This lowering is larger than that found by Pariser (2412 
cm) in his LCAO calculations on azulene, J. Chem. Phys. 25, 
1112 (1956). 


NORMAN S, 


HAM 


V. CONCLUSIONS 


From the foregoing results it seems that the criterion 
used previously to limit the amount of configuration 
interaction included in the free-electron calculations,5 
viz., to include only those configurations (a) which 
would be degenerate in the perimeter model (cata- 
condensed hydrocarbons) or (b) which involve an 
increase of one in the number of angular nodes of the 
orbitals (pericondensed hydrocarbons), remains a 
good compromise between accuracy and ease of compu- 
tation, even in cases where the model does not attain 
the same self-consistency that it does for even alternant 
hydrocarbons. 
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Nuclear Magnetic Resonance Study of Polycrystalline NH.C1O, 


James A. IBERS 
Shell Development Company, Emeryville, California 
: (Received December 30, 1959) 


The second moments of the proton resonance absorption line in polycrystalline NH,CI1O, are found to be 
1.27+0.02 gauss? at 70°K and 1.18+-0.01 gauss? at 298°K; these results are interpreted in terms of reorienta- 
tion of the ammonium ion about random or nearly random axes. Spin-lattice relaxation times for poly- 
crystalline NH,ClO, have been measured between 77° and 298°K by the progressive saturation method. 
These relaxation times are consistent with a barrier hindering reorientation of 2.00.6 kcal. 





ECENTLY Smith and Levy! reported that reason- 
© able agreement could be obtained with their room- 
temperature neutron diffraction data for NH,Cl1O, if a 
theoretical model were assumed in which the ammonium 
ion was freely rotating.? Here, as the result of a nuclear 
magnetic resonance study of polycrystalline NH,C10,,' 
we present additional information on the motion of the 
ammonium ion in NH,CI1Q,. 

The measured second moments‘ of the proton reson- 
ance absorption line in polycrystalline NH,ClO, are 
1.18+0.01 gauss? at 298°K and 1.27+0.02 gauss? at 
70°K. (The limits of error are obtained from a com- 
parison of two independently recorded and measured 
sets of data.) The corresponding line widths are 2.7 


1H. G. Smith and H. A. Levy, Abstract K-6, American Crys- 
tallographic Association Annual Meeting, Cornell University, 
Ithaca, New York (July, 1959). 

2 But see K. Venkatesan [Proc. Indian Acad. Sci. 46A, 134 
(1957) ] for less convincing evidence that the hydrogen atoms 
occupy ordered positions at room temperature. 

3G. Frederick Smith Chemical Company ammonium per- 
chlorate, reagent grade, was used without further purification in 
this study. 

4We measure the central portion of the resonance line, and 
calculate a second moment from this portion. The weak side 
bands, which are produced by motion and which when added to 
this central portion preserve the invariance of the total second 
moment to such motion [E. R. Andrew and R. A. Newing, Proc. 
Phys. Soc. (London) 72, 959 (1958)7, are not observed and 
measured here. 


and 3.3 gauss, respectively. The proton second moment 
from a rigid NH,CI1O, lattice should be about 40 gauss?; 
on the other hand, if the ammonium ions are reorienting 
about random axes at frequencies greater than about 
10° cps (the inverse, proton spin-spin interaction time), 
then the contributions to the second moment of the 
intramolecular H-H interactions will average to zero,® 
and only the intermolecular H-H contributions will 
remain. We have followed Andrew and Eades® and 
have considered the calculation of such intermolecular 
contributions to the second moment under the assump- 
tions (1) that the protons are smeared out over spheres 
of radius a (the N-H distance) separated by R(the 
N-N distance), and (2) that the angular terms in the 
second moment expression are unaffected by motion. 
We obtain, using the crystallographic data of Smith and 
Levy,’ a second moment of 1.34 gauss’. (The H-N and 
H-Cl interactions contribute less than 2% to this 
value.) We estimate that inclusion of the effects of 
motion on the angular terms will reduce this value by 
at most 40%, and probably by about 10 to 20%. 
An exact calculation of this reduction did not seem 

5H. S. Gutowsky, G. E. Pake, and R. Bersohn, J. Chem. Phys. 
22, 643 (1954). 

®E. R. Andrew and R. G. Eades, Proc. Roy. Soc. (London) 


A216, 398 (1953). 
7H. G. Smith and H. A. Levy (private communication). 
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warranted in view of our lack of knowledge of the N-H 
distance and of the effects of zero-point motion of the 
hydrogen atoms. Moreover, the reasonable agreement 
of the calculated and experimental values is taken as 
ample evidence that the motion of the ammonium ion 
is such as to average the intramolecular contributions 
to the second moment to zero, or nearly to zero. Whether 
such an average is truly zero, or whether there is a small 
residual contribution of the intramolecular terms 
(owing, for example, to departures from randomness 
of the reorientation axes) cannot be determined. The 
small difference between the measured values of the 
second moments at 298° and 70°K is significant, and is 
presumably the result of small contractions (perhaps 
1%) of the crystal lattice as the temperature is lowered. 

In an attempt to determine the barrier hindering 
reorientation, measurements of the spin-lattice relaxa- 
tion time 7; were made. The progressive saturation 
method was used. A previous calibration of the rf 
field meter on our apparatus allowed us to obtain the 
following absolute values of 7;: 77°K, 0.0059+-0.0017 
sec; 102°K, 0.083+0.027 sec; 112°K, 0.133+0.053 
sec; 147°K, 0.143+0.062 sec; 298°K, 0.154+0.025 sec. 
We interpret these data in the following way. There are 
two relaxation processes: one is temperature insensitive; 
the other is temperature dependent and is the result of 
reorientation of the ammonium ion. The temperature 
insensitive process, with 7Ti:= 7; (298°K), is perhaps 
the result of coupling of lattice vibrational modes with 
the quadrupole moments of the nitrogen or chlorine 
atoms, or perhaps with paramagnetic impurities. The 
T;’s of the reorientation process follow the high-temper- 
ature region (wr-1) of the Kubo and Tomita® relation 
which connects 7; with the assumed single correlation 
time r-. If we assume that the reorientation process is an 
activated one, then the foregoing data lead to a barrier 
of 2.00.6 kcal. With a suitable assumption concerning 
the minimum value of 7; for the reorientation process 
the foregoing data lead to an entropy for the reorienta- 
tion process of about 3 eu. This result is subject to 


®R. Kubo and K. Tomita, J. Phys. Soc. Japan 9, 888 (1954). 
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large uncertainties because the minimum 7; is not 
observed, and because of uncertainties in the data. 
Nevertheless, since we expect an entropy near zero 
(there is little possibility for cooperative motion 
among the widely separated ammonium groups), the 
derived value of the entropy at least is indicative of 
self-consistency in the interpretation of the data. This 
interpretation also leads us to expect broadening of the 
resonance line at between 45° and 55°K. 

The measured barrier of 2.0+-0.6 kcal may be com- 
pared with the following results for the ammonium 
halides’: NH,Cl, 4.7; NH,Br, 3.3; NH4I, 2.9 kcal. In 
these compounds the ammonium ion is reorienting 
randomly at room temperature; the line-width transi- 
tions are at somewhat higher temperatures than that 
predicted for NH,C1O,. In the ammonium halides the 
ammonium ion can form four linear N-—-H—X bonds; 
in NH,C1O,, if the ammonium tetrahedron is to remain 
even approximately regular, more than two short, 
linear N—H—O bonds cannot be formed. It is possible 
then that the order of energies found in the ammonium 
halides and in NH,Cl1O, represents a decreasing tend- 
ency to form hydrogen bonds. 

Pendred and Richards? have studied the proton and 
fluorine resonances in NH,BF, at 20°K. (NH,BF, 
and NH,CIO, are isostructural.) They find that at 20°K 
the ammonium ion is not reorienting about random axes, 
but rather about a single C2 axis. Their interpretation 
is certainly not inconsistent with ours for NH,ClO,. 
It seems reasonable to expect that the frequency of 
interchange of axes of reorientation in NH,ClQ, will 
decrease with decreasing temperature, until there will 
arise, from the point of view of the resonance experi- 
ment, a principal reorientation process around a particu- 
lar axis or axes. 

I am grateful to C. H. Holm for help with the experi- 
mental work as well as for fruitful discussions of theory. 


I am also grateful to D. P. Stevenson for a helpful 
discussion. 


(1988) Pendred and R. E. Richards, Trans, Faraday Soc. 51, 468 
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Hydrocarbons 


Mrnir CHOWDHURY AND SADHAN Basu 
Department of Chemistry, University College of Science, Calcutta 9, India 
(Received October 22, 1959) 


It has been observed that when iodine concentration is high in a mixture of iodine and polynuclear aro- 
matic hydrocarbon in carbon tetrachloride, the spectral data may be interpreted on the assumption of 2:1 
molecular complex formation between iodine and aromatic hydrocarbon. The equilibrium constants for 2:1 
complexes were, however, found to be much higher than those of the corresponding 1:1 complexes and they 
were further found to be independent of the nature of the hydrocarbon. Interpretation of the experimental 
data based on contact charge transfer appears to be much more reasonable in the present case. 





N a previous communication’ using high hydro- 

carbon but low iodine concentration in carbon 
tetrachloride solution, it has been shown by Bhatta- 
charya and Basu that there is formation of 1:1 mo- 
lecular complexes of charge transfer type in these 
systems. The equilibrium constant for complex forming 
reaction was found to increase with the lowering of the 
ionization potential of the aromatic hydrocarbons. If, 
however, the iodine concentration is increased much 
above that of the hydrocarbon concentration, two 
different types of interaction may take place. Since the 
hydrocarbons are undoubtedly z donors, the possibility 
of one hydrocarbon molecule complexing with two 
iodine molecules, in which iodine occupies two equiva- 
lent positions above and below the plane of the hydro- 
carbon molecule, exists. On the other hand, if there is 
any contact charge transfer effect present in iodine- 
hydrocarbon system, then this effect may become pre- 
dominant at higher iodine concentration. In order to 
see if this could be settled experimentally, the spectro- 
photometric investigations were repeated with high 
iodine but low aromatic hydrocarbon concentration, 
the results of which are reported herein. 

In order to estimate the equilibrium constant from 
the measurement of optical densities of mixtures of 
iodine and aromatic hydrocarbons, Benesi-Hildebrand 
type of relations? may be deduced for 1:1 and 2:1 
complexes as follows. Let us assume that the equili- 
brium may be represented as 


A+1L—AlI, K,=[AI, ]//[A ]L2] 


(1) 
and 


A+2b=A(L)2 Ke=[A(I:)2/[A]LbP. (2) 
In these equations A and I, represent aromatic hydro- 
carbon and iodine, respectively. The optical density of 
a solution containing the molecular species (1) and (2) 
is given by 


O.D.=A }o=/[LeoLA ]+alAb ]+e[A (Ie) 2 |}, (3) 


1 Bhattacharya and Basu, Trans. Faraday Soc. 54, 1286 (1958). 
2 Benesi and Hildebrand, J. Am. Chem. Soc. 71, 2703 (1949). 


provided the absorption due to iodine is negligible at 
the wavelength where O.D. measurements are made. 
The ¢,’s are the appropriate molar extinction coefficients. 
Combining (1)—(3). with the equation iis the 
conservation of hydrocarbon, 


[A }=(A]{1+Kifl]+K[I2F}, 


one obtains 


[12 ]/(é—«) = 


(4) 


1+K,{I.]+K[I2 P (5) 
(a— €) Ki+ (@— €) K{[I2] 


if [I,]>>[A]. In these expressions é is the formal ex- 
tinction coefficient of a solution containing an initial 
concentration of hydrocarbon [A], moles/liter= 
O.D./[A]}o /, «=molar extinction coefficient of the 
hydrocarbon at the same wavelength and « and e are 
the molar extinction coefficients of 1:1 and 2:1 com- 
plex, respectively. If there is only 1:1 complex forma- 
tion, then the relation (5) shows that a plot of (€—«) 
against 1/[I:] should be linear, from the slope and 
intercept of which the equilibrium constant K, and 
molar extinction coeficient « can be calculated. On 
the other hand, for 2:1 complex a plot of (é—e)-! 
against 1/[I,? should be linear, the slope and the 
intercept of which will similarly give K2 and e:. It may 
be observed that for 1:1 complex the relation (5) 
reduces effectively to Benesi-Hildebrand equation. On 
the other hand, if the interaction be predominantly of 
contact type, then Benesi-Hildebrand plot will give a 
straight line of zero intercept. 





EXPERIMENTAL 


The method of purification of the hydrocarbons has 
been described in greater detail in the previous com- 
munication.’ As iodine concentrations used in the 
present study were several hundred times those used in 
the previous communication, the solvent was carefully 
purified in order to eliminate the formation of I; ion as 
much as possible. O.D. measurements were made in 
Beckman spectrophotometer model DU using 1-cm 
silica cells. In the range of 340 my to 430 my the ab- 
sorption due to iodine was low compared to hydro- 
carbons and the complexes. The small amount of ab- 
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Taste I. Spectral data for I:-hydrocarbon mixtures. 





Concentration of 


n 
Hydrocarbons (moles/liter) 


1/{Iz] 


1/(I.P 1/(€—e0) 





Naphthalene 
Amaz=363 my 


0.001806 


Anthracene 
Amax = 430 my 


0.001000 


Pyrene 


Amax=425 mp 
Phenanthrene 
Amax=367 my 


Chrysene 
Amar = 388 my 


Saar SSoe RSRRS ASRS! 


‘MimOM AON PEO WoOOoBN OO 


Stilbene 
Amax=372 my 


WHERE KDE BE ONES DRE er be 


DN Co > 


292 
384 
521 
751 


156 
204 
279 
400 
625 


173 
219 
359 
392 
694 


215 
357 
487 
699 


200 
262 
357 


0.00972 
0.01095 
0.01369 
0.01632 


0.00579 
0.00651 
0.00738 
0.00816 
0.01132 


0.00663 
0.00764 
0.00957 
0.01004 
0.01344 


0.00769 
0.00952 
0.01077 
0.01281 


0.00486 
0.00586 
0.00667 
0.00779 


0.00599 
0.00738 
0.00835 
0.01027 


357 
488 
699 





sorption due to iodine was eliminated by balancing the 
mixture against a solution of iodine having the same 
concentration as the mixture. 


RESULTS 


The first step in the execution of the proposed scheme 
of work was to locate the characteristic absorption band 
of the complex for each hydrocarbon. It was observed 
that when the iodine concentration was high and the 
hydrocarbon concentration was a tenth (or less) of the 
iodine concentration, the characteristic absorption 
maximum came out at about the same position as that 
previously reported with high hydrocarbon and low 
iodine concentration. The characteristic max are 
recorded in the Table I. The O.D. values of a number of 
mixtures of constant but low hydrocarbon and different 
but high iodine concentrations were measured at the 
characteristic Amax. The relevant data are summarized 
in Table I and 1/(€—€9) vs 1/[I:] and 1/[I2 F plots are 
given in Figs. 1 and 2. 


DISCUSSION 


It may be observed from the Figs. 1 and 2 that a 
plot of (€—e)-' against 1/[I2] as well as against 
1/[I2}? is linear, but the first plot gives a straight 
line having zero intercept, in almost all cases, on the 
(€—€9)~! axis, which is a physically impossible result 
on the basis of complex formation—stable or otherwise. 


The equilibrium (1) is therefore of negligible im, 
portance in these systems. The second plot, however- 
gives a straight line with a positive slope and a positive 
intercept, from which the equilibrium constant for 2:1 
complex formation was calculated by the relation (5) 
and is listed in the Table I. It appears that the equi- 
librium constant is independent of the nature of the 
hydrocarbon and is practically constant. Further the 
absolute value of the equilibrium constant is much 
larger for 2:1 than for 1:1 molecular complexes. 

We are thus faced with a number of problems. First, 
why does the characteristic absorption band for 2:1 
complex appears at about the same position as that of 
the 1:1 complex: Secondly, why is the equilibrium 
constant for 2:1 complex so much larger than that for 
1:1 complex, and why is it independent of the nature of 
the hydrocarbon? 

No satisfactory answer can be given to any of these 
questions, which makes the very existence of 2:1 
molecular complexes in these systems rather doubtful. 
The fact that (€—«)~" is linear with respect to 1/[I2] 
and 1/[I:, suggests that the system probably is con- 
centration-dependent in a more complicated way, and 
the two types of equilibrium cannot be distinguished, 
with the experimental data in the concentration range 
over which the measurement was extended. 

If, however, we assume that the charge transfer is of a 
contact type, then the linear (€—«)-' vs 1/[I2] plot 
with zero intercept is understandable from the con- 





M. CHOWDHURY AND S. 





1 1 
f2 46 


fo 





Fic. 1. Plot for 1:1 complexes. Curve I, naphthalene; II, 
pyrene; III, phenanthrene; IV, anthracene; V, stilbene; VI, 
chrysene. 


sideration of Orgel and Mulliken’s analysis.’ We may 


suggest that in hydrocarbons-I, systems the charge 
transfer is due both to 1:1 complex formation and to 
molecular contact. At low iodine concentration the 
absorption due to 1:1 complex is more important, 


8 Orgel and Mulliken, J. Am. Chem. Soc. 79, 4839 (1957). 
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Fic. 2. Plot for 2:1 complex formation. Curve I, naphthalene, 
II, pyrene; III, phenanthrene; IV, anthracene; V, stilbene; VI, 
chrysene. 


while at high iodine concentration, as each hydro- 
carbon molecule makes many more contacts with 
iodine, the contact charge transfer becomes predomi- 
nant. 

Thanks are due to Council of Scientific and Industrial 
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Potential Energy Curves for Lithium Hydride* 


RoBERT J. FALLON, JOSEPH T. VANDERSLICE, AND Epwarp A. MASON 
Institute for Molecular Physics, University of Maryland, College Park, Maryland 
(Received November 9, 1959) 


Potential energy curves for the X 'Z*, A 'Z*, and B'II states of LiH have been calculated by the Ryd- 
berg-Klein-Rees method. The results are in agreement with curves previously obtained by Crawford and 
Jorgensen and by Rosenbaum using different methods. As a check, the somewhat peculiar curve for the 
A 'Z* state has also been calculated for LiD, and agrees with the LiH curve to about one percent. The curves 
obtained theoretically by Karo and Olson for the X 'Z*+ and A '* states are only in fair agreement with the 


experimental results. 





INTRODUCTION 


ECENTLY, there has been a great deal of interest 
in calculating potential energy curves for the 
ground and excited states of simple systems over a large 
range of internuclear distances. Since LiH is a relatively 
simple molecule and has been the subject of many 
theoretical calculations,' it would be interesting to have 
experimental potential curves for this system with 
which to compare those calculated by standard quan- 
tum-mechanical procedures. The Rydberg-Klein-Rees 
(RKR) method?“ affords a simple and reliable pro- 
cedure for obtaining potential curves directly from 
spectroscopic data. We have applied this method to the 
X 'Y+, A'Z+, and B'Il states of LiH and the A '2* 
state of LiD. In the case of the A 'Z* states, the vi- 
brational energy levels vary in a peculiar manner with 
v, the vibrational quantum number, so that the original 
analytical formulation of Rees*® has to be modified. 
The results obtained from the RKR procedures can 
be compared with the results obtained by Rosenbaum® 
for the A 'Z+ state using the older graphical procedures 
of Rydberg? and Klein.’ The results can also be com- 
pared with potential curves given by Crawford and 
Jorgensen’ for the X 12+ and A '2* states. These were 
were obtained by a Dunham? procedure and hence 
should be reliable near the minimum. However, the 
A ‘2+ state is somewhat peculiar, and the results ob- 
tained by Crawford and Jorgensen for LiH and LiD 
agree at best only to about four percent. The potential 
curve for the A ‘Z* state of LiD was therefore cal- 
culated by the RKR method as a check. Finally, the 
results can be compared with the work of Karo and 
Olson'*> who have made extensive quantum-mechanical 


* This research was supported in part by the National Aero- 
nautics and Space Administration. 

1(a) A. M. Karo and A. R. Olson, J. Chem. Phys. 30, 1232 
(1959); (b) A. M. Karo, J. Chem. Phys. 30, 1241 (1959); (c) O. 
Platas and F. A. Matsen, J. Chem. Phys. 29, 965 (1958); (d) 
references to earlier work as contained in references 1(a)-(c). 

2 R. Rydberg, Z. Physik 73, 376 (1931); 80, 514 (1933). 

30. Klein, Z. Physik 76, 226 (1932). 

4A. L. G. Rees, Proc. Phys. Soc. (London) 59, 998 (1947). 

5 Vanderslice, Mason, Maisch, and Lippincott, J. Mol. Spec- 
troscopy 3, 17 (1959). 

6 E. J. Rosenbaum, J. Chem. Phys. 6, 16 (1938). 

7F. H. Crawford and T. Jorgensen, Phys. Rev. 49, 745 (1936). 

8 J. L. Dunham, Phys. Rev. 41, 721 (1932). 


calculations on the LiH molecule and have obtained 
potential curves for the X 'Z+ and A !*+ states. 


RYDBERG-KLEIN-REES METHOD 


The RKR method is a semiclassical procedure for 
obtaining the classical turning points, fmax and fmin, 
of the vibrational motion. These turning points are 
given in terms of functions f and g as follows: 


Fmax =L(f/g) +P P+S, 
min =L(f/g) +f? Pf. (1) 


The functions f and g, in turn, are given in terms of an 
auxiliary function S, defined by 


SW, *) =Qxy)4f [U-BU,®) Mar 2) 


where U is the constant total energy, u is the reduced 
mass, [=h(v+}), x= (8xu/h?)J(J+1), and E(J, 
x) is the vibrational-rotational energy expressed in 
terms of the vibrational and rotational quantum 
numbers v and J. The upper limit J’ of the integral is 
the value of J for which E(J, x) =U. The expressions 
for f and g are then 

f=(8S/U)  g=—(0S/axv. (3) 
Rees‘ has pointed out that an analytical formulation 
of the method can be given if E(J, «) can be expressed 
as a quadratic in J, 


E(I, «) =w(v+3) —wx(v+3)?—a(v+3) J(J+1) 
+BI(J+1)+DP(I4+1)2+-++, (4) 


where w, wx, a, B, D,+++ are constants. In this case, 
the expressions for f and g become 


f=(8e%)73 fon E(I, x) dl, 


(5) 
e= (Sein/W)\[B+2D «(Stu /i#) Jf [U— EU, «) Pal 


- 
—a(Satu/ht)of [U-E(I,«) ud. (6) 
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TaBLeE I. Potential energy of the X !2* state of LiH. 
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TABLE III. Potential energy of the A !Z* state of LiH. 





V (cm™) Tmax (A) rail (A) V (ev) 


e 


V(em™) V(ev) max (A) fmin (A) T.+V (ev) 





698 
2058 
3376 
4643 


1.779 
1.938 
2.061 
2.173 


1.447 
1.354 
1.297 
1.255 


0.0864 
0.2549 
0.4179 
0.5754 








These integrals are readily evaluated‘ to give simple 
expressions for f and g. The method then becomes rapid 
and accurate, and has been applied to a number of 
cases. The details of the procedure have been given in 
previous papers.*® We have applied the method 
straightforwardly to the X '+ and B'Il states of LiH, 
and the results are given in Tables I and II. The data 
used were obtained from the work of Crawford and 
Jorgensen® and of Velasco.” 

In all cases considered so far, the constant wx in 
Eq. (4) has been positive. For the A '2* states of LiH 
and LiD, however, wx is negative and the resulting 
integrations of Eqs. (5) and (6) carried out by Rees 
have to be performed differently. For wx negative the 
expressions for f and g are readily found for the rota- 
tionless (J =0) state to be: 


f=[8m*yc(—wx) /h}*{ (4/2) 
— arc sin[1+4U (—wx)w"}}, 
g= (8x'uc/h)*(—wx) 4 B+ faw/(—wx) ]{ (x/2) 
— arc sinf1+4U (—wx)w?}}} 
— (8m°uc/h)'LaU*/(—wx)], (8) 


where c is the velocity of light, so that f is in cm and 
g, U, w, wx, a, and B are in cm™. Usually E(J, x) 
cannot be represented over the whole experimental 
range by a quadratic, but it can be represented by a 
quadratic over different regions, so that the entire 
range can be covered by a series of quadratics. In such 
a case, the method is easily extended*® to give the 
following expressions for f and g: 


f= (Sxe/h) AD ( —wx) FY, 


(7) 


(9) 


e= (Sxuc/)* S| (—wx) ALB t+ Haw(—w2) OY; 
—ai(—wr) WLU A—U _4]}, (10) 


TABLE II. Potential energy of the B ‘Il state of LiH. 








v V (cm™) V (ev) Tmax (A) 
2.998 
4.105 


T min (A) T.+V (ev)*® 





0 101 
1 231.7 


0.0125 
0.0287 


2.076 
2.034 


4.1794 
4.1956 








® T, is the energy difference between the bottom of the potential curve for 
the state in question and the bottom of the curve for the X 1Z* state. 


§ F. H. Crawford and T. Jorgensen, Phys. Rev. 47, 932 (1935). 
10R. Velasco, Can. J. Phys. 35, 1204 (1957). 
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724. 
1061 
1413 
1779 


0.0162 
0.0511 
0.0899 
0.1315 
0.1752 
0.2206 
0.2671 
0.3146 
0.3626 
0.4109 
0.4593 
0.5080 
0.5563 
0.6041 


3.3021 
3.3380 
3.3768 
3.4184 
3.4621 
3.5075 
3.5540 
3.6015 
3.6495 
3.6978 
3.7462 
3.7949 
3.8432 
3.8910 
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where 
Y;= arc sin[1+4U i-1(—wx) wiry 
— arc sin[1+4U ,(—wx) wi}. 


In Eqs. (9) and (10), the index 7 runs over all the 
vibrational levels. The values of 7max and fmin aS a func- 
tion of U for the A 'Z* state of LiH and LiD were 
calculated from Eqs. (9) and (10) in the regions where 
wx is negative, and from the previously derived’ ex- 
pressions in the regions where wx is positive. The re- 
sults are given in Tables III and IV. The data of Craw- 
ford and Jorgensen®" were used. 


DISCUSSION 


The potential curves calculated by the RKR method 
for the X 'Z*+, A 'Z*, and B'I states of LiH are shown 
as solid lines in Fig. 1. The A '2* states of LiH and LiD 
agree to about one percent, which is a good check on 
the accuracy of the RKR method as well as on the 
consistency of the data used. The other states of LiD 
are in obvious agreement with those of LiH, and have 


TABLE IV. Potential energy of the A !* state of LiD. 





V (cm) 


e 


V (ev) Tmax (A) fmin(A) T.+V (ev) 





94.6 
300.6 
525.2 
765.2 

1017 
1279 
1550 
1826 
2108 
2394 
2684 
2975 
3268 
3562 
3856 
4149 
4442 
4732 


0.0117 
0.0373 
0.0651 
0.0949 
0.1261 
0.1586 
0.1921 
0.2264 
0.2614 
0.2969 
0.3327 
0.3689 
0.4052 
0.4416 
0.4781 
0.5144 
0.5506 
0.5867 


2.941 
3.195 
3.364 
3.500 
3.618 
3.725 
3.824 


i] 
~s 
n 


3.2986 
3.3242 
3.3520 
3.3818 
3.4130 
3.4455 
3.4790 
3.5133 
3.5483 
3.5838 
3.6196 
3.6558 
3.6921 
3.7285 
3.7650 
3.8013 
3.8375 
3.8736 
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11 F, H. Crawford and T. Jorgensen, Phys. Rev. 47, 358 (1935). 





POTENTIAL ENERGY CURVES FOR LITHIUM HYDRIDE 


not been explicitly calculated. The circles are the results 
obtained by Rosenbaum for the A 'Z+ state of LiH 
using the graphical procedures of Rydberg? and Klein.* 
The agreement with our results is within the error 
inherent in the graphical method, which is about five 
percent. The potentials for the X ‘2+ and A 'Z+ states 
were also compared around the minimum with the 
potentials obtained by Crawford and Jorgensen’ 
using the Dunham® method. The agreement is well 
within the expected uncertainty of the two methods for 
the X 'Z+ state. The differences appear to be a few 
parts in the last figures for fmax and fmin in Table I. 
This corresponds to energy differences of less than two 
percent. In the case of the A 'Z+ states for LiH and 
LiD, the agreement of the Dunham potentials with the 
RKR results is as good as the agreement between the 
two Dunham potentials. 

The dashed lines in Fig. 1 are the curves calculated 
by Karo and Olson'> for the X 'Z+ and A 'Z* states 
of LiH using valence-bond and molecular-orbital 
methods which included configuration interaction. It 
is disappointing that the results are not in better agree- 
ment with the experimental curves. The probable rea- 
son for this is that Karo and Olson did not include 
enough configuration interaction in their treatment. 
It was originally hoped that a correction for this lack of 
enough configuration interaction (or electron correla- 
tion) could be made empirically and would be nearly 
independent of internuclear distance. Thus a correction 
might be applied to Karo and Olson’s calculated values 
which would make the agreement with the experi- 
mental curves good over the whole range of internuclear 
distance.” That this is not the case can be seen from 
Fig. 1, where the shapes of the A '2* curves obtained 
by Karo and Olson and by us are different. It may well 
be that a more elaborate treatment, including a larger 
amount of electron correlation, would show a relatively 


2 Professor Sahni (private communication) had previously 
found this to be the case in his calculations on the X 'Z,* ground 
state of Ne. Professor Matsen aa communication) has also 
informed us that he has successfully applied such a procedure to 
the ground state of HeH*. 
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Fic. 1. Potential energy curves for the X'!Z*+, A'Z+, and 
B'II states of LiH. The solid curves are the RKR results. The 
circles are the values obtained by Rosenbaum. The dashed lines 
are the curves calculated by Karo and Olson. 





constant difference with respect to the true energy." 
It appears, therefore, that still further effort must go 
into the ab initio calculations of potential curves for 
simple systems, such as LiH, before one can hope to 
obtain reliable potential curves for more complicated 
systems such as Ne, Oz, and NO. 

Finally, it might be mentioned that the slope of the 
attractive portion of the A '2* state is not as large as 
first proposed by Mulliken on the basis that this state 
is largely ionic in character.* This point has been 
previously noted by Karo. 


13 We are grateful to the referee for pointing this out. 
4 R, S. Mulliken, Phys. Rev. 50, 1017, 1028 (1936). 
8 A. M. Karo (private communication). 
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Emission of Activated Cadmium Selenide Phosphors 


M. Avinor* AND G. MEIJER 
Philips Research Laboratories, N. V. Philips Gloeilampenfabrieken, Eindhoven, Netherlands 
(Received December 14, 1959) 


The emission bands of cadmium selenide activated by silver, copper, and gold, and coactivated by tri- 
valent metals, were found at 0.92, 1.20, and 1.45 yw, respectively, at the temperature of liquid nitrogen. The 
silver band is completely quenched at room temperature. A near edge emission of CdSe was found at 0.72 y. 





INTRODUCTION 


HE emission bands of copper, silver, and gold in 

zinc-and cadmium sulfide phosphors have been ex- 
tensively investigated’ and each activator has been 
shown to produce more than one kind of center. In this 
paper we report the emission bands found in cadmium 
selenide phosphors. Although the bands generally follow 
the same pattern as in the sulfide phosphors they do 
show some differences. The most notable difference is 
that no additional band is found for activation by ex- 
cess activator over coactivator. Also, the silver band is 
completely quenched at room temperature. 


EXPERIMENTAL 


The starting material was CdSe prepared by hydra- 
zine reduction of cadmium selenite (Merck electronic 
grade CdSe) and spectrographic check showed the pres- 
ence of traces of both silver and copper. The activators 
and coactivators were added as a solution of the sulfate 
or nitrate, except gold, which was added as a solution 
of the chloride. The powders were dried at 120°C 
and fired for 1 hr at 1000°C in an atmosphere of hydro- 


06 300°, 


ie. 








4 iH 
12 14 16 
oe OY 


Fic. 1. Emission of CdSe starting material after firing in 
H2+H2Se. 


* On leave of absence from the Scientific Department, Ministry 
of Defence, Israel. 


1S. Rothschild, Trans. Faraday Soc. 42, 635 (1946). 

2H. W. Leverenz, An Introduction to the Luminescence of Solids 
(John Wiley & Sons, Inc., New York, 1950), pp. 196-211. 

3 F, A. Kréger and J. Dikhoff, Physica 16, 297 (1950). 

‘E. Grillot and P. Guintini, Compt. rend. 239, 418 (1954). 

5 W. van Gool, Philips Research Repts. 13, 157 (1958). 


gen and hydrogen selenide. This gas mixture was pre- 
pared by passing hydrogen over hot selenium (500°C). 
The powders were then ground and refired under the 
same conditions for another hour. The spectra were 
measured by a Perkin-Elmer 12C monochromator 
equipped with a quartz prism and a thermocouple 
detector. The light beam entering the monochromator 
was chopped and the signal was amplified, rectified 
synchronously, and fed into a chart recorder. Excitation 
was by radiation of a high-pressure mercury lamp 
filtered through a copper sulfate solution contained in a 
quartz cell. This filter stopped all radiation of wave- 
lengths longer than the yellow mercury lines. Correc- 
tions were applied for the dispersion of the prism to 
obtain equal energy spectra. All the spectra are drawn 
to the same scale and give a true relative measure of 
the emission intensities. 


RESULTS 


Because the starting material was not very pure the 
bands of both copper and silver appeared in the fired 
undoped powder (Fig. 1) and the near edge emission 
at 0.72 uw was rather weak. When only a coactivator is 
added the intensity of the impurity bands grows 
(Fig. 2) and by comparing it to the intensity of the 
bands when a known amount of activator is added an 
estimate of the residual impurities can be made. Such 
an estimate is very rough because the intensity does not 
grow linearly with concentration, but we can see that 
the concentration of both copper and silver in the 
starting material is of the order of 10-° atom/mole. By 
adding an activator concentration of 2.10 atom/mole 
the intensity of the undesired impurity band becomes 
rather low and the skirts of the curves can easily be 
corrected to obtain the pure activator bands. The 
results are shown in Figs. 3 and 4. We see that the 
silver band appears only at low temperatures. The gold 
band shifts a little to longer wavelengths on cooling 
in the same way as it does in CdS (Fig. 7). The same 
emissions appear when gallium or aluminum are used as 
coactivators and the emission intensities vary by less 
than a factor of two. The highest intensity is obtained 
with aluminum. When we used an excess of activator 
(5.10-* atom/mole) over coactivator (2.10 atom/ 
mole) no new emission band appeared with silver 
activation. In the case of copper the conclusion is less 
definite because of interference from the silver band, 
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Fic. 2. Emission of CdSe starting material doped with indium 
(2.10-4 atom/mole). 
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—_—P ev 
Fic. 4. Emission bands of CdSe activated by equal amounts of 


activator and coactivator (2.10-* atom/mole) at the temperature 
of liquid nitrogen. 








Fic. 3. Emission bands 
of CdSe activated by 
equal amounts of acti- 
vator and coactivator 
(2.10 atom/mole) at 
room temperature. 
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Fic. 5. Emission of CdS activated by silver and indium (a) 
2.10 Ag, 2.5.10 In; (b) 3.10-* Ag, 2.104 In. 
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Fic. 6, Emission of CdS activated by copper and indium (a) 
2.10-* Cu, 2.5.10~ In; (b) 5.10-* Cu, 2.10~ In. 


due to the residual impurities, on the short-wave side. 
However, no positive indication of a short-wave band 
was found. For comparison we measured also the 
emission spectra of silver, copper, and gold in cadmium 
sulfide and the results are shown in Figs. 5-7. We see 
that in all cases in which the activator is balanced by a 
coactivator only one emission peak appears. When sil- 
ver or copper is used in excess an additional short-wave 


TABLE I. Emission peaks in ev. 








CdS 
300°K 


Base material 


CdSe 


Activators 80°K 80°K 300°K 





Ag, In 1.35 


2.0 sat 
1.67-1.70 1.67-1.70 


1.57 ~1. 
1.18 


Cu, In 1.03 


Au 1.91 
Au, In 1.08 


Near edge 2.4 


emission 

















Fic. 7. Emission of CdS activated by gold and indium (a) 
2.10 Au, 2.10~* In; (b) 4.10 Au. 


band appears, as already found by other workers.‘ 
In the case of gold the situation is more complicated 
and will be dealt with further in a separate publication. 
The peaks of the various observed bands are listed in 
Table I. 


DISCUSSION 


The emission peaks of silver, copper, and gold in 
cadmium selenide appear in the regular, expected man- 
ner beyond the absorption edge. Because the band gap 
of cadmium selenide is considerably smaller than 
cadmium sulfide, one may expect the silver level to be 
so near the valence band that the silver emission is 
already quenched at room temperature. Another im- 
portant difference is that no additional band appears 
when excess of activator over coactivator is used. 
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Thermal Conductivity of Helium and Hydrogen at High Temperatures* 
NorManp C, BLAIs AND JOSEPH B. MANN 
University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
(Received December 14, 1959) 


A steady-state hot wire method for measuring the thermal conductivity of light gases in the temperature 
range 1200° to 2100°K is described. In contrast to other methods, free convection currents and large tem- 
perature gradients occur; convection effects are shown to be negligible, and the experimental procedure 
for eliminating the large gradient effects is described. The thermal conductivity of helium is found to follow 
the equation AX 10°=991-+-0.678(T— 1200) cal/sec cm deg over the temperature range covered. That for 
hydrogen is \X10°= 1434+-1.257(T—1200) cal/sec cm deg. 





INTRODUCTION 


HE thermal conductivities at high temperatures of 

light gases, such as hydrogen and helium, have 
recently become of interest to this Laboratory. Only a 
very few measurements of thermal conductivity have 
been made at temperatures above 1200°K,! and none 
of these deal with helium or hydrogen. The usual steady- 
state methods (hot wire, concentric cylinders, parallel 
plates) employ temperature gradients of a few degrees 
per cm. These methods are not amenable to extension 
to high temperatures; bath temperature fluctuations, 
as compared to the applied temperature difference, as 
well as deterioration of thermal and electrical insula- 
tion, cause serious difficulties. 

The method employed in this work was a steady- 
state method in which large temperature gradients (as 
high as 10‘ deg/cm) were applied, and free convection 
currents allowed. Specifically, the apparatus consisted 
of a vertical, water-cooled glass tube with a coaxial 
tungsten wire. The wire was heated electrically to the 
temperature at which the thermal conductivity was 
desired. 

Under certain conditions, the gas in the tube will be 
in laminar, free-convection flow?* along the axis of the 
tube. This type of flow may be treated mathematically 
(see Appendix) to determine the flow velocity profile. 
Assuming conditions for laminar flow to hold, the heat 
flow equation becomes 


r-1(0/dr)dr(0T/dr)+2(0?T/dz?) =cpv(dT/dz), (1) 


where the z axis is along the vertical axis of the tube, 
thermal conductivity is denoted by \, r is the radius, 
T is the temperature, c is the specific heat, p is the 
density of the gas, and » is the flow velocity. The left- 
hand side is seen to be the ordinary heat flow equation 
through an isotropic substance. The term on the right- 
hand side of the equation arises because a small volume 


* This work was sponsored by the U.S. Atomic Energy Com- 
nae A more detailed version of this paper has appeared as 
LA-2316. 

1 See the comprehensive survey of recent work by P. E. Liley, 
Thermodynamic and Transport Properties of Gases, Liquids, and 
Solids (McGraw-Hill Book Company, Inc., New York, 1959), 

. 40-69. 

Pr L. Onsager and W. W. Watson, Phys. Rev. 56, 474 (1939), 

3 R. Simon, Phys. Rev. 69, 596 (1946). 


of gas may gain heat as it moves in the convective flow 
cycle. If the apparatus is sufficiently long so that in 
some region 07/dz is much smaller than 97/dr, then 
both the convective heat loss and the heat conducted 
axially will be negligible compared with the transverse 
heat flux. If the temperature distribution of the source 
(the tungsten wire) remains uniform in this region, 
with or without gas, then the transverse conducted 
power can be determined; it is the difference between 
the ohmic losses with the wire in gas and in vacuum. 

The apparatus was made long enough so that the 
wire was uniform in temperature over most of its 
length, thereby assuring that d7/dz in the gas was 
negligible over most of the column length. A crude 
model of the wire temperature distribution then 
sufficed to calculate the power losses due to radial con- 
duction. 

The virtue of our method lies chiefly in the fact that 
no special materials are required for insulation and that 
maintaining the wall and. wire temperatures constant 
is relatively easy. 

Derivation of the basic equation used with the 
apparatus is straightforward, and leads to 


Ar, = [In (6/a) /2e](dW./dT.). (2) 


W, is the power conducted per unit length of the wire. 
The wire of radius a is maintained at temperature 7,, 
and the outer cylinder of radius b at 7). 


APPARATUS 


A thermal diffusion column (see, for example, 
reference 4) with its associated power supply was 
available for use with only slight modifications. The 
column was 1.22 in. in diam and 20 ft in length. The 
tungsten heater wire was 0.015 in. in diam, but only 8 
ft long because of power limitations. The remaining 
12 ft at the top of the column was accurately centered, 
tein. diam aluminum rod. The column could be 
pumped to a pressure of 0.02 » Hg while the wire was 
heated to 2000°K. 

The helium gas was spectroscopically pure grade, 
and the hydrogen electrolytic grade. No further 
purification was felt necessary for our measurements. 


4A. Zucker and W. W. Watson, Phys. Rev. 80, 966 (1950). 
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Fic. 1. Wire length in which temperature is nonuniform; inset 
shows model of temperature variation for calculation of maximum 
resistance. 


A 5-kw amplidyne generator was the source of dc 
power for the wire. A negative feedback system in the 
generator field windings gave about 0.1% voltage 
regulation, with an ac component less than 1% of 
the direct current. 

A Leeds and Northrup portable pyrometer was used 
to measure the wire temperature midway along the 
wire length. A previous calibration of the pyrometer 
was made against two secondary standard lamps. The 
effective wavelength of this pyrometer may be taken 
as 0.653 y.® 

The potential across the tungsten wire was measured 
with a calibrated 0-150/300-v dc meter. The current 
was determined by measuring the potential drop across 
a 0.01-ohm series precision resistor with a Rubicon 
portable potentiometer. 

Throughout the experiment, the length of the 
tungsten wire was measured. On installation, the initial 
length was measured with a steel tape. Subsequent 
changes in length were measured with a cathetometer. 


PROCEDURE 


The operating procedure for a typical gas run was as 
follows: Power dissipation measurements were made 
at approximately 100° intervals in the temperature 
range 1100° to 2100°K. At each point the readings 
taken were current J, voltage E, wire length /, and the 
temperature. For these points the gas pressure was 
maintained at 61 cm Hg. In addition, the variation of 
power dissipation with pressure (from 61 to 10 cm Hg) 
was determined at approximately 200° temperature 
intervals. For these points the ratio E/I was kept con- 
stant in order to maintain approximately constant wire 
temperature. 


5K, A. Walch and R. C. Stroud, Manufacture of L. and N. 
Pyrometers (Leeds and Northrup Company, Philadelphia, Penn- 
sylvania). 


At every temperature, a visual estimate was made of 
the wire length at each end which was not at maximum 
temperature. This length was called 2’ and is shown in 
Fig. 1. 


TREATMENT OF DATA 


The wire resistance per unit length in the region of 
maximum temperature 7;, is given by 


Rn=((E/I)—rJ/less, (3) 


where r is any circuit resistance exclusive of the tung- 
sten wire, and /,5; is called the effective length of the 
wire. 

The wire temperature, as determined by the averaged 
resistance per unit length, and by resistivity tables,* 
agreed with the pyrometer temperature to within 15° 
to 20°K. At most, 5% of the length of the wire was 
nonuniform in temperature. Therefore, the simple 
model shown in Fig. 1 for the temperature distribution 
of the wire was sufficient to find J.5¢. 


leg S¥I—2z'{1—[2.195 (1-8) }?} (4) 


where 0=7o/Tm, and the proper temperature de- 
pendence’ for resistance is included. 7) was chosen as 
350°K, but the results are insensitive to this value if 
T0KTm. Similarly, the actual temperature distribution 
in the region of 2’ was not important since /.¢; was 
generally only 1% less than the total length. 

The power loss per unit length was then given by 
I?R». This method was preferred over the use of re- 





Ww, AND Wo» wotts/cm 
a> eo. eo sd 


wu 


oe) 








1300-1800 
T,°k 





i] 
1100 


Fic. 2. Radiated power W, and gas-conducted power W.. per 
unit length of wire. Standard deviations are indicated. 


®C, J. Smithells, Tungsten (Chemical Publishing Company, 
Inc., New York, 1953), Table XXVIII, pp. 177-180. 
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sistivity tables, as a measure of either 7, or: of- Rn, 
because correction for change in the cross-sectional area 
of the wire due to thermal expansion, or to stretching, 
was unnecessary. 

As mentioned earlier, the brightness temperature of 
the wire was measured with a pyrometer. To find the 
true temperature, it is necessary to know the emissivity 
of the tungsten wire and the transmission of the water 
jacket. Table values of emissivity’ were corrected to 
wire emissivity by multiplying by 1.028.* The trans- 
mission (0.844) was measured by observing a tungsten 
ribbon in an evacuated bulb both inside and outside the 
column at several different temperatures. 

The radiated power W, was obtained as a function of 
temperature from runs made with the column evacu- 
ated, and agreed very well with the theoretical relation 


W,=2maeo (T*— To'). (5) 


These data are shown in Fig. 2. The gas-conducted 
power W, was obtained by subtracting W, from the 
total dissipated power. Power lost by free convection 
of the gas in the column is treated in the Appendix, 
and was found to be negligible. 

The experiments showed that W, depended on the 
pressure as well as the temperature, as shown in Figs. 
3 and 4 for helium and hydrogen, respectively. These 
figures are typical plots of 1/W. vs 1/p. The extrapo- 
lation of the straight line portion of the data points to 


1/p=0 yields a value of conducted power called W,,. 
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Fic. 3. Helium: reciprocal of the conducted power W. vs 
reciprocal pressure. 


™ Handbook of Chemistry and Physics (Chemical Rubber Pub- 
lishing Company, Cleveland, Ohio, 1958), p. 2955. 
8 See p. 181 of work cited in footnote 6. 
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Fic. 4. Hydrogen: reciprocal of the conducted power W, vs 
reciprocal pressure. 


For helium, the variation of W, with # is consistent 
with that obtained from the so-called temperature 
jump,’ which occurs between a surface (in this case, the 
hot wire) and an unequally heated gas. In this region, 
the molecular nature of the gas is emphasized, because 
the temperature change in a mean free path is sig- 
nificant, and the accommodation coefficient for colli- 
sions with tungsten can be small.” 

The magnitude of this temperature jump is given by 


AT=—g(dT/dr) (6) 


where g is the “temperature jump distance,” which 
varies inversely with pressure. The temperature 
gradient is evaluated near the wire. Then 


We = [Te-4T 
=—- dT 
In(b/a)/ 7, 
2a 
# Wott (b/a) 


where A/p has been substituted for g. 
Since, to a good approximation, 


2a (dT/dr) =W., 


(\A/p)(dT/dr), (7) 


(8) 
1/W.= (1/W..) + (B/p) (9) 


where B is a function of temperature, the accommoda- 
tion coefficient, and other constants. The data points 


then 


9E. H. Kennard, Kinetic Theory of Gases (McGraw-Hill Book 
Company, Inc., New York, 1953), pp. 311-315. 
10K. B. Blodgett and I. Langmuir, Phys. Rev. 40, 78 (1932). 
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Fic. 5. Thermal conductivity of helium. Circles: this work; triangles: W. G. Kannuluik and E. H. Carman, Proc. Phys. Soc. 
(London), 65B, 701 (1952); squares: H. L. Johnston and E. R. Grilly, J. Chem. Phys. 14, 233 (1946). 


for helium followed this type of relationship over the 
complete range of temperatures and pressures and 
incidentally verified that the gas flow was laminar 
rather than turbulent. 

Some difficulty was encountered in the case of 
hydrogen. At the lowest temperature points (1100° to 
1300°K), curves similar to those for helium were ob- 
tained, but as the temperature was increased, de- 
partures from linearity were found (see Fig. 4). For 
pressures less than 30 cm Hg, the points could be 
connected by a straight line, but higher pressure points 
deviated sharply from this line. The magnitude of this 
deviation increased slowly with temperature, but no 
significant temperature-pressure relation at which 
deviation started was evident. 

Our conclusion about hydrogen is that the apparent 
change in thermal conductivity with pressure is 
caused by a change in the accommodation coefficient. 
A small amount of impurity, or hydrogen reaction, can 
change the surface conditions on the wire drastically, 
although no mechanism has yet been found to account 
for the strong pressure dependence. Our extrapolation 
procedure implies that we are taking the accommoda- 
tion coefficient to be constant where the points lie on 
the straight line, and that it decreases in the higher 
pressure region where the points lie above the line. 
The slopes of the 1/W. vs 1/p lines for both helium 
and hydrogen indicate accommodation coefficients in 
the range 0.10 to 0.16. 

For those temperatures at which the pressure was 
not varied, the correction factor W,,/W. (W- at 61 
cm Hg) was obtained from a plot of the correction 
factor vs temperature. 

As indicated earlier, in Eq. (2), the thermal con- 
ductivity at any temperature is directly proportional 
to the derivative of the conducted power vs tempera- 


ture curve. The derivatives were found by numerical 
differentiation based on Stirling’s interpolation for- 
mula." Five points, at 40° intervals, were used for each 
derivative. The points were read from the smoothed 
curve drawn through the W,, points for each run. 


RESULTS AND DISCUSSION 
Results 


Figure 2 shows the curves obtained for power vs 
temperature by averaging over four runs for helium 
and six runs for hydrogen. The indicated errors are the 
standard deviation from the mean. 

The thermal conductivities for helium and hydrogen 
are shown in Figs. 5 and 6, respectively. Here, again, 
the indicated errors are standard deviations from the 
mean of the individual runs. The points are seen to 
lie almost on a straight line. A least squares fit of the 
individual runs results in the equations: 


For helium: 

AX 10°=991+-0.678 (T— 1200), 
For hydrogen: 

AX 10°= 1434+4-1.257 (T—1200), o=4.5X10-; (10) 


o=3.1X10>; 


where the units are cal/sec cm deg. 

For comparison in the case of hydrogen, two addi- 
tional curves have been included. The curve labeled 
NBS was obtained by extrapolation from a formula 
in a National Bureau of Standards publication.” This 
formula is a semiempirical fit of data for the thermal 
conductivity of hydrogen for temperatures ranging 


1 J. B. Scarborough, Numerical Mathematical Analysis (Johns 
Hopkins Press, Baltimore, 1955), 3rd ed., p. 70. 

2 Joseph Hilsenrath ef al., Tables » ge mann Properties of 
Gases, Natl. Bur. Standards Circ. No. (1955). 
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only up to 700°K. A previous publication® gave quite 
similar results, although the form of the equation 
differed slightly from the one used here. The curve 
labeled MOD BUCK was calculated by using a modi- 
fied Buckingham (exp-6) potential for the viscosity of 
hydrogen," and an improved Eucken factor as outlined 
by Hirschfelder.“ The curve has been included to 
illustrate the large deviation from the high-temperature 
data of the best calculated curve to date. Viscosities 
predicted with the modified Buckingham potential are 
in excellent agreement with the experimental" data to 
1100°K;; it thus appears that the theoretical treatment 
of the Eucken correction factor is adequate only at low 
temperatures. 

Two additional curves for helium are shown in Fig. 
5. The curve labeled MOD BUCK shows the thermal 
conductivity as predicted with the modified (exp-6) 
Buckingham potential, again with the parameters of 
Mason and Rice." This curve is in good agreement with 
experiment in the low temperature region, but at high 
temperatures shows the error that can result from 
extrapolating a potential beyond its region of validity. 
The curve labeled EXP was the best fit to the experi- 
mental data, as calculated with collision integrals for an 
exponential potential such as ¢=q@)exp(—ar/2); an 


13H. W. Woolley, R. B. Scott, and F. G. es J. Re- 
search Natl. Bur. Standards 41, 379 (1948), mp. ft 

M4 EF, A. Mason and W. E. Rice, Bog 522 (1954). 

us J. O. Hirschfelder, J. Chem. P haa 282 (1957). 
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Gregory, 
B. Vargaftik and I. D. Parfenov, J. Exptl. Theoret. Phys. (U.S.S.R.) 8, 189 (1946); triangles: H. L 
. Chem. Phys. 14, 233 (1946). 


additional requirement was that the predicted value 
of the conductivity at 0°C should be 342.5xX107 
cal/sec em deg. The parameters that give this curve 
are do=366X10-" erg, a=8.5, with r in A. The ex- 
ponential potential thus found is in good agreement 
with the potential given by Amdur" for high energies, 
and with that of Mason and Rice at low energies. The 
exponential potential parameters suggested by Amdur 
lead to a thermal conductivity curve that fits our data 
almost as well as the EXP curve, but gives a slightly 
higher value (351X10-") at room temperature. 

The calculations of the collision integrals and of the 
auxiliary factors for the third approximation to the 
transport properties were carried out using an IBM 
704 calculator; this work, along with further discussion 
of its application to helium and hydrogen, is reported 
elsewhere.” 


Errors 


The variation between pyrometer readings of the wire 
at constant temperature rarely exceeded 10°K. Also, 
the measured power W, was accurate to within +4%. 
In view of these reproducibilities, the standard devia- 
tions from the mean shown in Figs. 2, 5, and 6 may seem 
large. Two factors have contributed most to these 
deviations. In the process of extrapolation to find W,,, 

6, Amdur and E. A. Mason, Phys. Fluids 1, 370 (1958). 

17 J. B. Mann, Los Alamos Scientific Laboratory Report LA- 


2383 (Office of Technical Services, U.S. Department of Com- 


merce, Washington 25, D. C., 1960). 
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Fic. 7. Speed profile for vertical flow of hydrogen gas; p=61 
cm Hg, wire diam=0.015 in. 


it was sometimes possible to draw two lines which 
seemed to fit the experimental points equally well, but 
differed at the intercept (1/W,.) by 13—2%; this was 
more often the case with hydrogen, due to the longer 
extrapolation necessary. The matching of the color 
brightness of the pyrometer filament and the small 
tungsten wire seemed to vary from day to day. This 
type of subjective phenomenon seems to defy analysis. 
These two sources of error are not, strictly speaking, 
random. Nevertheless, they were treated as such. 
Calculations of magnitudes of some of the more 
obvious systematic errors were made, and found either 
to be unlikely or insignificant compared to the standard 
deviations. For example, a difference of 6% would have 
been necessary between the literature value of emis- 
sivity and the actual value for.a 10° error at 2000°K. 
A wire that was off-axis by one or two wire diameters 
would have given too large a value of \ by less than 
0.005%. 
In summary, the observed thermal conductivities for 
hydrogen and helium are given by Eq. (10). The 
random errors [o of Eq. (10) ] amount to 3%, or less, 
of the thermal conductivity values. Such errors as 
pyrometer instability and uncertainty in extrapolation 
of conducted power to infinite pressure are included in 
this figure. We feel that any systematic errors which 
might be present could cause at most an additional 
uncertainty of 1%. 
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“APPENDIX 
FREE CONVECTION OF HYDROGEN 


It seemed advisable to determine the flow character- 
istics of the gas in our column. This was done for 
hydrogen gas only, assuming the column long enough 
that the flow characteristics were determined pri- 
marily by a region of zero axial temperature gradient. 
This involved solution of the equation 


VnV- v= — (p—p+p*)8, (A-1) 


where 7 is the viscosity, p the density, v the velocity of 
the gas, and g now stands for the acceleration of 
gravity. Also to be satisfied is the equation of con- 
tinuity, V-pv=0. Letting the tube axis be the z direc- 
tion, and assuming v=v,k, the boundary conditions 
become v=0 at r=a, b. The average density, A, is 
defined as 
b 

5=[2/(#—a) 1] pr (A-2) 
It was necessary to introduce the quantity p* as a small 
correction to jf, to make the net mass flow, Jpurdr, of 
gas zero; p* is introduced in lieu of accurate calcula- 
tions at the column ends, which are too difficult to 
include analytically. p* was typically of the order of 
one-tenth of J. 

Integration of Eq. (A-1) gives 


o=gl (ar'/ar’) [" (o-p+0*)rdr+C [arim), (8-3) 


where C is a constant determined by the condition 

=0, r=b. The problem was programed for the 
IBM 704 machine, and run at various wire tempera- 
tures, pressures, wire radii, etc. The temperature dis- 
tribution, neglecting “temperature jump” effects, in the 
gas depends on the thermal conductivity; this was 
assumed to vary linearly with temperature, from 
0.00042 at 300°K to 0.0024 at 2000°K. The temperature 
dependence of the viscosity was taken from the litera- 
ture”; the density was not assumed to be constant, 
but was varied inversely with temperature. 

Figure 7 is a plot of the axial velocity vs r for several 
values of T,. The heat carried by the flowing gas, in 
excess of the room temperature enthalpy, was found 
by numerical integration of the integral 


r Tr 
J por f cpdTadr. 
a 286 


At a wire temperature of 2000°K the heat flowing up- 
wards amounted to only 0.60 w; the downward flow 
was 0.13 w. These heat flows are negligible compared 
to the total power input to the apparatus of about 
4000 w. 

With the foregoing results it is now possible to 
estimate the disturbed length in the gas at the ends of 
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the column, that is, the distance along z in the gas in 
which 077/9z is not negligibly small. 

It can be shown on the simple model depicted in 
Fig. 7 that the convection term of Eq. (1) can be 
neglected for hydrogen. It leads to a relaxation length 
of the order of 


1,= Bpvc,/A0.1 cm. (A-4) 


On the other hand, the remainder of Eq. (1) can be 
solved approximately at the ends of the tube, and 


leads to a relaxation length of 


1L=b=1.6 cm. (A-5) 
This indicates that 97/dz becomes very small in a 
distance of 10 to 15 cm from either end. A column 30 
cm long would have been sufficiently long to fulfill 
those requirements discussed in the introduction. 
However, more care would have been necessary in 
calculating R,, from the wire temperature distribution. 
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Triplet-Singlet Emission Spectra of Xylenes in Crystalline State at 4.2° and 77°K, and in 
EPA at 77°K* 


LAWRENCE A. BLACKWELL,t YosHIYA KANnpA,{ AND H. SPONER 
Department of Physics, Duke University, Durham, North Carolina 
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The triplet-singlet emission spectra of xylenes in the crystalline 
state at 4.2° and 77°K and in a rigid glass at 77°K have been 
photographed and analyzed. The samples were obtained from 
the National Bureau of Standards. They were kept sealed under 
an oxygen-free atmosphere of helium gas throughout the experi- 
ments. Large well-formed crystals were grown from the vapor on 
a surface cooled by liquid nitrogen, and some were grown from 
the melt. At 4.2°K o-xylene produced two sharp spectra similar 
in structure and separated by 370 cm™ from each other. These 
spectra are ascribed to two distinct crystalline phases. At 77°K 
o-xylene did not produce a significant phosphorescence. The 
spectrum of m-xylene at 4.2°K consisted of a strong diffuse 
spectrum and a weak sharp spectrum toward shorter wavelengths. 


The diffuse spectrum appeared to be associated with the amor- 
phous phase. At 77°K a broad spectrum appeared which was 
found to be characteristic of an aldehyde. At 4.2°K p-xylene 
showed a sharp spectrum beginning at 25 254 cm“. It differs in 
vibrational structure from the spectrum of this compound in a 
rigid glass. A vibrational analysis indicated that the carrier of 
this spectrum is p-methylbenzaldehyde. With crystals of the 
p-xylene grown from the melt the genuine spectrum due to 
p-xylene was observed between 28 246 and 25 416 cm™', over- 
lapped by the spectrum of p-methylbenzaldehyde in the longer 
wavelength region. These results suggest a temperature-activated 
sensitization which had been first observed in toluene. 





INTRODUCTION 


HE first genuine phosphorescence spectra of the 

xylenes were those observed by von Kowalski! 
in 1911 between 350 and 430 mu. In 1949 Dikun and 
Sveshnikov? studied the phosphorescence spectra of 
o-, m-, and p-xylenes in ethanol at 90°K and analyzed 
them in detail. Lifetime measurements made by Dikun, 
Petrov, and Sveshnikov® in 1951 gave 5.6 sec for o- 
xylene, 8.1 sec for m-xylene, and 8.4 sec for p-xylene. 
The phosphorescence spectra of xylene crystals were 


* Based in part on a thesis submitted by L. A. Blackwell to the 
Graduate School of Arts and Sciences, Duke University, in partial 
fulfillment of the requirements for the degree of Doctor of Phi- 
losophy. Supported by the National Science Foundation. 

t Present address: Texas Instruments Inc., Dallas, Texas. 

{Present address: Department of Chemistry, Faculty of 
Science, Kyushu University, Fukuoka, Japan. 

1J. von Kowalski, Physik Z. 12, 956 (1911). 

?P. P. Dikun and B. Ya. Sveshnikov, Zhur. Eksptl. i. Teoret. 
Fiz. 19, 1000 (1949). 

’P. P. Dikun, A. A. Petrov, and B. Ya. Sveshnikov, Zhur. 
Eksptl. i. Teoret. Fiz. 21, 150 (1951). 


first reported by Pesteil and Zmerli‘* at 20°K in 1955. 
We have studied the triplet-singlet emission spectra of 
o-, m-, and p-xylene crystals at 4.2° and 77°K, and the 
xylenes in EPA at 77°K using great care to avoid con- 
tamination of the spectra by impurities. 


EXPERIMENTAL 


Samples of the three isomeric xylenes were obtained 
from the National Bureau of Standards. These samples 
were reported to have the following purities: the ortho 
derivative, 0.010+0.007 mole percent impurity; the 
meta sample, 0.17+-0.07 mole percent impurity; and 
the para, 0.04+-0.02 mole percent impurity. The degree 
of purity of these standard samples had been evaluated 
from measurements of freezing points. Each sample 
was supplied sealed under vacuum. The phosphores- 
cence cell was carefully loaded to eliminate contamina- 
tion by oxygen. This was performed by sealing the 
thoroughly cleaned cell onto a high vacuum system to 


4P. Pesteil and A. Zmerli, Ann. phys. 10, 1077 (1955). 
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which was connected the saraple contained in a break- 
seal ampoule. After the system was completely evacu- 
ated down to about 10-* mm Hg, the break seal was 
broken. The xylene vapor was then condensed on a cold 
sodium mirror, and the sample was allowed to warm to 
remove any trace of water. The sample was finally 
distilled off over the sodium and the middle fraction 
was collected in the cell. Then the stopcock between 
the cell and the pump was closed and the cell was 
warmed up, allowing any trapped gas to escape. The 
sample was then refrozen and pumped down again, 
and this procedure was repeated several times. Finally, 
the cell was filled to a pressure of about one-half atmo- 
sphere with oxygen-free helium gas. The helium had 
been purified by passing it over a red-hot mirror of 
calcium. The sample cell was then sealed off from the 
vacuum system. Helium gas above the sample was 
found necessary to maintain good thermal conductivity 
between the walls of the cell and the emitting surface. 
In preliminary experiments it was found that a crystal 
sealed under high vacuum would not produce a low- 
temperature spectrum in this arrangement because of 
the low thermal conductivity of the crystal at these 
temperatures. 

The melting points of o-, m-, and -xylenes are, 
respectively, 247.82°, 225.27°, and 286.39°K. Crystals 
were grown directly from the melt by cooling the sample 
near the surface of liquid nitrogen. In the case of #- 
xylene usable crystals were produced in this way be- 
cause of its higher symmetry. With the other two 
isomers it is difficult to prevent supercooling, and the 
consequential almost instantaneous freezing of the 


24000 


5R. C. Heckman, J. Mol. Spee Phe. 28 27 (1958). 
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sample. When this happened, a conglomerate of very 
small crystals and of regions of amorphous material 
was formed. In order to avoid these effects as much as 
possible, crystals were grown from the vapor. In this 
method the xylene was first condensed on the wall of 
the cell. The base of the cell was then cooled by im- 
mersion in liquid nitrogen, and the crystals were al- 
lowed to form on this cold surface. In this way crystals 
could be grown to over a centimeter in length within 
about 20 min. While sizable crystals of p-xylene were 
easily obtained, crystallization of o- and m-xylene 
proved to be rather difficult to initiate and was ex- 
tremely sensitive to cooling rate and vapor pressure. 
For purpose of comparison the emission spectra of the 
xylenes were also photographed in a rigid solution of 
EPA. Since the purity required in solution work is 
much less than that necessary for crystal spectra, 
commercial samples of the xylenes were used here. The 
o- and p-xylenes were Eastman Distillation Products 
white label grade and the m-xylene was an Eimer and 
Amend sample of cp grade. The materials were sub- 
jected to a vacuum distillation immediately before use. 

The optical setup used was essentially the same as 
reported previously.5* The sample was cooled with li- 
quid nitrogen or liquid helium and excited with a high 
pressure mercury arc lamp of General Electric type 
AH-6 filtered with a Corning 9863 Red Purple Corex 
filter. A Bausch and Lomb quartz spectrograph of 
medium dispersion was used throughout the work. 
Exposure times ranged from 30 min to 2 hr on Eastman 

6 Y. Kanda and H. Sponer, J 


Chem 28, 798 (1958). 





EMISSION SPECTRA 


Kodak 103a-O plates with a slit width of 50 yu for the 
crystal spectra and 100 uw for the EPA spectra. Wave- 
lengths and intensities of spectral bands were measured 
with a Jarrell-Ash recording microphotometer. The 
maximum precision of measurements was +3 cm™ for 
sharp bands. For broad bands in the EPA spectra the 
maximum accuracy was not greater than +30 cm“. 


RESULTS AND DISCUSSION 
(a) o-Xylene 


The triplet-singlet emission spectrum of o-xylene 
was observed in the crystalline state at 4.2°K and in 
EPA at 77°K. The microphotometer tracing curves 
are shown in Fig. 1, and the spectral data are listed in 
Tables I and IV. The general appearance of the spec- 
trum of o-xylene crystal is quite different from that of 
either m- or p-xylene. Its over-all structure resembles 
that of the EPA spectrum. The 0,0 band lies at 28 607 
cm! which is about 163 cm toward the red from the 


Taste I. Phosphorescence spectrum of o-xylene in EPA at 77°K. 





Relative 
intensity 


Wave 


number Assignment 





28 760 
28 040 
27 640 
27 190 
26 920 
26 500 
26 100 
25 600 
24 940 
24 550 
24 040 


0,0 

0—733 (a1) 
O—1117(a) 
0—1584(a;) 
0—733—1117 
0—1584—733 
0—1584—1117 
0—1584X2 
0—1584—733 
0—1584%2—1117 
0—1584X3 


4210 
4720 
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corresponding band in the EPA medium. It may be 
seen by examination of the spectrum shown in Fig. 1 
that a rather weak band lies to the shorter wavelength 
side of the band assigned to the 0,0 transition. The 
origin of the band was at first quite puzzling since, if 
the band at 28 607 cm is truly the 0,0 band, this weak 
band would necessarily correspond to a transition from 
a vibrational level of the triplet to the vibrationless 
ground state. While the band is only 25 cm™ in energy 
from the 0,0 band and is undoubtedly a lattice vibra- 
tion, for this vibrational mode to be excited with any 
appreciable population it would require a temperature 
considerably higher than 4°K. This same phenomenon 
had been encountered in the spectrum of toluene crystal 
at low temperatures and in order to clear up this point 
spectra were photographed with a layer of liquid helium 
over and in contact with the emitting surface of the 
crystal. Under these conditions bands to the shorter 
wavelength side of the 0,0 band disappeared. The 
presence of these bands, then, does seem to indicate 
that at least part of the crystals in these experiments 
were at a temperature somewhat greater than 4°K 
during exposure. This is not hard to understand if we 
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TABLE II. Phosphorescence spectrum of m-xylene in EPA at 77°K. 





Relative 
intensity 


Wave 


number Assignment 





28 120 
27 430 
27 200 
26 550 
25 650 
24 940 
24 130 
23 350 
23 010 
22 450 


0 0, 0 

690 0—724(a) 

920 0—998 (a1) 
1570 O0—1592 (a) 
2470 0—1592 —998 
3180 0—1592XK2 
3990 0—1592K2—998 
4770 0—1592X3 


5110 
5670 0—159X3—998 
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remember that these crystals are extremely poor 
conductors of heat and that they are exposed to rather 
intense irradiation which is absorbed within a few mi- 
crons of the surface. The same lattice mode of 25 cm~ 
not only appears in combination with the 0,0 band but 
is also barely resolvable from several more of the 
stronger bands throughout the spectrum. 

The next prominent band, which is also the second 
strongest in the spectrum, is 740 cm™ from the 0,0 
band and may be unequivocally assigned to the 733 
cm Raman vibration. This is the strongest line in the 
Raman spectrum, and Pitzer and Scott’ assigned it 
to the totally symmetrical breathing vibration of the 
ring having a value of 992 cm™ in benzene. This vibra- 
tion also occurs in overtones up to the fourth and in 
combination with the main progression of 1586 cm™. 

Turning for the moment to the EPA spectrum of 
o-xylene shown in Fig. 1, the similarity of its vibra- 
tional structure to that of the crystal spectrum is im- 
mediately apparent. The separation of the band at 
28 043 cm from the 0,0 band is 717 cm which is in 
good agreement with the Raman value of 733. (Table 
I contains rounded-off values.) The third band at 
27 639 cm=, however, is separated from the 0,0 band 
by an interval of 1121 cm. Dikun and Sveshnikov? 
in their work on the xylene phosphorescence in super- 
cooled alcoholic solutions assigned this to the weak 


TABLE III. Phosphorescence spectrum of p-xylene in EPA at 77°K. 





Relative 
intensity 


Wave 


number Assignment 





28 145 
27 840 
27 315 
26 965 
26 550 
25 720 
25 380 
24 960 
24 580 
24 170 
23 810 
23 440 
22 660 


0, 0 

0—313 (bre) 
0—826(a;) 
O0—1182(a;) 
0—1616(a) 
0—1616—826 
0—1616—1182 
0—1616X2 
0—1616—1182—826 
0—1616X2—826 
0—1616X2—1182 
0—1616X3 
0—1616X3—826 
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(1945) S. Pitzer and D. W. Scott, J. Am, Chem. Soc. 65, 803 
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Tas e IV. Phosphorescence spectrum of crystalline o-xylene at 4.2°K. 








Assignment 
Relative 


intensity 
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4 
1 
2 
2 
1 
2 
3 
4 
1 
3 
7 
6 
1 
1 
3 


NN 
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0—200—125 
0—200X2 


0—509 
0—586 


0—740+25 


0—740 
0—740—34 
0—740—34X2 
0—740—200 
0—991 


0—1247—200 
0—740X2+25 
0—740X2 


0—1586+25 
0—1586 

0—1607 
0—1247—200X2 
0—740—1051+25 
0—740—1051 
0—1586—200 

0— 1607 —200 
0—740—1154 


0—1247—740 
0—740—1051—200 
0—1586—200X2 
0— 1607 —200X2 


0—1247 —740—200 
0—740—1051—200X2 
0—1586—200X3 
0-—740X3 

0—1119X2 
0—1247—1051 
0—1586—740+25 
0—1586—740 

0—1607 —740 


0—1607 —740—200 
0—1586—1051+25 
0—1586—1051 


0—1586—1154 
0—1586—1247 


0—740X4 
0—1586—740X2+25 
0—1586—740X2 


0—1586X2 


0, 0* 
0*—39 
0*—39X2 
0*—144 
0*—221 


.0*—144X2 


0*—221—144 


0*—221X2 


0*—725X2 


0* —1591 
0* —1591—39 


0* —1591—39X2 
0*—1591—144 
0*—1591—221 


0* —1242—725 
0* —1591—221X2 
0*—725X3 


0*—1591—221X3 


0* —1242 X2 
0*—1591—990 
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TABLE IV. (Continued) 











Wave 
number 


Relative 


intensity v0.0" —v 


Assignment 
II 





25 357 
25 235 
25 058 
24 934 
24 835 
24 758 
24 725 


2885 
3007 


3407 


24 660 
24 510 
24 403 
24 336 
24 306 
23 980 


4204 
4271 
4301 
4627 


0*—725X4 
0*—1591X2 
0* —1591 X2—221 


0—740X5 

0—1586—1247—1051 

0—1586X2—740 

0* —1242X3 

0* —1591X2—725 


0—1586X2—1051 
0—1586X2—1119 
0—1586X2—1154 
0—1586X2—740X2 








Raman vibration at 1117 cm~. In the spectrum of the 
crystal there is a weak band at a separation from the 
0,0 band of 1119 cm™ which may be assigned to this 
vibration. The crystal spectrum shows that what ap- 
pears to be a single vibration in the solution spectrum is 
really a group of bands, the strongest of which is at 1051 
cm from the 0,0. The third strongest band in the Ra- 
man spectrum has a value of 1051 cm and has been 
assigned to the totally symmetrical wagging vibration 
of the methyl groups. Presumably this vibration is 
either shifted to a slightly higher value or is weakened 
in the EPA spectrum because of the greater hindrance 
by the amorphous xylene glass. 

The xylene vibration at 1154 cm™ in the crystal is 
assigned to the totally symmetrical Raman line of 
medium intensity at 1156 cm~. The vibration of 1247 
cm™ in the crystal is ascribed to the second strongest 
Raman line representing the totally symmetrical 
vibration 1233 cm~. The strongest band in the phos- 
phorescence spectrum of the crystal at 1586 cm7 is 
assigned to the Raman and infrared active 1584 cm7 
(a,) vibration. This vibration forms the main progres- 
sion of the spectrum both in EPA and in the crystalline 
state. The second member of this progression shows a 
slight anharmonicity and is separated from the first by 
1571 cm. A frequency of 1607 cm™ may possibly also 
occur in the crystal and should then be correlated with 
the 5; vibration 1606 cm—. However, the last assignment 
is not entirely conclusive since this band and its combin- 
ation bands are overlapped accidentally by bands in 
another system as will be described in detail in the 
following. The assignments of the main bands of the 
crystal confirm generally the assignments by Dikun 
and Sveshnikov. 

There seemed to be several bands throughout the 
spectrum of the crystal which had no counterpart in the 
EPA spectrum. The appearance of the weak band at 
28 242 cm was especially puzzling. There is neither 
Raman nor infrared vibration for o-xylene which would 
correspond to the 365 cm™ separation of this band from 
the 0,0 band. It was observed also that the intensity of 


this band varied from plate to plate but the band was 
never completely absent from the spectrum. This led 
to the assumption that this band may be characteristic 
of another phase present in the crystal, whose concen- 
tration depended on the conditions of crystal growth. 
To examine this possibility more fully, crystals were 
grown from the melt and their spectrum (called IT) 
was compared to the spectrum (I) which belonged to 
crystals from the vapor. It was found that the crystals 
grown from the melt gave a spectrum shifted by 370 
cm! toward the red from the 0,0 band of the latter 
spectrum (I). The structures of these two spectra were 
found to be identical. The greater richness in bands 
apparent in the spectrum from crystals obtained from 
the vapor is explained by the fact that this spectrum 
(I) is actually the superposition of two spectra. The 
main bands in the second spectrum may be picked out 
from among the weaker bands in the first spectrum 
clearing up, therefore, many of the difficulties in the 
assignment of the weaker bands. 

These findings suggest that the two spectra arise 
from two distinct phases present within the crystal. If a 
phase transition occurred between the melting point 
at 248° and 77°K, a crystal grown from the melt by the 
methods used here could quite conceivably have a non- 
equilibrium phase “frozen in.” On the other hand, a 
crystal grown from the vapor would be expected to 
exhibit predominantly the lower temperature structure. 
Pitzer and Scott, however, who measured the specific 
heats of the xylenes down to 77°K failed to find any 
evidence for such a transition in o-xylene.’ 

In examining the second, longer wavelength spectrum 
more closely it was found that nearly all of the strong 
bands exhibit a “splitting” of about 40 cm“. The 
weaker of the two components is toward longer wave- 
lengths and is about one half as intense as the other. It 
is suggested that this “splitting” is the result of a strong 
vibrational coupling with a lattice mode of the crystal. 
This is supported by the evidence on a few plates of a 
two-membered progression of this vibration. If this is 
the correct explanation, then there are two crystalline 
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Fic. 2. Phosphorescence spectra of m-xylene in the crystalline 
state at 4.2° and 77°K, and in EPA at 77°K. 


phases present since a lattice frequency of 40 cm“ 
is not found in the first spectrum. No data were found 
in the literature on the Raman spectra of any of the 
xylenes in the crystalline state, so that the question of 
whether these small frequencies may be properly 
assigned to lattice vibrations is an open one. 

It is interesting to compare the results reported here 
with those of other workers. Kronenberger® in his 
excellent paper on the absorption and luminescence of 
benzene and some of its derivatives at low temperatures 
has given measurements of the phosphorescence spectra 
of the xylenes in the crystal at liquid air and liquid hy- 
drogen temperatures, and in alcoholic solution at liquid 
air temperature. No analyses were made nor any re- 
productions given of the spectra. According to these 
tabular data the spectrum of o-xylene begins with a 
weak band at 28 100 cm~ and extends well into the 
visible to 17 630 cm. The spectrum is not the same as 
obtained here, and there is no coincidence of even a 
single band between the two spectra. Actually, the 
spectrum reported by Kronenberger seems to be the 
superposition of two spectra, one of which is strong and 
diffuse and extends into the visible with a prominent 
1700 cm progression. The other spectral data on the 
phosphorescence of the xylenes at low temperatures 
that could be found in the literature are those given by 
Pesteil and Zmerli.‘ Their work was performed using 
liquid hydrogen as the refrigerant and observation 
was without a phosphorescope. The authors report 
twenty-nine sharp bands in the spectrum of o-xylene 
beginning at 28 242 cm. The analysis of the o-xylene 
spectrum by Pesteil and Zmerli was done in analogy to 
that proposed by them for the triplet-singlet emission 
of benzene in the same paper. They consider that since 
the 'A;,—*B2, benzene transition is forbidden by sym- 


8 A. Kronenberger, Z. Physik 63, 494 (1930). 
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metry and spin multiplicity, the 0,0 band should not 
be observed. Consequently they interpret the first 
band as the combination of the 992 and the 606 cm™ 
frequencies to give a 1606 cm™ vibration of ¢. sym- 
metry which makes the transition allowed. The stronger 
bands of the spectrum are built on this vibration while 
many of the weaker bands are assigned to, at best, ra- 
ther awkward combinations. It should be added that 
the symmetry of the lowest triplet state in benzene 
is generally agreed to be By, rather than Bs,, which 
also gives a forbidden transition. 

Many of the difficulties of their interpretation are 
resolved if we compare their results with the spectrum 
reported here. Their first band at 28 242 cm™ is coin- 
cident with the first band of the “second” spectrum as 
reported in Table IV. In fact, we see that every strong 
band in their spectrum has been assigned here to the 
weak second spectrum. Similarly, except for the 0,0 
band, the stronger bands of the first spectrum appear 
in their spectrum as weak ones. Clearly then what they 
have found is actually a superposition of two spectra, 
and this may, as suggested here, be evidence for two 
crystalline phases. It should be noted also that the 40 
cm interval is prominent in their spectrum. 

In the “second” spectrum (II) frequencies 725, 1121, 
1242, and 1591 cm are found and these are seen to 
associate with the frequencies 740, 1119, 1247, and 
1586 cm, respectively, in the “first”? spectrum (I). 
The frequencies 1051 and 1154 cm in spectrum I have 
no counterparts in II. 

A frequency of 200 cm~ is found in the “first”’ and 
one of 221 cm™ in the “second” spectrum. One of the 
difficulties in the analyses of the o-xylene spectra is 
that these frequencies have no corresponding lines in 
the Raman spectrum. Pesteil and Zmerli in their 
analysis tried to account for this fact by assigning a 
vibrational combination to this band as they had done 
for a 225 cm separation in the benzene crystal spec- 
trum. We have observed the same band in benzene at 
4°K but it is discussed as a crystal vibration.? Conse- 
quently, the 200/221 is here also considered to be typi- 
cal of the crystal. That it is different in spectrum I 
and spectrum II supports the assumption of two crystal- 
line phases in o-xylene. 

The lowest excited singlet state of point group C2 
is of A; symmetry. Therefore, the lowest triplet of o- 
xylene is a B; level and the triplet-singlet emission has a 
transition moment along the y axis. The transition 
*B,—'A; is then allowed by symmetry but forbidden 
by spin multiplicity. The vibrational analyses of spec- 
tra I and II conform to these symmetry properties. 

At the beginning of this investigation it was hoped 
that by eliminating any trace of oxygen in the samples 
used for these experiments, photooxidation could be 
avoided and that it would be possible to obtain spectra 


*H. Sponer, Y. Kanda, and L. A. Blackwell, presented at the 
Symposium on Molecular Structure and Spectroscopy at Colum- 
bus, Ohio (June 11-15, 1956, to be published). 
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TABLE V. Phosphorescence spectrum of crystalline m-xylene at 4.2°K. 





Wave number Intensity voy vo"—v 


Assignment 





28 301 
28 257 
28 133 
28 080 
27 920 


6310 


o* 
0*—160 
0*—730 
0*—998 
0*—1580 
0*—1580—730 
0*—1580—1020 
impurity 
— 0*—1580X2 
0*—1580X2—730 
impurity 
— 0*—1580X3 
0* — 1580 X3— 1020 
0*—1580X4 





of these crystals at 77°K uncontaminated by impuri- 
ties. In the case of o-xylene, at least, only a limited 
success was realized. No detectable light was registered 
on photographic plates in spite of wide slit opening and 
long exposures. Nor was there any light observed visu- 
ally from o-xylene crystals at 77°K. This leads to the 
conclusion that a nonradiative process becomes quite 
efficient at this temperature. This process could be one 
in which the excitation energy is used for a chemical 
rearrangement. 


(b) m-Xylene 


The triplet-single emission spectra of m-xylene were 
observed in the crystalline state at 4.2° and 77°K and 
in EPA at 77°K. The microphotometer tracing curves 
are shown in Fig. 2 and the spectral data are listed in 
Tables II, and V-VII. The general spectral appear- 
ance of m-xylene in EPA is similar to that of the other 
isomers although the bands seem to be somewhat 
broader and not as well resolved as either in the ortho 
or para compound. There are three prominent vibra- 
tional frequencies built on the 0,0 band at 28 120 cm=. 
Three members of the 1570 cm~ frequency forming 
the main progression may be seen. This vibrational 
interval is assigned to the totally symmetric Raman 
frequency at 1592 cm~. A separation of 690 cm~! may 


TABLE VI. Phosphorescence spectrum of crystalline 
m-xylene at 77°K. 








Wave 
number 


Relative 


intensity Assignment 





24 960 
24 680 
23 880 
23 330 
23 000 
22 270 
21 710 
21 350 


0, 0 

0—280 

0—1080 

0—1630 
0—1630—280 
0—1630—1080 
0—1630X2 
0—1630X2—280 
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be barely resolved and is assigned to the Raman line 
at 724 cm™ (a,). A separation of 920 cm™ appears in 
combination with the 0,0 band and with the 1570 cm 
frequency throughout the spectrum. Dikun and 
Sveshnikov’ assigned it to the 945 cm™! (b;) vibration. 
Although this is a possible interpretation, we have 
correlated the 920 with the strong Raman line of 998 
cm since this vibration is present in the crystal 
spectrum at 4°K (Table V). 

It was hoped that a sharp crystal spectrum would 
remove some of the doubt connected with these assign- 
ments. Actually the spectrum of the crystal was only 
slightly better resolved than the EPA spectrum, but in 
general it confirmed the assignments made in the 
foregoing. The m-xylene crystal spectrum at 4.2°K 
shown in Fig. 2 is, in its over-all appearance, very much 
like the EPA spectrum. This is one of the few com- 
pounds studied in this laboratory which have given a 
crystal spectrum predominantly composed of broad 
bands.” The suspicion, therefore, arose that the spec- 
trum represented the amorphous phase of this sub- 
stance rather than the crystalline. Every care was 
exercised in the growing of these crystals to avoid 
supercooling of the sample. The conditions of crystalli- 


Taste VII. Impurity bands in the phosphorescence spectrum 
of m-xylene at 4.2°K. 








Wave 
number 


Relative 


intensity vo—v vot —y 


Assignment 





25 081 0 0,0 

24 984 0 0*, 0 

23 379 0, 1702 

23 295 0*—1689 








0 It is of interest that the vapor spectrum of m-xylene has also 
broad bands in oe C. D. Cooper and H. Sponer, J. Chem. 


Phys. 20, 1248 (1952)]] and in fluorescence [V. Ramakrishna Rao 
and Mantrala L. N. Sastri, J. Chem. Phys. 20, 1552 (1952) ]. The 
diffuseness was ascribed partly to internal rotation of the CHs 
groups. 
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TABLE VIII. Phosphorescence spectrum (b) from crystalline p-xylene at 4.2°K. 








Wave 
number 


Relative 


intensity Assignment 


Wave 
number 


Relative 


intensity Assignment 





25 254 1 
25 196 
25 158 
25 122 
25 044 
24 993 
24 960 
24 914 
24 842 


24 773 
24 709 
24 648 


24 556 
24 501 
24 451 
24 413 
24 312 
24 257 
24 206 


24 083 
24 040 
23 996 


23 949 
23 869 
23 833 
23 747 
23 649 
23 538 


0, 0 

0—58 

0—96 
0—132 
0—210 
0—210—58 
0—294 
0—340 
0—412 
0—210X2 
0—481 
0—340—210 
0—606 
0—210X3 
0—698 
0—753 
0—412X2 
0—841 
0—606—340 
0—997 
0—1048 
0—997 —58 
0—1171 
0—1214 
0—841—412 
0—1171—96 
0—1305 
0—1385 
0—1421 
0—1507 
0—1605 
0--1716 


— #00 ROOF RP ANO Nr dS MWNNe ORR WO 


CON rK Wh 





23 489 
23 446 
23 410 
23 332 
23 261 
23 207 
23 128 
23 090 
23 061 
22 916 
22 838 
22 729 
22 694 
22 654 


22 591 


22 543 
22 481 
22 369 
22 338 
22 269 
22 169 
22 041 
21 933 
21 851 
21 734 
21 595 
21 562 
21 442 
21 371 
20 842 


0—1716—58 
0—1716—96 
0—1716—132 
0—1716—210 
0—1716—210—58 
0—1716—340 
0—1716—412 


0—1716—481 
0—1605—740 
0—1716—698 
0—1716—412X2 
0—1716—841 
0—1605 —997 
0—1305X2 
0—1605— 1048 
0—1716—340—606 
0—1716—997 
0—1716—1048 
0—1716—1171 
0—1716—1214 
0—1605—1385 
0—1716—1385 
0—1605X2 
0—1716—1605 
0—1716X2 
0—1716—1605—210 
0—1716—1605—340 
0—1716X2—294 
0—1716X2—412 
0—1716X2—481 
0-—1716X2—997 
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zation were varied within practical limits, but in all 
cases the spectrum was characterized by a diffuse 
system of bands. There are, however, three weak bands 
at the beginning of the spectrum which are sharp. The 
appearance of these sharp bands toward shorter wave- 
lengths and the definite crystalline appearance of the 
sample suggest that they belong to the crystal and that 
the “amorphous spectrum” may have been sensitized 
by the crystalline phase. In the absorption spectra of 
m-xylene reported by Kronenberger® we find support 
for this conclusion. He photographed the spectrum of 
the amorphous and the crystalline state at —260°C. 
Only the absorption spectrum of the crystal at the low- 
est temperature was sharp. 

As was mentioned, in emission there were found only 
three sharp and weak bands preceding the system of 
broad bands. Only these weak bands are here assigned 
to the crystal, so that actually two phases must be 
present in the solid. The first band of the sharp series 
appears at 38 301 cm™ and may be seen in Fig. 2. 
The next two bands are found at a separation from 
the first of 44 cm~ and of 168 cm~!. The fourth band, 
the first of the diffuse system, is taken as the 0,0 band 
of that system (Table V). A three-member progression 
of 1580 cm~! forms the backbone of the spectrum. A 
frequency interval of 730 cm™ appears in combination 
with the first two members of this progression confirm- 
ing the EPA assignment of this vibration to the 724 


cm Raman frequency. A separation of 1020 cm! 
appears in combination with the 0,0 band and with 
the first member, at least, of the 1580 cm™ progression. 
This is 100 cm removed from the 920 cm~ interval 
found in the EPA spectrum but nevertheless is assigned 
to the 998 cm™ (a) mode. It has been found that 
usually vibrations in the crystal are energetically 
higher because of the hindrance produced by lattice 
neighbors. This seems to be especially true for “breath- 
ing”’ type vibrations. A shift, therefore, of 20 cm does 
not make the assignment untenable. According to Kan- 
da and Shimada," frequencies of 700, 995, and 1600 
cm were obtained in the phosphorescence spectrum 
of m-xylene in a matrix of cyclohexane. The spectrum 
was comparatively sharp and measurement was easy. 
It is obvious that the mentioned frequencies are to be 
assigned to the totally symmetrical vibrations of 724, 
998, and 1592 cm™, respectively. Since the structure 
of m-xylene belongs to point group C2, the lowest 
triplet has A; symmetry and the transition *A;—>'A, 
of m-xylene is allowed by symmetry but forbidden by 
spin multiplicity. The transition moment is along the 
y axis. 

In addition to the sharp bands at the beginning of the 
spectrum there are two sharp doublets lying toward 
longer wavelengths and beginning around 25 000 


1 Y, Kanda and R. Shimada (to be published). 





EMISSION SPECTRA OF XYLENES 


cm~'. These bands can not be made to fit in any reason- 
able way into the analysis of the diffuse system nor can 
they be combined with the three sharp bands at the 
beginning at 28 301 cm—!. Considering the most recent 
results in toluene,® a spectrum in this region suggests 
that an m—- transition may be involved. This suspicion 
was confirmed when the separation between the first 
bands of each doublet was measured and found to be 
1702 cm as shown in Table VII. This frequency is 
nearly always associated with the stretching vibration 
of the carbonyl group. In most cases where it has been 
observed it was associated with band systems found in 
benzaldehyde derivatives. If a comparison is made 
between these bands and the spectrum of p-xylene in 
Table VIII which will be shown to be due to an im- 
purity of p-methylbenzaldehyde, a striking similarity 
is seen. The spectrum is shifted 173 cm toward longer 
wavelength in the m-xylene with respect to p-xylene, 
but this shift is not unusually large for a solvent 
shift. In spite of the similarities between the two 
spectra, they are not identical. Therefore, it seems 
more reasonable to assign these bands to an impurity 
of m-methylbenzaldehyde. Because of the weakness of 
this system this assignment remains open to question. 

Kronenberger® lists six bands in the phosphorescence 
spectrum of m-xylene at — 260°C beginning with a band 
at 27 870 cm™. His results agree with the measure- 
ments given here within the limits of accuracy. Pesteil 
and Zmerli* obtained quite different results in their 
study of xylenes. They found a sharp spectrum con- 
sisting of sixteen bands in the ultraviolet between 31 660 
and 29 760 cm—. No picture nor tracing is given but 
from the band intensities it appears that the first band 
is one of the weakest in the spectrum and the last is the 
strongest. This is unusual. No vibrational intervals 
characteristic of m-xylene could be found in the spec- 
trum. 

The spectrum obtained when m-xylene was photo- 
graphed at 77°K is also shown in Fig. 2. A broad system 
of eight bands beginning at 24 960 cm™! was observed 
and separations of 280, 1080, and 1630 cm~ were 
measured as shown in Table VI. These values may be 
in error by as much as fifty wave numbers because of 
the broadness of these bands. There is a close re- 
semblance of this spectrum in position and in structure 
to the spectrum of toluene at 77°K observed by Kanda 
and Sponer.® This spectrum was ascribed by them to a 
temperature-activated sensitization of a benzaldehyde 
impurity produced by photooxidation of the toluene. 
They found that from about 25°K on the low-tempera- 
ture spectrum characteristic of toluene is quenched and 
a new spectrum appears. This spectrum shows the char- 
acteristic 1700 cm™ separation which is associated 
with the carbonyl group. The spectrum obtained for 
m-xylene under similar conditions has an apparent 
lifetime of only a few tenths of a second compared with 
a lifetime of at least five seconds for the crystal at 4.2°K. 


Although the bands are so diffuse that an identifica-. 
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tion based on vibrational frequencies is impossible, the 
spectrum obtained here is considered to be that of 
m-methylbenzaldehyde. 

Another possibility is suggested by an interesting 
idea put forth by Nauman.” He assumes that upon 
irradiation alkylbenzenes break down forming the 
benzal radical to which he attributes the diffuse spectra 
exhibited by these compounds at 77°K. 


(c) p-Xylene 


The triplet-singlet emission spectrum of p-xylene 
was investigated in the crystalline state at 4.2° and 
77°K, and in EPA at 77°K. The microphotometer 
tracing curves of the spectra are shown in Figs. 3 and 
4, and the spectral data are listed in Tables III, VIII, 
and IX. The spectrum of p-xylene in EPA extends from 
3500 to 4500 A and consists of thirteen resolvable 
bands. The structure is very much like that of the other 
xylenes. Frequencies of 305, 830, 1180, and 1590 cm“ 
are found and assigned to Raman frequencies of 
313(b3,), 826(a,), 1182(a,), and 1616(a,). Dikun and 
Sveshnikov’ reported frequencies of 322, 793, 1173, 
1578, and 1616 cm~. Their analysis was complicated 
and had no analogy to the analyses for the other iso- 
mers, whereas the analysis shown in Table III is simple 
and is similar to the analyses of the EPA spectra of o- 
and m-xylenes. The frequency of 1590 cm™ obtained in 
this experiment can not be ascribed to the 53, vibration 
of 1575 cm= contrary to the assignment by Dikun and 
Sveshnikov, because the 1590 cm™ progression has no 
appreciable intensity alternations. 

The spectrum of p-xylene crystal at 4.2°K represented 
in Fig. 3 is entirely different from the EPA spectrum. 
Fifty-eight bands in all have been measured and are 
tabulated with the analysis in Table VIII. The fact 
that the spectrum is shifted from the EPA spectrum 
toward longer wavelengths by about 3000 cm™ sug- 
gests that p-xylene is not the carrier of this spectrum. 
This hypothesis is strengthened when one compares the 
vibrational structure of the spectrum with that of the 
solution spectrum. Any attempt to analyze this spec- 
trum in terms of fundamentals or combinations of p- 
xylene vibrations proves futile. The most prominent 
separation found in the spectrum is at 1716 cm“. This 
vibration occurs in a short progression built on the 0,0 
band at 25 254 cm™. Its second member is found at 
1687 cm™ from the first. Because of the similarity to 
the spectrum of benzaldehyde found in toluene crystals 
by Kanda and Sponer,® it seemed reasonable to at- 
tempt an analysis based on the Raman data of p- 
methylbenzaldehyde which would, of course, be the 
principal product of the oxidation of p-xylene. It is 
remarkable that so many vibrational modes may be 
found in the spectrum. Frequencies of 210, 294, 340, 


12S. S. Mims and R. V. Nauman, reported at the Southeastern 
Regional Meeting of the American Chemical Society, Durham, 
North Carolina (November, 1957). 
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412, 481, 606, 698, 753, 841, 997, 1048, 1171, 1214, 
1305, 1385, 1507, 1605, and 1716 cm™ in the phos- 
phorescence spectrum are assigned to those of 220, 304, 
347, 406, 470, 593, 700, 750, 840, 996, 1044, 1161, 1203, 
1301, 1376, 1505, 1601, and 1689 cm~, respectively, in 
the Raman spectrum of p-methylbenzaldehyde." Us- 
ually aldehyde spectra show predominantly the fre- 
quency connected with the carbonyl vibration in n-r 
transitions because of the localized character of the 
nonbonding orbital. 

The phosphorescence spectrum of the crystal at 77°K 
is pictured in the same figure. Although it is generally 
more diffuse than the 4°K spectrum, it is much sharper 
than the spectrum of m-xylene at this temperature. 
Kasha" has pointed out that while nz transitions give 
sharp spectra in the vapor that even in hydrocarbon 


#8 Landolt-Bérnstein, Zahlenwerte und Funktionen (Springer- 
Verlag, Berlin, 1951), Teil 2, S. 536. 
4M. Kasha, Discussions Faraday Soc. 9, 14 (1950). 


1 
22000 


1 
20000 
cm™! 


solvents the solution spectra are extremely broad and 
show little vibrational structure owing to the strong 
perturbations of the nonbonding orbitals by the sol- 
vent. The possibility of complex formation involving 
hydrogen bonding has been considered as a factor con- 
tributing to this unusual behavior. This diffuse structure 
has been confirmed in this laboratory in the spectra of 
benzaldehyde in EPA and in the crystalline phase as 
well as when produced photochemically in toluene.® 
If we assume that the p-methylbenzaldehyde was not 
present initially, one explanation for the sharp spec- 
trum of p-methylbenzaldehyde offered here is the possi- 
bility that in p-xylene we may have an example of a 
case of photooxidation by interstitial oxygen within 
the lattice giving a true mixed crystal of p-xylene and 
p-methylbenzaldehyde. If, in the case of the toluene 
phosphorescence reported by Kanda and Sponer, 
benzaldehyde had been present initially instead of being 
photochemically produced, it would find itself ran- 





EMISSION SPECTRA OF XYLENES 


TABLE IX. Phosphorescence spectrum (a) of crystalline p-xylene at 4.2°K. 





Relative 


intensity Assignment 


Relative 
intensity 


Wave 
number 


Assignment 





0, 0 

0-58 

0—97 
0—133 
0—178 
0—133X2 
0—316 
0—316—133 
0—476 
0—316—133X2 
0—316X2 
0—639 


0—690 
0—316X2—133 
808 


0—1212—178 
0—830—316X2 
0—1212—316 


PP LULUNUE EPP RPRAWNH NH NN WWHAUR OD 





26 664 
26 624 
26 592 
26 571 
26 532 
26 490 
26 448 
26 406 


26 348 
26 308 
26 277 
26 228 
26 208 
26 159 
26 104 
26 028 
25 987 


25 907 
25 846 
25 806 
25 716 
25 667 
25 614 
25 585 
25 441 
25 419 


0—1582 
0—1622 
0—830X2 
0—1622—58 
0—1622—97 
0—1622 —133 
0—1622—178 
0—1212—316X2 
0—1212—639 
0—1212—690 
0—1622—316 
0—830X2—316 
0—1190—830 
0—1212—830 
0—1622—476 
0—830X2—316—178 
0—1212—830—178 
0—1622—639 
0—1622—312X2 
0—1212—830—312 
0—1582—830 
0—1622—830 
0— 1582 —830—133 
0—1622—830—133 
0—1582 —830—133 X2 
0—1622 —830—133X2 
0—1622—1190 
0—1622X2 
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domly oriented in the toluene lattice and produce a 
somewhat broadened spectrum because of nonuniform 
interactions with the lattice. 

Since the spectrum of -methylbenzaldehyde 
quenches so completely the emission of p-xylene, 
though ostensibly present to no more than a few parts 
per million, the efficiency of the sensitization process 
appears to be quite high. 

Kronenberger® obtained eighteen bands in the spec- 
trum of p-xylene at — 260°C beginning at 25 240 cm™ 
and extending to 17 630 cm™. This spectrum appears 
to contain an impurity responsible for the longer wave- 
length portion of the spectrum as also in the case of 
o-xylene since several of the long wavelength bands 
coincide in both spectra. A few vibrational separations 
may be found in this spectrum which match those in 
the spectrum of p-methylbenzaldehyde reported here, 
and it is quite probable that the spectra are the same. 

At the beginning of this investigation we used samples 
of p-xylene crystallized by freezing. No genuine spec- 
trum of p-xylene crystal was obtained but that of p- 
methylbenzaldehyde was observed. However, the p- 
xylene spectrum did appear when we introduced helium 
gas into the phosphorescence cell. The spectrum 
labeled (a) in Fig. 4 was thus obtained after the spec- 
trum (b) in the same figure came out as the result of 
incomplete cooling. It is seen in the figure that the 
spectrum (a) consists of two regions, i.e., between 
28 246 and 25 419 cm™ and between 25 254 and 20 842 
cm-", The latter is idential with that of the spectrum (b) 


due to p-methylbenzaldehyde. In other words, spec- 
trum (a) is the superposition of the spectrum of p- 
xylene crystal and that of p-methylbenzaldehyde in 
p-xylene crystal. 

The band at 28 246 cm is assigned to the 0,0 band 
of the spectrum of p-xylene crystal. The separations at 
58, 97, and 178 cm™ from the 0,0 band are ascribed to 
lattice vibrations although no Raman data of p-xylene 
crystal have been reported. A frequency of 133 cm™ 
is seen to form progressions and may also be assigned 
to a lattice vibration. However, the 133 cm band is 
comparatively strong in intensity and it acts in the 
progressions as a totally symmetrical vibration. It is 
tentatively assumed that the frequency 133 cm 
occurs in the spectrum of p-xylene crystal at low 
temperature in analogy to the 226 cm™ band of benzene 
crystal and the 200 and 221 cm™ bands of o-xylene 
crystal. The prominent band at 830 cm™ from the 0,0 
band is attributed to the strong symmetric Raman 
vibration 826 cm-. It is found in overtones and fre- 
quently in combination bands. The bands at separa- 
tions 476, 1190, 1212, and 1622 cm™ from the 0,0 
band are assigned to the totally symmetrical vibra- 
tions 460, 1182, 1204, and 1616 cm“, respectively. The 
frequency 1622 cm™ is seen to represent the principal 
vibration of the spectrum although it is somewhat 
concealed by the superposition of the spectrum of p- 
methylbenzaldehyde from 25 254 cm™ to lower wave 
numbers. The bands at 316, 639, 690, 808, and 1582 
cm! from the 0,0 band are attributed to the Raman 
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frequencies of 313(b3,), 313X2(a,), or 644(d:9), 
697 (be), 811(d:,), and 1575(b3,), respectively. These 
bands have weak intensity compared with bands 
of a, symmetry. The frequency 1582 cm does not form 
a progression and this agrees with the interpretation 
given to the EPA spectrum of p-xylene. According to 
Kanda and Shimada," frequencies of 815, 1180, and 
1595 cm™ were found in the phosphorescence spectrum 
of p-xylene in the matrix of cyclohexane. This spec- 
trum was fairly sharp and its measurement was easy. 
The mentioned frequencies were assigned to the totally 
symmetrical vibrations of 826, 1182, and 1616 cm™, 
respectively. A frequency of 305 cm was interpreted 
as a bs, vibration (313 cm), but it was not well re- 
soived from the 0,0 band at 28 135 cm=. 

Pesteil and Zmerli* reported that the spectrum of 
p-xylene crystal at 20°K extended from 27 422 to 
25 843 cm“. If we compare their Aj values, taken from 
their shortest wavelength band at 27 422 cm“, with 
those shown in Table IX, it may be assumed that the 
frequencies of 123, 311, 640, 1181, 1224, and 1579 cm“ 
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in their spectrum correspond to those of 133, 316, 
639, 1190, 1212, and 1582 cm™ in our spectrum, 
respectively. This could suggest that the two spectra 
belong to two different crystal phases. The magnitude 
of the shift is too large, however. Moreover, we should 
mention that in our experiments with p-xylene crystals 
no bands were found between 27 500 and 25 800 cm™ 
above 4°K. We think, therefore, that the bands ob- 
served by Pesteil and Zmerli must be of different 
origin. 
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The thermal decomposition of polycrystalline NbC was investigated from 2000° to 3200°C, and TaC 
from 1890° to 3320°C in the presence of one atmosphere of helium. It was found that both compounds lose 
carbon preferentially, and that the final carbon/metal molar ratio obtained may be represented by an equa- 
tion of the form C/M=A —B exp(), where ¢ is the maximum temperature of heating for a constant time 


(30 min in both cases). Similarly the resultant lattice constant may be expressed as a9=A’—B’ 


exp(X’t), 


where do is in A at 25°C. For a maximum temperature of 3000°C and heating times of 30 min to 12 hr, 
ao= 4.459084 -+-0.0093071 exp(—0.18916 +) for NbC, where r is the time in hours. It was found that ao= 
4.414712+0.056862 (C/Nb) for the C/Nb range 0.885 to 0.981 and that a9=4.385779+0.070204 (C/Ta) 
for the C/Ta range 0.906 to 0.996. By extrapolation, the lattice constants of stoichiometric NbC and TaC 
should be 4.47157+0.00012 A at 25°C and 4.45598+-0.00038 A at 25°C, respectively. 





T is well known that the transition metal carbides 
exhibit varying ranges of homogeneity.1 The 
homogeneity ranges for NbC and TaC were most 
recently investigated by Brauer and Lesser?* who re- 
ported a C/Nb molar ratio range of 0.70 to 0.91 and 
C/Ta range of 0.74 to 1.00. The crystal structure of 
NbC was first reported by Becker and Ebert,‘ and by 
van Arkel® for TaC, who found a NaCl-type structure 
for both compounds. As the amount of carbon de- 
creases in the cubic lattices, the lattice constants de- 
crease accordingly. Thus, in speaking of the properties 
of “niobium or tantalum monocarbides” such as lattice 
constant, density, and free energy of formation, one 
must define the composition of the materials. If stoi- 
chiometric NbC or TaC exist, they are only special 
cases of the NbC or TaC phases. Robbins® reported 
that the maximum C/Ta ratio which can exist is 0.96. 
No studies of the thermal decomposition of NbC could 
be found in the literature; however, Storms and Krikor- 
ian’ recently studied the variation of lattice parameter 
with C/Nb molar ratio for NbC. These investigators 
prepared their specimens by combination of the ele- 
ments in vacuo. Hoch® and co-workers have measured 
the vapor pressure of carbon over TaC from 1962° 
to 2492°C. 

In view of the foregoing considerations, it was de- 
cided to investigate the thermal stability of NbC and 
TaC and to correlate the temperatures and times used 
with the compositions and lattice constants obtained. 


1 P, Schwarzkopf and R. Kieffer, Refractory Hard Metals (The 
Macmillan Company, New York, 1953). 

2 G. Brauer and R. Lesser, Z. Metallkunde 50, 8 (1959). 

3R,. Lesser and G. Brauer, Z. Metallkunde 49, 622 (1958). 

4K. Becker and F. Ebert, Z. Physik 31, 268 (1925). 

5 A, E. van Arkel, Physica 4, 286 (1924). 

6D. A. Robbins, The Physical Chemistry of Metallic Solutions 
and Intermetallic Compounds, Paper 7B (Her Majesty’s Stationery 
Office, London, 1959). 
( a) K. Storms and N. H. Krikorian, J. Phys. Chem. 63, 1747 
1959). 

8M. Hoch, P. E. Blackburn, D. P. Dingledy, and H. L. John- 
ston, J. Phys. Chem. 59, 97 (1955). 


EXPERIMENTAL 


The NbC and TaC used in this investigation were 
Fansteel Metallurgical Corporation high purity columb- 
ium carbide powder and standard grade tantalum 
carbide. The spectrographic analysis results (based on 
the sample as Nb.O; and Ta,O; are shown in Tables 
Tand II. 

The chemical analyses are shown in Tables III and 
IV. The metals and total carbon were determined by 
combustion and the free carbon and nitrogen by 
chemical methods.? The amount of oxygen reported is 
that extracted at 2000°C. 

If one assumes that all of the Nb or Ta is combined 
with the total C minus the free C, the resultant empiri- 
cal formulas are NbCo.96%. and TaCo 9s. Examination 
by the x-ray powder camera technique showed only 
lines of well-crystallized cubic NbC and TaC. 

The specimens for thermal decomposition studies 
were prepared by pressing the material into cylinders 
at 10 000 psi without binder. The NbC cylinders were 
$ in. in diam by yy in. high and weighed 7.0 g, and the 
TaC cylinders were $ in. in diam by # in. high and 
weighed 17.0 g. Two holes 0.043 in. in diam and ¢ in. 
in depth, one in the center and the other near the edge 
of the cylinder top, were drilled for temperature meas- 
urements. All specimens were inductively heated in one 
atmosphere of helium by means of a Lepel 20-kw 
radio-frequency induction heater, and were supported 
on NbC and TaC cylinders, respectively. The cylindri- 
cal concentrator was 3 in. in diameter and 3 in. high. 
An analysis of the helium gas used showed less than 10 
ppm water and less than 5 ppm oxygen. The tempera- 
ture was read with an optical pyrometer in both sight 
holes, and the average of these two readings was cor- 
rected for absorption of a window and prism. 

After a specimen had cooled, it was pulverized in a 
Plattner mortar to — 100 mesh, cleaned of possible steel 


90. Kriege, Los Alamos Scientific Laboratory Report 
LA2306 (March, 1959). 
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TABLE I. Spectrographic analysis results for NbC. 





TABLE III. Chemical analysis results for NbC. 





Composition 


ppm Elements 


Composition 


wt % Element 





Major Nb 
<500 Zn 
<100 Ti, Mo 
<50 V 
30 Al 
<30 K, Sr 
20 B, Ba 
<20 Co, Sn, Bi 
10 Si, Cr, Fe, Cu 
<10 Ni, Pb 
5 or less Li, Be, Na, Mg, Ca, Mn, Ag 








(mortar fragment) contamination with a magnet, and 
thoroughly mixed with a spatula. A very small —325 
mesh sample was taken for x-ray examination and the 
remainder was analyzed for niobium or tantalum, total 
carbon, and free carbon.® All x-ray diffraction studies 
were carried out on a Norelco unit using cobalt radia- 
tion (iron filtered) and the sample temperature con- 
trolled at 25.0+0.5°C. The use of a cobalt target gave 
high angle diffraction lines for subsequent precision 
lattice constant calculations. For each specimen, a 
114.59-mm diam Debye-Scherrer camera was used for 
phase identification, and a 120-mm symmetrical back- 
reflection focusing camera was used for the lattice 
constant determination. Only the inner emulsion 
of the back-reflection films was used and the shrinkage 
was measured by reference to six pairs of fiducial 
marks. The films were measured at constant tempera- 
ture by three different readers. The lattice constants 
were determined from the (331), (420), and (422) 
Ka, and Kaz lines, assuming the systematic errors in 
Ado/d directly proportional to ¢ tang (where dp is the 
“true” lattice constant uncorrected for refraction, and 
¢ is the complement of the Bragg angle). These con- 
stants and their standard deviations were calculated 
on an IBM 704 computer using the method of Vogel 
and Kempter.” All the lattice constants in this paper 


TABLE II. Spectrographic analysis results for TaC. 








Composition 


ppm Elements 





Major 
<3000 
1000 
<300 
200 
100 
60 
50 
<50 
30 
<30 
10 Na, C 
<10 
5 or less 


A 
K, V, Sr, Sn, Pb, Bi 


a, Cr, Mn 
B, Ag, Ba 
Li, Be, Mg, Cu 








1 R. E. Vogel and C. P. Kempter, Los Alamos Scientific 
Laboratory Report LA-2317 (April, 1959). 


88.22 
11.22 Total C 
0.16 


Free C 
0.25 N 
0.28 O 


Nb 





were corrected for refraction in CoKa radiation by 
adding 0.000135 A for NbC, and 0.000228 A for TaC 
to the IBM 704 resuit. 


RESULTS AND DISCUSSION 


The combined analytical and x-ray results for NbC 
and TaC cylinders heated for 30 min at maximum 
temperatures of 1890° to 3320°C are shown in Tables 
V and VI, in comparison with the results on the un- 
heated material. The wt % carbon reported is total 
carbon; free carbon was not detectable in any of the 
heated samples. The Debye-Scherrer films showed only 
the lines of NbC and TaC. Temperatures were meas- 
ured with a Pyro microoptical pyrometer or, where 
noted in Table VI, by a Leeds and Northrup optical 
pyrometer. Both instruments had been checked against 
an NBS-calibrated Leeds and Northrup optical pyrom- . 
eter. 

From these data, it can be seen that the carbon/ 
metal molar ratio and the lattice constant generally 
decrease with increasing temperature of heat treatment. 
The lattice constant is of course the much more precise 
measurement; however, it is sensitive to the oxygen and 
nitrogen present in the unheated material. 

The plots of C/Nb, C/Ta, and of the NbC and TaC 
lattice constants vs maximum temperature of heating 
(30 min at temperature) all have the appearance of 
exponential decay curves. The equations of the curves 
were determined on an IBM 704 computer by the itera- 
tive least squares technique of Moore and Zeigler." 
The equations were: 


For NbC: 
C/Nb=0.9614— 4.024 10-8 exp(0.0045217) (1) 


a= 4.469377 — 1.577 10 exp (0.0046431) ; (2) 


TaBLeE IV. Chemical analysis results for TaC 








Composition 


wt % Element 





Ta 
Total C 
Free C 
N 

O 








11R. H. Moore and R. K. Zeigler, Trans. Am. Nuclear Soc. 1 
[2], 128 (1958). 





THERMAL DECOMPOSITION OF NbC AND TaC 


Taste V. Analytical and x-ray results on NbC for 30-min specimens. 





Maximum bs, of heating, 


wWt% 
Nb 


wt% 
Cc 


Total 
Nb+C 


C/Nb 
Molar ratio 


Lattice constant 
A, at 25°C 





Not heated 
2000 


SSRIS RE 
SSSSEEES 


11.22 
11.07 
11.01 
11.02 
11.00 
11.00 
10.68 
10.26 


99.44 
99.98 
99.97 


1 


=] 
~~ 
Oo 


SRRBAS 
num 
Mr oo mt 


& 


4.47023+0.00005 
4.469330. 00003 
4.46928+0.00003 
4.46925+0.00004 
4.46916+0.00003 
4.468830. 00003 
4.46748+0.00007 
4.46494+0.00012 








® (422) Kaz line not readable. 


TABLE VI. Analytical and x-ray results on TaC for 30-min specimens. 








Maximum om of heating, 


wt% 
Ta 


Total 
Ta+C 


C/Ta 
Molar ratio 


Lattice constant 
A, at 25°C 





Not heated 
1890 
1950 
2115 
2270 
2525 
2715 
2900" 
3100 


3320° 


~ 
S&S 


RoREEELELES 
BRSRARBLRE 


aa | 3 
se Or9 


w 


ROMA D 


SSZRSELEL 


99.76 
99.97 
100.00 
100.01 
99.97 
99.97 
99.97 
99.93 
100.11 


100.16 


0.955 
0.950 
0.951 
0.951 
0.952 
0.950 
0.948 
0.937 
0.9284 
0.015 
0.906 


4.45568+0.00002 
4.45214+0.00002 
4.45209+0. 00003 
4.45225+0.00004 
4.45210+0.00002 
4.45222+0.00003 
4.45219+0.00003 
4.45172+0.00004 
4.45139 


4.44910+0.00005 








® Last three readings with a cross-calibrated L and N pyrometer. 
b Average results for two specimens heated at 3100°C; the two lattice constant values were 4.45133--0.00006 A and 4.45145+0.00005 A. 


© (422) Kaz line not readable. 


TaBLe VII. Analytical and x-ray results on NbC for 3000°C specimens. 





Heating time at 3000°C 


Wt % Nb 


wt%c 


Total Nb+C C/Nb molar ratio 


Lattice constant A, at 25°C 





0 hr 30 min 
2 0 

4 
8 
12 


0 
0 
0 


89.30 
89.43 
89.65 
90.24 
90.13 


10.68 
10.56 
10.31 
9.81 
9.82 





0.925 
91 


4.46748+0.00007* 
4.46580+0.00009 
4.46292+0.00006 
4.46159+0.00017 
4.45985+0.00026 








® (422) Kav: line readable only for this specimen. 


TaBLe VIII. Analytical and x-ray results on TaC for 3000°C specimens. 








Heating time at 3000°C Wt % Ta wt%c Total Ta+C C/Tamolar ratio Lattice constant* A, at 25°C 





hr 0 min 94.22 5.83 
94.38 5.66 
94.38 5.65 


100.05 0. 
100.04 0. 
100.03 0. 


4.45121+0.00004 
4.45069+0.00007 
4.44858+.0.00013 





® (422) Kaz, line not readable. 


TABLE IX. Data for high C/Nb molar ratio specimens. 








Starting material 


Wt NbC wtc 
(g) (g) 


Lattice constant 


Heating time, wt% Wt % Total Wt% C/Nb 
(hr) Nb A, at 25°C 


Cc Nb+C Free C Molar ratio 





7.000 0.112 : 86.98 12.98 99.96 95 0.981 


1. 4.47031+0.00004 
7.000 0.112 , 87.44 12.49 99.93 1.46 0.976 


4.47040+0.00003 
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TABLE X. Data for high C/Ta molar ratio specimens. 





Starting material 


Wt TaC wtcC 
(g) (g) 


Heating time, Wt% 
r) Ta 


Wt% 
Cc 


Total 


wt% 
Ta+C 


Free C 


C/Ta 
Molar ratio 


Lattice constant 
A, at 25°C 





17.00 
17.00 
17.00 


0.288 
0.192 
0.096 


92.36 .63 
92.98 01 
93.44 54 





1.53 
0.95 
0.36 


0.995 
0.982 
0.996 


4.45585+-0.00002 
4.455840 .00003 
4.455550 .00003 





For TaC: 
C/Ta=0.9525— 1.693 X 10 exp(0.0030812) (3) 
a= 4.452166— 1.1004 10-" exp(0.005856/). (4) 


These equations fit the data very well, but it must 
be emphasized that their validity applies only to the 
range and conditions specified. Further investigations 
will determine whether or not an exponential decay 
curve has general applicability to the thermal decom- 
position of nonstoichiometric binary systems such as 
Nb—C and Ta—C. The effect of time on thermal 
stability was next investigated for a constant maximum 
heating temperature—3000°C. Temperature measure- 
ments were made with a Leeds and Northrup optical 
pyrometer which had been checked against an NBS- 
calibrated L and N pyrometer. The combined analytical 
and x-ray results for these specimens are shown in 
Tables VII and VIII in comparison with the previous 
30 min results. Free carbon was not detectable in any of 
these samples. The Debye-Scherrer films showed only 
the lines of NbC and TaC. 

From these data, it can be seen that the carbon-to- 
metal molar ratio and the lattice constant generally 
decrease with increasing time. The plot of lattice 
constant vs time for NbC (at 3000°C) is shown in 
Fig. 1. Again, the equation of the curve was determined 
on an IBM 704 computer by an iterative least squares 
technique." 
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Fic. 1. NbC lattice constant vs heating time at 3000°C. 


The equation obtained was 


a= 4.459084+-0.0093071 exp(— 0.189167) (5) 
where 7 is in hours and 4.459084 A is the asymptote. 

In order to correlate carbon-to-metal molar ratios 
with the precision lattice constants, it was decided also 
to prepare NbC and TaC specimens with high carbon- 
to-metal ratios, thus obviating long extrapolations to the 
lattice constants corresponding to the stoichiometric 
compounds. For each carbide, the specimens were 
prepared by heating mixtures of the starting material 
and spectro grade graphite at ca 2500°C. The mixtures 
were pressed into cylinders as previously described 
and inductively heated in one atmosphere of helium. 
The specimen descriptions and results are shown in 
Tables IX and X. The Debye-Scherrer films showed only 
the lines of NbC and TaC. 

The plot of lattice constant vs carbon-to-metal molar 
ratios for these specimens plus the heated specimens of 
Tables V and VI are shown in Figs. 2 and 3. The data 
for the specimens in Tables VII and VIII heated longer 
than 30 min were not plotted because of the diffuseness 
of the lines; the (422) Kae line was not readable on 
these films. The data of Brauer and Lesser®* and of 
Robbins® for carbon-to-metal ratios in the same range 
are shown for comparison. It should be noted that the 
former investigators calculated (total C)/M ratios. 
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Fic. 2. NbC lattice constant vs C/Nb molar ratio. 





THERMAL DECOMPOSITION OF NbC AND TaC 


The IBM 704 least squares equations obtained were 


a= 4.414712+0.056862 (C/Nb) 
and 


ao= 4.385779-+-0.070204 (C/Ta). (7) 


The standard deviation of the fit (sigma) was 1.78X 
10~ for NbC and 6.45 10~ for TaC. These jinear fits 
were selected because their standard deviations were 
slightly lower than for quadratic or cubic polynomial 
fits. Attempts to fit a quadratic curve maximizing at 
C/M=1 resulted in larger standard deviations. It 
should be noted that the foregoing equations are 
empirical fits for high C/M ratios. It is not known at 
this time whether one or more theoretical functions 
are needed to express the relationship for the entire 
phase range. Thus if one could prepare stoichiometric 
compounds, the lattice constants at 25°C should be 
4.47157+0.00012 A for NbC and 4.45598+0.00038 A 
for TaC. Therefore, the theoretical densities are 7.793 
g/cc and 14.483 g/cc and the metal-carbon bond 
distances for coordination number 6 are 2.2358 A 
and 2.2280 A for NbC and TaC, respectively. 

Equations (6) and (7) may be rewritten in terms of 
carbon-to-metal ratios to give 


C/Nb= 17.5864a9— 77.6391 (8) 


C/Ta=14.2443a— 62.4724. (9) 


It should be noted that the summations of metal 
plus carbon for all the heated samples are nearly equal 
to 100%. The arithmetic means of these summations 
are 99.98% and 100.01% for the NbC and TaC speci- 
mens, respectively. Although the size of the heated 


and 


(6) 
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Fic. 3. TaC lattice constant vs C/Ta molar ratio. 


samples did not permit determination of oxygen and 
nitrogen, these data indicate that the level of such im- 
purities was very low. 
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The Raman spectra of the ions Co(CO),-, Fe(CO)?-, and HFe(CO),- have been studied in aqueous solu- 


tions of the corresponding sodium salts. The spectra of Co(CO),.- 


and Fe(CO),*, excited by the helium 


radiations 5875.6 and 6678.1 A are in full agreement with the expected Tg symmetry of these ions; all ob- 
served frequencies were assigned to fundamental vibrational modes. A normal coordinate treatment was 
carried out under the assumption of a sim>lified valence force field model making use of only two inter- 
action constants. The values of the fundamental frequencies of the tetrahedral ions, calculated by means 
of the potential constants of this model, were found to be in satisfactory agreement with the observed Raman 


shifts. 


The Raman spectrum of HFe(CO),-, put in correlation with that of Fe(CO),-, points strongly toa Cs» 


symmetry of the former ion. 





INTRODUCTION 


HE present paper deals with the Raman spectra of 

the tetracarbonylate anions Co(CO)4«-, Fe(CO).-, 
and HFe(CO),-. It seems that no vibrational spectral 
data on the iron carbonylate ions have been reported 
previously; an investigation of the ir absorption 
spectrum of the cobalt carbonylate ion has been 
carried out by Friedel e¢ al.! using a solution of dicobalt 
octacarbonyl in pyridine where the (Co(Pyr)«)** 
cation and Co(CO)¢ anion are formed. Only two 
absorption bands were found, namely, 555 and 1883 
cm", the latter being assigned to a carbonyl stretching 
mode. A systematic investigation of the position of 
the infrared-active C-O stretching vibrations of 
various cobalt carbonyl derivatives has been reported 
by Vohler? who observed in all compounds containing 
the Co(CO),- anion an absorption band at approxi- 
mately 1900 cm, whereas the corresponding fre- 
quencies of the nonionic species were found between 
2000 and 2100 cm=. 

An additional interest of the present study is pro- 
vided by the fact that Co(CO) 4 and Fe(CO) > are iso- 
electronic with nickel tetracarbonyl, whereas 
HFe(CO),- is isoelectronic with cobalt hydrocarbonyl. 
The vibrational spectra of these neutral molecules have 
been the object of numerous investigations, especially 
in the ir, but until now the interpretation of the experi- 
mental results proved to be difficult and not thoroughly 
satisfactory. Because of the selection rules governing 
the activities of the vibrational modes of tetrahedral 
molecules belonging to the Ty point group, it is expected 
to obtain more direct information from Raman than 


* Fellow of the University of Sao Paulo; permanent address: 
Osaka Municipal Technical Research Institute, Osaka, Japan. 

1R. A. Friedel, I. Wender, S. L. Shufler, and H. W. Sternberg, 
J. Am. Chem. Soc. 77, 3951 (1955). 

2 A. Vohler, Chem. Ber. 91, 1161, 1235 (1958). 


from ir spectra. Hence, the results here reported may 
possibly contribute toward a fuller understanding of the 
vibrational spectra of nickel carbonyl and cobalt hy- 
drocarbonyl and, eventually, to the elucidation of some 


questions concerning the chemical bonding in these 
molecules. 


EXPERIMENTAL 
Preparation of Samples 


Aqueous solutions of the sodium salts of metal 
carbonyl hydrides were prepared by making use of a 
technique previously described by one of us and 
Stettiner.* All operations had to be performed under 
nitrogen absolutely free from oxygen and, owing to 
the photosensitivity of the compounds, especially of 
NaHFe(CO),, in dim red light. The Raman tubes 
were sealed beforehand to the apparatus and the 
solutions were filtered from the reaction vessel into 
the tubes through dense sintered glass filters at very 
low speed. 

Sodium cobalt carbonylate NaCo(CO),4 was pre- 
pared according to Hieber and co-workers‘® from 
Hg(Co(CO)4)2 and NaS. The mercury salt was 
purified and brought into a finely divided and reactive 
form by dissolving it in a tenfold quantity of methanol, 
and subsequent filtering and precipitating by addition 
of an equal amount of water. The purified mercury 
cobalt carbonylate was shaken during 12 hr with 
10% less than the theoretical quantity of a 0.15M 
solution of sodium sulfide. The pale yellow solution of 
NaCo(CO),4 was separated from the excess of the 
original material and from the formed mercury sulfide 


3 P. Krumholz and H. M. A. Stettiner, J. Am. Chem. Soc. 71, 
3035 (1949). 


‘W. Hieber, E. O. Fischer, and E. Boeckly, Z. anorg. u. allgem. 
Chem. 269, 308 (1952). 


SW. Hieber and R. Breu, Chem. Ber. 90, 1259, 1270 (1957). 
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by careful filtering. The samples used in the spectro- 
scopic work were 0.28M. 

Solutions of the monobasic salt NaHFe(CO), were 
prepared* by shaking iron pentacarbonyl for 4 hr 
with equimolecular amounts of barium hydroxide and 
sodium hydroxide of a total normality 0.9. The solu- 
tions, filtered from the formed barium carbonate, 
were 0.28M in NaHFe(CO), and 0.01-0.015M in 
NasFe(CO),4, as determined by the reaction with 
HgCl..* The pale yellow or slightly pinkish solutions are 
very sensitive to radiations below 5500 or 5000 A; 
exposed to daylight they rapidly turn dark red. When 
kept at room temperature in the dark and, naturally, 
under complete absence of oxygen, the samples showed 
no appreciable change of color for several days or even 
weeks, and the Raman spectra of freshly prepared 
and of older solutions were found to be identical. The 
dimerization to binuclear carbonyl derivatives, re- 
cently reported by Sternberg ef al.,° seems thus to be a 
photochemical reaction. 

The spectroscopic study of NazFe(CO), in solutions 
of stoichiometric composition appeared inadvisable 
since iron tetracarbonyl hydride is a very weak bibasic 
acid (K2~4-10-") and its bibasic salts are strongly 
hydrolyzed. In order to limit the hydrolysis to about 
10% or less, we prepared samples containing an excess 
of about 1 mole NaOH per liter. To that purpose 0.03 
mole of Fe(CO)s were shaken for 4 hr with 50 ml 
0.6M barium hydroxide and 25 ml 6.0M NaOH. The 
solution of barium hydroxide was prepared at 50°C 
and cooled to room temperature before the addition of 
the iron pentacarbonyl. The filtered solutions were pale 
yellow and contained 0.38 mole per liter of NazFe(CO),; 
they were found to be much less photosensitive than the 
solutions of the monobasic salt. 


Spectroscopic Technique 


The photosensitivity of the three investigated species 
of sodium salts of metal carbonyl hydrides in aqueous 
solution prevented the excitation of the Raman spectra 
in the conventional way through mercury radiations of 
4358 A, or even 5461 A. We found, however, that 
spectra of good quality could be obtained in the red 
region of the spectrum by excitation with He 5875.6 
and 6678.1 A. In order to avoid the incidence of radia- 
tions of shorter wavelengths on the samples, filters 
possessing a sharp spectral cutoff had to be used. 

The technique of exitation of Raman spectra in the 
red and near infrared region has been described pre- 
viously by one of us’ and details can be omitted here. 

The Raman spectrograph was provided with a Bausch 
& Lomb 600 grooves/mm plane grating blazed in the 
first order for 7500 A. The spectra were photographically 
recorded with cameras having apertures 1:1.9 and 
1:2.8 corresponding to reciprocal dispersions of about 


6H. W. Sternberg, R. Markby, and I. Wender, J. Am. Chem. 
Soc. 79, 6116 (1957). 


7H. Stsmmreich, Spectrochim. Acta 8, 41 (1956). 
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110 and 70 A/mm, respectively. Dispersions of this 
order proved to be quite sufficient for the present work. 
It must be considered that the dispersion in frequency 
units in the 7500-A region increases by a factor of 
nearly 3 as compared with the spectral range in which 
Raman spectra are usually obtained. 

The Raman spectra excited by He 5875.6 A were 
photographed on Kodak spectroscopic plates of the 
types 103 aC, 103 aE, and 103 aF, those excited by 
He 6678.1 A on plates 103 aF, 103 U, and IN, the last 
type being hypersensitized before use. Making use of 
the highest aperture camera we recorded the spectra 
excited by He 5875.6 A with exposures ranging from 5 
to about 80 min. Longer exposures were necessary for 
the spectra excited by He 6678.1 A and particularly for 
those photographed on IN plates. 

Our excitation unit consists of a helium discharge 
tube helicoidally wound around the Raman tube. 
The direction of incidence of the exciting radiation is, 
therefore, not sufficiently defined to carry out correct 
quantitative measurements of the state of polarization 
of the Raman shifts and to distinguish weakly polarized 
from depolarized lines. The arrangement enables us, 
however, to identify with certainty depolarization 
factors <0.5 or 0.4; such strongly polarized shifts are 
indicated in the following by P. Consequently, the 
Raman lines without indication may be depolarized or 
weakly polarized. 


THE RAMAN SPECTRA 


About one hundred spectra of the three molecular 
species studied in this work were recorded; the fre- 
quencies, estimated intensities, and further character- 
istics of the observed shifts are the following: 

NaCo(CO),: 90 (30) 6; 439 (15) P; 532 (8); 619 
(2.5); 715 (4); 1883 (2); 1918 (10). 

The strong Raman line 1918 cm™ is probably weakly 
polarized; a definite result could not be obtained due to 
the experimental difficulties mentioned in the fore- 
going. 

NazFe(CO).4: 85-100 (50) vb; 464 (20) P; 550 (6); 
644 (4); 785 (1) b, d; 1788 (10) ob. 

The weak Raman line 785 cm, marked d, was 
observed only in overexposed spectra and must be 
regarded as questionable. In such prolonged exposures 
appears the emission spectrum of the He: molecule 
with band systems interfering with the observation of 
weak Raman shifts in this spectral range. Comparative 
measurements of intensities indicated, however, that 
the 785-cm~ shift is probably genuine. 

The strong Raman line found at 1788 cm™ is very 
broad; with increasing exposure it enlarges asym- 
metrically, and its center is shifted by about 7 cm! 
toward lower wave numbers, thus indicating the 
presence of two components, a stronger one at about 
1790 cm™ and a weaker one at perhaps 1783 cm. 
Our attempts at resolving this shift clearly into two 
components were not successful. 
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NaHFe(CO),: 80-95 (50) 0b; 451 (20) P; 518 (3); 
539 (6); 598 (2) sh; 610 (5); 708 (0) d; 780 (0) b, d; 
1768 (3); 1835 (10) P; 1895 (10). 

The Raman line 598 cm™ appears as a shoulder in- 
completely resolved from the main shift 610 cm. 
The genuineness of the faint lines 708 and 780 cm is 
questionable due to the same circumstances that 
difficulted the observation of the Raman band 785 
cm~! of NasFe(CO)«. 


ASSIGNMENT OF FREQUENCIES OF THE 
E TETRAHEDRAL IONS 


It will be seen that the Raman spectra of NaCo(CO), 
and Na2Fe(CO), are fully consistent with those which 
would be expected regular tetrahedral A(BC), mole- 
cules. Hence, the observed frequencies have to be 
attributed to the isolated ions Co(CO); and 
Fe(CO),-, respectively, and will be assigned under the 
point group 74. 

The nine fundamental modes of vibration of such 
molecules belong to the species A; (2), E (2), Fe (4) 
and F, (1). All of them, except the F; species, are 
Raman active whereas only the F, modes are allowed 
in absorption. The approximate forms of the normal 
vibrations are shown by Crawford and Cross.* How- 
ever, their numbering of the fundamentals differs 
slightly from ours in the present work, which is the 
same as that used by Jones’ and by Murata and one 
of us.” These papers refer to the vibrational spectrum 
of nickel carbonyl. 

The fundamental modes may be described as C—O 
stretching vibrations (1 Ai; 1 F2) expected to be found 
around 2000 cm™, as M-(CO) stretching modes 
(1 A; 1 F,) and M-C-O bending modes (1 E; 1 F:; 
1 F,) to be observed in the middle-frequency region 
extending from about 400 cm~ to perhaps as high as 
785 cm='!, and as (CO)—M-(CO) bending motions 
(1 £; 1 F2) with frequencies around 100 cm“ or lower. 
needless to say, such descriptions (in which the group 
(CO). is considered as a rigid unit) must be regarded 

,as being only roughly approximate. Especially in the 
middle-frequency region different vibrational motions 
are expected to couple. 

Before discussing in detail the assignment of the 
observed frequencies to the fundamental modes of 
vibration of the two investigated species of tetra- 
hedral metal carbonylate ions, we must point out that 
the Raman spectra of Co(CO),« were of exceptionally 
good quality, all shifts being of high or at least reason- 
able intensity. Even strongly overexposed spectra 
were obtained without any interfering background, and 
no additional Raman lines were found in such pro- 
longed exposures. Since the number of the observed 
shifts is fully consistent with the theoretical expectancy, 


8 B. L. Crawford and P. C. Cross, J. Chem. Phys. 6, 525 (1938). 
®L. H. Jones, J. Chem. Phys. 28, 1215 (1958). 
10H. Murata and K. Kawai, J. Chem. Phys. 26, 1355 (1957). 


we feel justified in assigning all observed frequencies to 
fundamental modes. 


C—O Stretching Vibrations 


Friedel ef al.1 found in the ir spectrum of the 
Co(CO), ion a strong absorption band at 1883 cm7 
in exact agreement with our Raman shift. Thus this 
frequency is readily assigned to the F2 mode v5, whereas 
1918 cm™ must be attributed to the symmetric C-O 
stretching vibration 1. As mentioned in the foregoing, 
we did not succeed in resolving the broad band 1788 
cm in the spectrum of the Fe(CO),? ion into two 
components, but we obtained indications of a separa- 
tion of the symmetric and antisymmetric C—O stretch- 
ing modes by about 7 cm™. 


(CO)—M—(CO) Bending Vibrations 


In the low-frequency region two modes, ~ and », 
belonging to species E and F2, respectively, are ex- 
pected. In the spectra of both ions only one large band 
was observed whose frequency had to be assigned 
to the two species. An identical situation was found in 
the Raman spectrum of nickel carbonyl by Duncan 
and Murray" and Crawford and Horwitz.” 


M—(CO) Stretching and M—C—O Bending 
Vibrations 


The very intense and strongly polarized Raman 
shifts 439 and 464 cm™ of Co(CO)s and Fe(CO),, 
respectively, are immediately assigned to the sym- 
metric metal-carbon stretching mode v2(A1). 

The ir absorption band 555 cm™ observed by Friedel 
et al.' in the spectrum of (Co Pyre)?+(Co(CO)«-)s, 
attributed to the Co(CO)¢ anion, differs appreciably 
from our Raman shift 532 cm™. Nevertheless, in the 
absence of another coincidence we must assign this 
Raman line to an F: mode. Since further ir data on the 
two ions are not available we depend on other evi- 
dence for the assignment of the remaining funda- 
mentals in the middle-frequency region. 

The results of a normal coordinate treatment of the 
vibrational spectrum of Ni(CO),4, recently carried out 
by Murata and Kawai! under the assumption of a 
Urey-Bradley force field, show that one should expect 
to find v3(E) >v6( F2) >v7(F2). We arrived at the same 
conclusion through a normal coordinate analysis, to be 
discussed in the following, which is based on a valence 
force model. It will be shown, also, that a reasonable 
correlation between the spectra of the ions Fe(CO)?- 
and HFe(CO),~ can be established when the foregoing 
order is assumed. Furthermore, a comparative study 
of all available Raman data on metal carbonyl com- 
pounds leads to the purely qualitative conclusion that 


11 A, B. F. Duncan and J. W. Murray, J. Chem. Phys. 2, 636 
(1934). 

2B. L. Crawford and W. Horwitz, J. Chem. Phys. 16, 147 
(1948). 
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TaBLE I. Raman spectra of metal carbonylate ions, assignments of frequencies, and tentative scheme of correlation. 








Point group 74 
Species Co(CO).- 


Point group C3» 
HFe(CO),- 


Approximate description 


of modes Fe(CO)2- Species 





Y¥C-O Ay 
¥M~(CO) A; 439 
5m-c-o E 715 
5(co)-M-(CO) E 90 


1883 


1918 1788 1895 
464 451 Aj 
785 780 or 708 E 


85-100 80-95 E 


¥C-O F, 1788 1835 A; 


dm-c-o F; 
¥M—(CO) F; 
5(co)-mM-(Co) F; 
5m-c-o PF, 


H || to C; axis 
H 1 to C; axis 


1768 E 


610 A; 
598 E 


539 A, 
518 E 


80-95 A, 
80-95 E 8. 
t.a. Ae 9, 
708 or 780? E 9 
See discussion A 10 
See discussion E 11 


O14 


550 








the shifts corresponding to M-(CO) stretching motions 
appear with higher intensities and at lower frequencies 
than those of the M—C-O bending modes. 

With these indications pointing to identical con- 
clusions we assign the frequencies 715 and 785 cm of 
Co(CO)«¢ and Fe(CO),?-, respectively, to the bending 


mode »3(£), 619 and 644 cm~ to the bending mode 
ve(F2) and 532 and 550 cm~ to the stretching mode 
vi( Fe). 

The resulting vibrational assignments for Co(CO) - 
and Fe(CO)- are shown in the first columns of 
Table I. 


STRUCTURE AND FREQUENCY ASSIGNMENT OF 
HFe(CO,)- 

The HFe(CO), ion is isoelectronic with cobalt 
hydrocarbonyl. Sternberg ef al.," Friedel e al.,! and 
Edgell et al.'* have reported ir absorption measure- 
ments on the latter compound and have found the 
spectrum to be consistent with a C3, structure of the 
molecule. Edgell e¢ a/.* and Edgell and Gallup" pro- 
posed a particular “bridge model” of C3, symmetry 
for cobalt hydrocarbony] in which the hydrogen atom is 
located symmetrically between three CO groups at a 
distance of about 2.0 A from the cobalt atom. Bonding 
is primarily to the CO groups and to a lesser extent 
only to the cobalt atom. Cotton,'* however, considers 
the contribution of the Co-H overlap to the bonding of 
the hydrogen atom as being quite important and 
arrives at a probable Co-H distance of about 1.2 A. 
It thus appears to be justified to consider the proton, 

13H. W. Sternberg, I. Wender, R. A. Friedel, and M. Orchin, 


J. Am. Chem. Soc. 75, 2717 (1953). 
14 W. F. Edgell, Ch. Magee, and G. Gallup, J. Am. Chem. Soc. 
78, 4185 (1956). 
nt = F. Edgell and G. Gallup, J. Am. Chem. Soc. 78, 4188 
1956). 
16 F, A. Cotton, J. Am. Chem. Soc. 80, 4425 (1958). 


as proposed by Cotton and Wilkinson,” as being buried 
in the electron density of the metal atom. This picture 
is rather close to the conception of a “‘pseudo-nickel”’ 
atom, CoH, previously advanced by Hieber. 

An uncommon type of bonding of the hydrogen to the 
metal carbonyl skeleton is suggested, also, by the 
results of NMR measurements on HCo(CO),,” 
H.2Fe(CO).,!”7 and HMn(CO);,” showing much larger 
negative proton resonance shifts as found when hydro- 
gen is bound in the ordinary way to oxygen or carbon 
atoms. 

However, the ir absorption spectra of HCo(CO), 
mentioned in the foregoing offer no conclusive evidence 
for the C3, structure of the molecule. The transition 
from Tz to C3, symmetry, brought up by the hydrogen 
atom, is expected to cause a splitting of the triply 
degenerate vibrations of the regular tetrahedron into 
two modes belonging to species A; (or Az) and E£, 
respectively. All fundamentals of the C3, model are 
active in Raman and in the ir, except one Az mode 
which is forbidden in both. The ir spectrum of cobalt 
carbonyl hydride indicates that the selection rules of 
the C3, point group are indeed operative, however, the 
expected splitting was observed only for the antisym- 
metric C—O stretching vibration, but not for the two 
F; modes of the middle-frequency region. Edgell and 
co-workers" believe that the slight perturbation of the 
tetrahedral skeleton, produced by the hydrogen atom, 
is just sufficient to make the selection rules of the C3, 
point group operative, but not large enough to cause 
an observable splitting of the F modes of lower fre- 


17 F, A. Cotton and G. Wilkinson, Chem. & Ind. (London) 
1956, 1305. 

18 W. Hieber, Chemie Die 55, 24 (1942). 

19H. S. Gutowsky, quoted in references 1 and 14. 


20 F. A. Cotton, J. L. Down, and G. Wilkinson, J. Chem. Soc. 
1959, 833. 
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quency into A and E species. That would mean that 
the intrinsically degenerated modes of the Tz model 
become in part accidentally degenerated ones in the 
C3, model. Hence, the spectroscopic evidence for the 
C3, structure of HCo(CO), rests essentially on the 
assignment of the C—O stretching modes. The spectrum 
observed in the 2000-cm- region is certainly not in- 
consistent with the given assignment but cannot be 
said to require it, owing to the presence of numerous 
further bands in this range. 

Therefore, it is particularly interesting that the 
splitting pattern, expected for the transition from Ta 
to C3, symmetry, becomes clearly evident in the 
Raman spectrum of HFe(CO),, not only in the high- 
but also in the middle-frequency region. The observed 
splittings have to be interpreted as the result of a 
considerable disturbance of the tetrahedral symmetry 
of the Fe(CO), skeleton. The correlation between the 
spectra of the ions belonging to the Tz point group and 
of HFe(CO)s, assigned under C3, symmetry, is 
shown in Table I. The components belonging to 
species A and E originating from the triply degenerate 
species of the undisturbed tetrahedron are indicated by 
subscripts a and e, respectively. The observed fre- 
quencies have been assigned to these components under 
the criterion that the A; modes appear usually with 
higher intensities in Raman spectra than the E modes. 
Also in relation to some other details the correlation 
scheme of Table I must be regarded as tentative. 

In the high-frequency region we found three Raman 
shifts, one of them (1835 cm™), being strongly polar- 
ized. This frequency has been assigned to the A; mode 
Ysa; the assignment to » would be possible too. The 
shift of lowest intensity has been attributed to the E 
mode 5. according to the foregoing criterion. 

In the middle-frequency region we have two pairs 
of Raman lines, namely 610/598 and 539/519 cm7, 
which are readily assigned to the A; and E modes 
produced by the splitting of the F2 species vg and », 
respectively. The strongly polarized and very intense 
Raman shift 451 cm corresponds without doubt to the 
symmetric M-(CO) stretching mode that was ob- 
served in the spectra of the undisturbed tetrahedral 
species Co(CO),- and Fe(CO),?- at 439 and 464 cm“, 
respectively. There remain the weak Raman lines 780 
and 708 cm~ whose genuineness is not absolutely 
certain. They have been assigned in a purely tentative 
way to the E modes v; and v9. The latter is expected to 
arise from the splitting of the inactive species F; into 
an A: and an E mode, the Az species being inactive 
both in Raman and in the ir. 

In addition to the vibrational modes of the disturbed 
tetrahedral carbonyl skeleton we have to expect in the 
spectra of HCo(CO), and HFe(CO)«, assuming a 
Cz» symmetry, two more fundamentals which may be 
described, in zero approximation, as motions of the 
hydrogen atom parallel and perpendicular to the 
principal axis. They belong to species Ai (vo) and 
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E (vy), respectively. Since the bonding of the H atom 
to the skeleton is certainly of an unusual kind, the 
frequencies of such vibrations cannot be foreseen. In 
the foregoing assignment we attributed all observed 
Raman shifts of HFe(CO),- to the fundamental modes 
of the Fe(CO), skeleton, the number of them being 
exactly that which must be expected for a disturbed 
tetrahedron with C3, symmetry. Now, we shall discuss 
briefly an alternative assignment of one or two of the 
observed frequencies to motions involving the hydrogen 
atom. 

The most reliable evidence of a hydrogen stretching 
vibration in metal hydrocarbonyls has been recently 
obtained from the ir spectra of HMn(CO), and 
DMn(CO),; as reported by Wilson," Cotton e al.,” 
and by Edgell and co-workers,” whose measurements 
are in excellent agreement. The value of the hydrogen 
stretching frequency in HMn(CO)s was found to be 
1782 cm. 

Earlier, Edgell e al. had assigned a strong absorp- 
tion band of HCo(CO)4, observed at 703 cm™, to a 
hydrogen stretching mode, arguing that no skeletal 
vibration of so high a frequency (except the C-O 
stretching modes) can be expected. In our opinion, the 
weight of this argument is impaired by the fact that we 
found in the spectra of Co(CO)¢, Fe(CO),-, and 
Fe(CO);* Raman lines at 715, 785, and 753 cm-, 
respectively, which must be attributed to fundamental 
skeletal vibrations. 

Taking into account the foregoing observations on 
related metal hydrocarbonyl compounds, we cannot 
exclude the possibility that one of the high-frequency 
shifts, observed in the HFe(CO),- spectrum, or one of 
the weak lines in the 700- to 800-cm™ region belongs 
to the »o or v, mode. The latter hypothesis is con- 
sistent with the results of a normal coordinate analysis, 
referring to the tetrahedral ions, which will be dis- 
cussed later. We calculated the frequencies of the in- 
active F, species of Co(CO),- and Fe(CO),- to be 
489 and 459 cm™', respectively. Since the » mode of 
HFe(CO), has its origin in the F; species of the 
undisurbed skeleton one should expect for this funda- 
mental a frequency considerably lower than 708 or 
780 cm~. The Raman spectrum of the isotopic species 
NaDFe(CO), in a heavy water solution should be 
helpful in order to reach an unambiguous decision of 
the question. 


POTENTIAL FUNCTION AND FORCE CONSTANTS OF 
Co(CO),- AND Fe(CO),?- 


A normal coordinate analysis of the tetrahedral ions 
Co(CO)« and Fe(CO),- was carried out making use 
of Wilson’s FG matrix method. It was less our aim to 
reproduce the observed frequencies with the highest 

21 W. Wilson, Z. Naturforsch. 13b, 349 (1958). 

2W. F. Edgell, G. Asato, W. Wilson, and C. Angell, J. Am. 
Chem. Soc. 81, 2022 (1959). 


23H. Stammreich, O. Sala, and Y. Tavares, J. Chem. Phys. 30, 
856 (1959). 





RAMAN SPECTRA OF METAL CARBONYL COMPOUNDS. II 


possible accuracy than to introduce a simple but 
adequate force field in order to obtain the values of the 
more significant potential constants which could be 
compared with the corresponding force constants of 
related molecules. Furthermore, the results of the 
analysis have to be regarded as a test of the reasonable- 
ness of our frequency assignment. 

Similar treatments for nickel carbonyl have been 
recently reported by Murata and Kawai and by 
Jones.® The former authors have made use of a Urey- 
Bradley force field model whereas Jones assumed as a 
starting point a most general quadratic valence force 
potential function, resorting subsequently to the 
assumption of certain values for many of the involved 
constants. Jones has pointed out that for the treatment 
of metal carbonyl compounds the valence force model 
seems to be more promising than the Urey-Bradley 
field, since the latter model neglects resonance inter- 
actions which are probably quite important in these 
molecules; particularly, it is to be expected that a 
significant C—O stretching interaction will arise from 
the change of the structure of this bond during dis- 
tortion. 

In agreement with Jones’s point of view, we used in 
the present analysis the following simplified quadratic 
valence force potential function: 


2V= Li fe-o (AR;)?-+fa—c (Ari)*] 


+ > fic—-u—o) (rAai;)? 


i<j=l 


+> > fox-e-o (rR) Sra} 


4 
+2 ds (c-0)(c-0)(AR;) (ARj) 


4 2 
+220 DO fon-c-orarc-ool (rR) Amar] (rR) 1x]. 
i<j=i U,kma 

Here R and rf are, respectively, the equilibrium values 
of the C-O and M-C bond lengths; the other symbols 
in the foregoing expressions correspond to those used 
by Murata and Kawai” in the setting up of the internal 
coordinates. It is seen that only two cross terms, 


TABLE II. Valence force constants of tetrahedral metal 
carbonylate ions. 





Co(CO).- Fe(CO)2- 
Force constant md/A md/A 





Sco) 

Sos-c) 

Sou-c-o) 
(C-M-C) 

Sic-o(c-0) 
(M-C-0)(M-C-0) 


eSoPeyry 
Ke Saas 
esse:> 
SESESS 
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TABLE III. Observed and calculated frequencies of 
tetrahedral ions. 





Co (CO) : 
obs 


Fe(CO)2- 
obs calc 


2. 


calc 





1918 1788 1792 
444 


464 468 

712 785 772 
88 85-100 88 
1885 1788 1785 
619 626 644 648 
532 523 550 537 
90 93 85-100 93 
i.a. 489 i.a. 459 


439 


90 
1883 


CONIA WN 





referring to C-O stretching and M-C-O bending 
interactions, have been considered, the different inter- 
actions of the latter kind were assumed to be equal. 

For the calculation of valence force constants we 
used the G matrix elements given by the forenamed 
authors; the M-C and C-O equilibrium distances 
which are 1.83 and 1.15 A, respectively, in Ni(CO). 
were assumed to be 1.82 and 1.18 A in the Co(CO),- 
ion and 1.82 and 1.19 A in the Fe(CO),- ion. These 
values of the bond lengths were estimated from the 
alternation of the frequencies of the corresponding 
totally symmetric stretching modes in going from 
Ni(CO),4 by Co(CO)s- to Fe(CO)?-. It must be 
pointed out, however, that the numerical values of the 
valence force constants, as given in Table II, are but 
little affected by small changes of the assumed bond 
distances. 

By using the potential constants given in Table II 
we calculated the frequencies of the normal modes of 
the two ions, including the inactive F; species. The 
results as compared with the observed values are shown 
in Table ITI. 

From the satisfactory agreement between observed 
and calculated values one may conclude that the 
simplified force field, as assumed in our treatment, 
describes in a good approximation the vibrational 
properties of the two tetrahedral metal carbonylate 
ions. The results of the present work suggested also the 
convenience of a reexamination of the Raman spectrum 
of nickel tetracarbonyl and of the vibrational analytical 
data on this molecule as reported in previous publica- 
tions. This work will be described in a subsequent 
paper, together with a comparative study of spectral 
data, force constants, and bond properties of the three 
isoelectronic species. 
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A simple valence bond calculation indicates that if the dimesitylmethy] radical were planar large unpaired 
spin densities would appear on the ring methyl groups giving a spectrum about 130 gauss wide. A perturba- 
tion calculation, assuming that the molecule is very twisted, gives spin densities p:= 1.000, p2= —0.069, 
ps=0.054, ps= —0.040, p;=0.043 on the carbon atoms, numbered from the center outwards. 





INTRODUCTION 


OW that something is known about the negative 
spin densities'* and the hyperconjugation be- 
tween methyl groups and the odd electron in aromatic 
radicals,** it is interesting to see whether these ideas 
can explain the complex electron resonance spectrum 
of dimesitylmethyl!: 


CH; CH; CH; 


° —VAY/4 


CH; 


~\ yi 
a ONG ats 
CH; CH CH; 
1 


Jarrett and Sloan’s spectrum has over 60 closely spaced 
lines, with a total width of 51 gauss, which fall into two 
main groups 24 gauss apart. The large number of lines 
makes it certain that methyl protons interact with the 
odd electron, and the 24 gauss splitting is attributed to 
the central proton. According to current theoretical 
ideas the hyperfine splittings az are connected with the 
m electron spin densities p on the ring carbon atoms by 
the equation 


au=Qp, (1) 
with Q=—23 gauss for ring protons’ and Q=+25 





| (1802-25) 


(76x+10y—10E) 


(76x+10y—10£) 


(128x+24y—22E) 


for freely rotating methyl ones.‘ We therefore estimate 
that pi=1 at the center, and p~0.05 on the ring car- 
bons. Triphenylmethyl, which has a similar ring ar- 
rangement, has much larger unpaired spin densities on 
the rings and a smaller one at the center.’ The spectrum 
therefore suggests that the ortho methyl groups prevent 
the dimesitylmethyl radical from lying in one plane, 
and reduce the delocalization of the unpaired spin. 


CONVENTIONAL VALENCE BOND CALCULATION 


We calculated the spin density first by conventional 
valence bond methods, neglecting any effect the methyl 
groups or the twisting might have on the z= electrons. 
We used nearest neighbor exchange integrals only, and 
neglected all but the Kekulé structures. These are 
gir ** 4; Oy* + +04; and x1°**xs; where the unpaired elec- 
tron is, respectively, on the central, para, or ortho 
positions. The ground state wave function is then of 
the form 


W=ab+b0+cX, (2) 
where ®, 6, X are the normalized sums of the @¢’s, 
6’s, and x’s. After taking J for the exchange integral 
between ring carbon atoms, K for that between the rings 
and the center, and Q for the Coulomb integral, one 
obtains by standard methods® the secular determinant 


(180x-+25y— 25) | 


(170x+30y—25£E) |=0. 


(180x+25y—25E) (170x+30y—25E) (390x+75y—624£) 


Here E=W—Q+6J+K, x=$J, and y=3K. 
In a planar molecule with J=K the ground state 


* Harkness Fellow of the Commonwealth Fund, 1959-1961. 

+ Contribution No. 2534. 

1H. M. McConnell and D. B. Chesnut, J. Chem. Phys. 27, 984 
(1957); P. Brovetto and S. Ferroni, Nuovo cimento 5, 142 (1957). 

2H. M. McConnell and H. H. Dearman, J. Chem. Phys. 28, 51 
(1958). 

*R. Bersohn, J. Chem. Phys. 24, 1066 (1956). 

*A. D. McLachlan, Mol. Phys. 1, 233 (1958). 

5H. S. Jarrett and G. J. Sloan, J. Chem. Phys. 22, 1783 (1954). 

6H. M. McConnell and D. B. Chesnut, J. Chem. Phys. 28, 107 
(1958). 





calculated from (3) is 
W=0.4116+0.2656+0.489X ; E=11.641J, (4) 


which leads to spin densities of pi=+.605 (center), 
po= —0.263, ps=+0.243 (ortho), ps=—O0.128 (meta), 
and ps=+0.230 (para). These are clearly too large on 
the ring, so that we must allow for some twisting 

7F. C. Adam and S. I. Weissman, J. Am. Chem. Soc. 80, 2057 
(1958). 


* H. Eyring, J. Walter, and G. E. Kimball, Quantum Chemistry 
(John Wiley & Sons, Inc., New York, 1944), p. 232. 
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and set KXJ. Serious difficulties now arise, for as 
K—0 the ground state given by (3) tends, not to 9, 
which is the correct limit for three separated systems, 
but to W’=0.9746+0.1226—0.049X! The anomaly 
comes because the canonical structures ¢, 0, x are not a 
complete set, and are only appropriate when J~K. 
In particular the @’s contain components corresponding 
to Dewar structures of the mesitylene rings, which com- 
bine with the @’s even if K vanishes. 


LIMIT OF WEAK COUPLING 


Instead we use an entirely different approach, build- 
ing up the ground state of the radical from states of 
three fragments—two benzene rings (mesitylene) 
A, B and an isolated carbon atom C—and treating the 
exchange integral K as a small perturbation. A doublet 
state of ABC can be broken down into combinations 
of the following states: 


(i) Ca: AB singlet, 
(ii) Ca- AB triplet, S,=0, 
(iii) CB- AB triplet, S,=1. (5) 


In the allyl radical, for example, the two canonical 
structures with S= S,=} are 


vi=a=b—c | = (1/V2) (aBa—Bae), 


v2= | a—b=c= (1/V2) (aaf— ofa), (6) 


while the structures (5) for the separated systems ab 
and ¢ are 


Vi=a=b-c T = (1/V2) (aBa— Bax) 
V2=a—b-cT = (1/N2) (Bat Baa) 
Va= Paxbt -c| =aaf. (7) 


We see that yWi=V;, and ye=4(Vi+V2)—1/V2V3. 
An extension of this argument shows that unpaired 
spin density on the benzene rings A, B comes from 
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states like [5(ii)] in which one ring is excited to a 
triplet state. For small values of K one may treat each 
ring separately, and use perturbation theory, taking 
the perturbation energy to be 


H’=—}3K.(1+01-02). (8) 


The spin density p, at any atom on the ring is then 
found to be 





_ <x 0| Koa| n)(n lew |0) 
ca E,— Eo 


We evaluated this expression taking Y to be the exact 
valence bond ground singlet state of benzene, including 
the Dewar structures, and y, to be the nine excited trip- 
lets. They have been calculated by Hiickel,® or can be 
found by writing down canonical structures and matrix 
elements according to rules similar to those which apply 
to singlet states. The spin densities are —0.504-K/J, 
+0.388-K/J, —0.292-K/J, and +0.312-K/J, at 
positions 2, 3, 4, 5. To fit the observed width of the 
electron resonance spectrum one must set K/J=0.137, 
so that the spin densities and splitting constants are 
found to be 


pi= 1.000 (24 gauss) 
p2= —0.069 


(9) 


p3=0.054 (1.3 gauss) 
ps= —0.040 (1.0 gauss) 
ps=0.043 (1.1 gauss). 


These values seem to account roughly for the ob- 
served spectrum, whose details will vary considerably 
with the precise ratio of ps: ps: ps. Our calculations in- 
dicate that this radical is twisted out of plane, and if 
one assumes that K=J cos’a, the angle of twist a 
should be about 60-70°. 

We thank Professor H. C. Longuet-Higgins and Dr. 
L. E. Orgel for helping to show why the conventional 
valence bond theory breaks down. 


®E. Hiickel, Z. Physik 70, 204-86 (1931). 
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Two variational principles for the chemical equilibrium of a gaseous mixture are formulated. These pro- 
vide a means for calculating upper and lower bounds to the energy of the equilibrium mixture. 





INTRODUCTION 


N a recent paper,' a dual problem for a class of non- 
linear programing problems was formulated and a 
duality theorem relating the problem and its dual was 
proved. In the following note this theorem will be 
employed to construct from a previously known prin- 
ciple a new variational principle for the chemical 
equilibrium of a gaseous mixture. The two principles 
may then be coupled to produce a computational 
method of solution. Moreover, they provide upper and 
lower bounds to the Gibbs free energy of the equilibrium 
mixture. 


FIRST VARIATIONAL PRINCIPLE: 
MINIMUM FREE ENERGY 


Consider the problem of determining the equilibrium 
configuration of a mixture of gases under conditions of 
constant pressure and temperature. It will be assumed 
that the gases obey the ideal gas law for all values which 
the variables may take on in the process. The Gibbs 
free energy function F, is defined by F=H—-TS 
where H is the enthalpy, T the temperature and S 
the entropy. 

Under conditions of constant pressure and tempera- 
ture, the total Gibbs free energy of the system is a 
minimum at equilibrium.” 

The differential of F;, the Gibbs free energy per mole 
of the jth gas, is given by 


dF;=RT(dP;/ Pj) 


where P; is the partial pressure of the jth gas and R 
is the universal gas constant. 
After integration this becomes 


F;/RT= logP;+(F9/RT) 


where F;°® is the Gibbs function per mole of the jth 
gas at a temperature T and 1 atm of pressure. 
From Dalton’s law of partial pressures 


P3=(xj/QUx:) P 


where x; is the number of moles of the jth gas in the 
mixture. Thus, the total free energy of the system in 


1W. S. Dorn, AEC Report NYO-2878 (August, 1959). 

2See, for example, Mark W. Zemansky, Heat and Thermo- 
dynamics (McGraw-Hill Book Company, Inc., New York, 1951), 
pp. 388-390. 


dimensionless form is 
P/RT= Qo (asFs/ RT) = Desert Dons log (i/o) 
7 F i 
(1) 


(2) 


At equilibrium the Gibbs free energy F, expressed here 
as a function of the mole numbers x;, must be a mini- 
mum. The mole numbers are not arbitrary, but must be 
nonnegative and satisfy the mass balance equations. A 
set of mole numbers x; will be called allowable if they 
satisfy these requirements. 

The following variational principle for the equilib- 
rium problem posed in the first paragraph of this sec- 
tion may be stated: Of all allowable mole numbers x;, 
those which minimize the total Gibbs free energy of the 
system (1), correspond to the equilibrium mole numbers. 

If there are m gases involving m elements in the mix- 
ture, this may be phrased: 


where 
cj=(F/°/RT) + logP. 


Minimize 


doeaj+ oxi log (x;/x*) 
j=1 j= 


(3) 


(4) 
xj20 (S) 


Liaists=be (i=1, 2,+++, m) 


where «* is defined by 
x*= Dia (6) 
j=l 


and where the c; are given by (2), a.; represents the 
number of atoms of the ith element in a molecule of 
the jth gas, 6; is the number of moles of the ith element 
in the total mixture and x; is the number of moles of 
the jth gas. 

This formulation was made previously by Dantzig 
et al.*4 where the functional (3) was shown to be con- 
vex. Two methods of solution may be found in these 


3G. Dantzig, S. Johnson, and W. White, Measurement Sci. 
5, 38 (1958). 

4G. Dantzig, S. Johnson, and W. White, J. Chem. Phys. 28, 
751 (1958). 


1490 





VARIATIONAL PRINCIPLES FOR 


references. Other methods of solution of the general 
convex programing problem have also been proposed.** 


SECOND VARIATIONAL PRINCIPLE: 
MAXIMUM ENERGY CONTRIBUTION 


The dual programing problem to the one phrased in 
(3)-(6) may be written: 


Maximize )0b.u; (7) 
i=1 


subject to 


Laimis log (x;/x*) +6; (j= 1, 2,°¢°, n) (8) 
and the duality theorem! insures the existence of a 
solution to this problem. 

This implies that there is an energy associated with 
each element. The variable u,; represents this energy (in 
dimensionless form) and is the energy contributed by 
the ith element to the reaction. A set of energies 
u;(i=1, 2,-++, m) will be called admissible if the total 
energy contribution of all of the atoms in a molecule to 
that molecule does not exceed the Gibbs free energy 
of the molecule, i.e., the inequalities (8) are satisfied. 

The dual problem then gives rise to the following 
variational principle: 

Of all admissible energies u;, those which maximize 
the total energy contribution of all of the atoms in the 
system correspond to the equilibrium energies. 

The duality theorem also requires that at equilibrium 
the total energy contribution of all of the elements be 
equal to the total Gibbs free energy of all of the gases. 
That is to say, for the equilibrium values of x; and u,; 


Lam Deart D log (x;/x*). 


71 


(9) 


COMPUTATIONAL METHOD 


The two variational principles give rise to a method 
for computing the equilibrium mole numbers. Notice 
first that by virtue of (4) 


Dalert log (x;/x*) — Dai iJ 


i=1 


= Safest log(xs/x*) ]— bus 
= i=1 


From (9), however, the right-hand member vanishes 
for the equilibrium values of x; and u;. Now (6) and 
(8) require that each term in the summation over j 
in the left-hand member be nonnegative. Since the sum 


5E, M. L. Beale, J. Roy. Stat. Soc. 17B, 173 (1955). 
* A. Charnes and C. E. Lemke, Am. Math. Soc. Meeting, 1958. 
iJ: E. Kelley, RAND Symposium Math. Programing, 1959. 
yar Rosen, Shell Doveloninent Report P-749., 
A. D’Esopo, Naval Research Log. Quart. 6, 33 (1959). 


CHEMICAL EQUILIBRIUM 


Tasxe I. 





aj 
2 
N O Xj F; 


». 





0.040668 
0.147730 
0.783153 
0.001414 
0.485247 
0.000693 
0.027399 
0.017947 
0.037314 
0.096872 


—9.785056 
—19.570111 
—34.792172 
—12.969076 
—25.937840 
—22.754224 
—28.190991 
—15.222075 
—30.444129 
—25.007108 


SCoCeONIAMPWNHe 


-_ 


a* =1.638437 
F=2;2;F j= —47.761067 





vanishes, this requires that each term in the sum 
vanish, i.e., 


wj(¢;+ log(as/x*) — Low) mC (jut, 2,-+°, m9). 


If the compounds are chosen so that x;~0 then it 
follows that 


aiui= (j=1, 2,°°°,m). 
1 


Thus the inequalities (8) may be replaced by the 
equalities (10). 

Consider now a set of u; and x; which simultaneously 
satisfy (4)-(6) and (10). It follows that 


Dbai= yp Dewan Da log (x;/x* )+ Doe 


i=1 


log (x;/x*) +c; (10) 


and (9) implies that this is an equilibrium set of energy 
values. This set of equations is, indeed, that to which 
an approximate solution is found in reference 4 by 
iteration. 

More important, however, the second variational 
principle provides a measure of the closeness of an 
approximation to the equilibrium mole numbers. From 
any set of approximate values of x; a set of energies 
u, satisfying (8) can be constructed. The value of (7) 
for these u; is then a lower bound to the Gibbs free 
energy, while the value of (3) is an upper bound. The 
best lower bound is obtained by solving the linear 
programing problem posed by (7) and (8) where the 
x; are regarded as fixed. In practice a — an bound 
is obtained by inspection. 


NUMERICAL EXAMPLE ™~ | 


‘Consider the example of reference 4, i.e., ‘the combus- 
tion of a stoichiometric mixture of hydrazine and oxygen 
at 3500°K and a pressure of 750 psi. Table I gives the 
values of c;, a;;, and b; together with the approximation 
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to the mole numbers x;, computed in reference 4, and 
the associated molal Gibbs free energy functions, F;. 
The value of F is an upper bound to the total Gibbs 
free energy of the system. 
By using equalities in (8) for 7=1, 6, 8 (correspond- 
ing to the gases H, NH, and O) the values of the con- 
tributing energies are 


m= —9.785056, 
u2= —12.969168, 
us= —15.222075, 


for the elements H, N, and O, respectively. These values 
of the u; satisfy all of the inequalities (8). Had the x; 
been exact equilibrium mole numbers, equality would 
hold in all of (8). 


W. S. DORN 


The value of F corresponding to these u; is 
—47.761355 which is a lower bound. Thus the true value 
of F at equilibrium is 


F =—47.761211+0.000144. 
REMARKS 


It should be noted that the first variational principle 
has been formulated in terms of ‘‘extensive variables,” 
the mole numbers x;. On the other hand, its dual, the 
second variational principle is cast in terms of “‘inten- 
sive variables,” i.e., the energy contributions #;, and 
the molal Gibbs free energies F;. 

Finally, it has been pointed out‘ that similar results 
are available for constant volume rather than constant 
pressure problems. In this case, however, the Helmholtz 
function A = F—PYV is a minimum at equilibrium. 
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The diffusion of Cd in pure AgBr and dilute AgBr-CdBrz solid solutions was measured by a tracer tech- 
nique using carrier-free Cd*, It was necessary to use the extremely high specific activity carrier-free isotope 
because the diffusion of Cd in AgBr depends sensitively on impurity concentration. The data support 
Lidiard’s theory for the diffusion of divalent impurities in monovalent ionic crystals. From the diffusion 
rates in the pure material, it is possible to calculate the association energy AG of Cd**+Ag vacancy com- 
plexes. The value of AG extrapolated to 0°K is estimated to be 0.21+0.04 ev. The observed concentration 
dependence of Cd diffusion in doped samples can be explained only if the mobility of complexes is assumed 
to have a strong concentration dependence. This interpretation suggests that a reappraisal of the analysis 
of previous electrical conductivity and thermoelectric power doping experiments, in which the mobility 
was assumed to be concentration independent, would be desirable. 





I. INTRODUCTION 


KNOWLEDGE of the concentration and mobility 

of point defects in ionic crystals' is essential for an 
understanding of many of their physical properties. In a 
pure crystal electrical neutrality requires that these 
imperfections occur in oppositely charged pairs; e.g., a 
positive interstitial associated with a vacancy in the 
cation sublattice (Frenkel defect), or the simultaneous 
occurrence of a vacancy on both the cation and anion 
sublattices (Shottky defect). To separate the mobilities 


* Submitted to the University of Chicago in partial fulfillment 
for the degree of Doctor of Philosophy. 

7 Present address: Engineering Research Laboratory, Engi- 
neering Department, E. I. du Pont de Nemours and Company, 
Inc., Wilmington 98, Delaware. 

t Standard Oil Company of Indiana Fellow, 1956, Shell Oil 
Company Foundation Fellow, 1957. 

1 For a thorough review of transport properties of ionic crystals, 
see A. B. Lidiard, Handbuch der Physik (Springer-Verlag, Berlin, 
1957), Vol. XX, p. 246 ff. 


of the individual imperfections, it is necessary to study 
a transport phenomenon controlled primarily by a 
known density of imperfections of one sign. Wagner? 
suggested that solid solutions of a divalent salt in a 
monovalent host might provide a suitable medium for 
such studies because each divalent ion in solution re- 
places two monovalent ions substitutionally, creating 
one lattice vacancy. 

Subsequent studies supported Wagner’s model, so 
this technique has been exploited in studies on a number 
of ionic crystals.* In the quantitative interpretation of 
doping experiments, it has been necessary to assume 
that imperfection mobilities are concentration inde- 
pendent and that the degree of association between di- 
valent impurity ions and vacancies is either negligible 
or can be derived using a highly doubtful analysis. In 


2 E. Koch and C. Wagner, Z. physik. Chem. B38, 295 (1937). 
3 See Lidiard,! p. 285 ff. 
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view of these weak assumptions, it is not surprising 
that previous workers have often arrived at contradic- 
tory conclusions. 


In a monovalent ionic lattice, a substitutional di- 
valent cation impurity and a cation vacancy have effec- 
tive charges of +1 and —1 electron units, respectively. 
When the impurity and vacancy are nearest neighbors 
they form a complex with a positive association energy 
arising primarily from their electrostatic mutual 
attraction. The vacancy in a complex is presumed to be 
so tightly bound that it is unable to contribute to the 
electrical conductivity. Although the electrostatic 
interaction is not strongly shielded at an impurity- 
vacancy distance of a few lattice spaces, it is customarily 
assumed that the motion of the vacancy is unaffected 
by the impurity when they are not nearest neighbors. 
Thus the impurities and vacancies are considered to be 
present in two forms, as complexes and as unassociated 
charges, whose relative concentrations are derived from 
a chemical equilibrium equation. 


A recent theoretical treatment by Lidiard* suggests 
that a divalent impurity ion in an ionic crystal moves 
primarily by jumping into a nearest neighbor vacancy. 
Thus the diffusion of divalent impurities should be 
proportional to the relative concentration of com- 
plexes. Because the degree of association can be varied 
by changing either the temperature or impurity concen- 
tration, the association energy and its concentration 
dependence may in principle be obtained. With a more 
complete picture of the association phenomena, the 
validity of the other assumptions involved in the dop- 
ing technique may be evaluated. 


The experiments reported here represent an effort to 
test Lidiard’s theory by a study of the diffusion of Cd 
into AgBr doped with varying amounts of CdBro. 
The choice of this system was dictated by a number of 
considerations: 


(1) Since CdBr, is soluble up to several percent in 
AgBr at elevated temperatures, a wide range of con- 
centrations can be used in the association study. 


(2) Pure AgBr has such a large concentration of 
intrinsic defects that reliable values of impurity diffu- 
sion can be obtained over a wide temperature range. 

(3) Suitable Cd isotopes are available. 


(4) Considerable information is available concerning 
the preparation of pure AgBr single crystals. 


Prior to this experiment, several properties of AgBr 
had been measured as a function of temperature. 
These measurements included specific heat,’ thermal 
expansion coefficient,® elastic constants,’ electrical 


4A. B. Lidiard, Phil. Mag. 46, 815, 1218 (1955). 

5R. W. Christy and A. W. Lawson, J. Chem. Phys. 19, 517 
(1951). 

6 W. Zieten, Z. Phys. 145, 128 (1956). 

7D. S. Tannhauser, L. J. Bruner, and A. W. Lawson, Phys. 
Rev. 102, 1275 (1956). 
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conductivity,®? diffusion coefficients of Ag" and Br,” 
dielectric constant," dielectric relaxation,“ optical 
absorption," creep,’ nuclear magnetic resonance,” sur- 
face polarization effects, thermoelectric power,” 
thermal diffusivity," electronic” and photochemical 
properties, and the effect of plastic deformation on 
electrical conductivity.* Many of these properties have 
been studied as a function of Cd+ + concentration, and 
some have been measured as a function of pressure. 
Qualitatively, the experiments agree with a model in 
which Frenkel disorder is dominant in the temperature 
range 175° to 350°C. The origin of the abnormal be- 
havior above 350°C is still in dispute. The values quoted 
for the parameters controlling the Frenkel defects vary. 
The discrepancies arise principally from theoretical 
interpretation rather than experimental uncertainty. 
In particular, the doping experiments require a knowl- 
ege of the association energy of Cd++Ag vacancy 
complexes. This energy is variously estimated as 
0.16 ev™ and 0.3 ev™ from conductivity studies. The 
association of Cd+*+ ions and Ag vacancies has also 
been observed in the study of the Br NMR line” in 
doped AgBr. 


In the ensuing sections, we will (1) give a brief de- 
scription of the association and diffusion theories, (2) 
describe diffusion experiments which establish the 
probable validity of the diffusion mechanism sug- 
gested by Lidiard, (3) derive a value for the association 
energy of Cd++Ag vacancy complexes, (4) demon- 
strate that the mobility of complexes is a function of 
Cd concentration, (5) estimate the effect of Debye- 
Hiickel interactions, (6) describe supporting experi- 
ments, and (7) discuss the modifications required by 
these results in the interpretation of previous experi- 
ments. The experimental techniques and results are 
described in Sec. II. The theoretical analysis and discus- 
sion are given in Sec. III. In Sec. IV, we discuss the 
conclusions which may be drawn from this work. 


8 J. Teltow, Ann. Phys. 5, 63 (1950). 

*S. Kurnick, J. Chem. Phys. 20, 218 (1952). 

R. J. Friauf, Phys. Rev. 105, 843 (1957). 
(19: ss) S. Miller and R. J. Maurer, J. Phys. Chem. Solids 4, 196 

2D. S. Tannhauser, J. Phys. Chem. Solids 5, 224 (1958). 

” ms Smith, G. Everett, and A. W. Lawson (private communi- 
cation). 

4 J. Teltow and G. Wilke, Naturwissenschaften 41, 423 (1954). 

1% R. Matejee, Z. Phys. 147, 593 (1957). 

16R, W. Christy, Acta Met. 2, 284 (1954). 

1 F, Reif and M. H. Cohen, Solid State Physics (Academic 
Press, Inc., New York 1957), Vol. 5, p. 422 ff. 

#8 R. J. Friauf, J. Chem. Phys. 22, 1329 (1954). 
(1984) Patrick and A. W. Lawson, J. Chem. Phys. 22, 1492 

2 R. W. Christy, E. Fukushima, and H. T. Li, J. Chem. Phys. 
30, 136 (1959). 

21T. E. Pochapsky, J. Chem. Phys. 21, 1539 (1953). 

#21. M. Shamouskii, A. A. Dunina, and M. I. Gustever, 
Soviet Phys. Doklady 1, 124 (1956). 

23 J. W. Mitchell, Chemistry of the Solid State (Academic Press, 
Inc., New York, 1955), p. 311. 

*% W. G. Johnston, Phys. Rev. 98, 1777 (1955). 

% See reference 1, p. 308. 
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Fic. 1. Diffusion profiles of Cd* and Cd™* in pure AgBr at 
240°C. 





II. EXPERIMENTAL PROCEDURES AND RESULTS 


The diffusion of Cd into AgBr was measured by ob- 
serving the penetration of radioactive Cd™ or Cd'% 
contained initially in a thin film of CdBre deposited 
on the sample surface by evaporation from an aqueous 
solution. The activity per unit distance C, found in the 
sample at a depth x below the surface plane after 
a time /, is given by” 


C=C,/(rDt)! exp(—x*/4Dt) (1) 


provided that the diffusion coefficient D is independent 
of the tracer concentration. In this case —1/4Dt is the 
slope of the straight line obtained by plotting InC vs 
x” in the usual way. 

The AgBr was prepared from reagent grade AgNO 
and HBr. Single crystals were grown from the melt 
by the Czochralski method at a rate of } to 1 in. per 
hr. For the doped samples, cp CdBre was added to the 
melt. The ingots were rough cut with a jeweler’s saw 
and machined to the form of right circular cylinders on 
a lathe using a stainless steel bit. Spectrographic analy- 
sis of the pure AgBr samples showed they contained 
about 20 ppm metallic impurities, principally Mg 
and Fe. 

Since the diffusion of Cd in AgBr is strongly concen- 
tration dependent, it is essential to use high specific 


26 W. Jost, Diffusion (Academic Press, Inc., New York, 1952), 
p. 19. 


activity isotopes. Early work using 2.3-day half-life 
Cd"® yielded unsatisfactory profiles in pure AgBr at 
temperatures below 300°C. Later, carrier-free 470-day 
half-life Cd was used. Cd™ gave completely satis- 
factory profiles in pure AgBr at temperatures as low 
as 192°C, where. the intrinsic vacancy concentration 
is 50 ppm. In Fig. 1, profiles are shown for Cd" and 
Cd™ diffusion in pure AgBr at 240°C clearly exhibiting 
the superiority of the Cd™ data. 

Before each experiment, the diffusion samples were 
annealed for from 3 to 60 hr at temperatures ranging 
from the diffusion temperature to 404°C. The diffusion 
anneals were from 50 min to one week in duration at 
temperatures ranging from 186° to 404°C. Thermal 
equilibrium was achieved in about 10 min after which 
the temperature was held constant to +}3%°C by a 
proportional controller. Although the time average 
relative temperature was obtained to +}°C, the 
absolute temperature, measured by a Pt-Pt 10% Rh 
thermocouple calibrated against the melting points of 
Pb and Sn, was known to about +}3°C corresponding 
to an uncertainty in the diffusion coefficient of +2%. 

After the diffusion anneal the samples were aligned 
on a lathe so that the active surface was parallel to the 
cross feed within 0.05°, and about a dozen slices were 
turned off, each of thickness 1 to 4 mils. The thickness 
of each slice was determined to +5% using a dial gauge 
and later checked to +1% by weighing on a micro- 
balance. The total distance removed was determined 
from the dial gauge settings and the relative weight of 
the first slice. This value checked to +1% with that 
obtained from the difference in the sample weight be- 
fore and after the experiment. The uncertainty in x? is 
therefore about +2%. The misalignment and slice 
thickness corrections amounted to less than 1%. The 
turnings were collected in 1-dram glass bottles for 
counting. 

The 0.087- and 0.35-Mev y’s of Cd™ and Cd", 
respectively, were detected by a scintillation counter 
using a Tl-activated Nal crystal shaped like a well to 
obtain approximately 4m solid angle counting. The 
activity on the slices was corrected for background and 
counting efficiency fluctuations. The scatter of the 
points on the penetration plot from the best straight 
line average +5%, allowing D to be determined to 
+3%. Part of the scatter is caused by the fact that the 
counting efficiency of the weak Cd™ y’s varied with the 
arrangement of the active turnings. When the turnings 
were distributed evenly at the bottom of their con- 
tainers the count obtained was up to 20% higher 
than when they were all in one corner. For this reason 
considerable care was exercised in reproducing the 
geometry for all slices. 

The percentage of Cd in the doped samples was 
determined by separating the Ag using controlled 
potential electrolysis” and analyzing the residual Cd 


2% J. J. Lingane, Electroanalytical Chemistry (Interscience Pub- 
lishers, Inc., New York, 1953). 
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concentration polarographically.* Typically, 250 mg 
of doped AgBr was dissolved in 125 ml of 0.1M KCN. 
During the electrolysis, the temperature was main- 
tained above 65°C to avoid anodic deposition of AgzO>. 
At the beginning of the electrolysis, the voltage of the 
cathode was held at —0.7 v with respect to a saturated 
calomel reference electrode. When the plating current 
decreased to its background value, the. cathode voltage 
was reduced first to —0.8 v and finally to —0.9. After 
23 hr the amount of Ag remaining in solution was less 
than 2 mg, which did not interfere with the subsequent 
Cd determination. Spectrographic analysis of the Ag 
deposit showed that less than 1% of the Cd had co- 
plated. 

When the electrolysis was completed, the cyanide 
was driven off by acidifying with HCl and evaporating 
to dryness. The residual salts were then dissolved in 
distilled H.O and an aliquot was polarographed. The 
Cd concentration was determined by comparing the 
wave height with that of previously run standards. 
The uncertainty of the Cd concentration was about 
+89% for sample concentrations of less than 1% and 
+5% for higher sample concentrations. 

The values for the diffusion coefficients of Cd into 
pure AgBr at various temperatures together with their 
estimated uncertainties are given in Table I. All of the 
data in Table I were measured with Cd™ except the 
339.7°C point for which Cd" was used. The measure- 
ments of the temperature and the penetration plot 
slope are the largest sources of error. The data have not 
been corrected for thermal expansion; so when neces- 
sary in the analysis to follow, this effect is included using 
the values of Zieten.6 This systematic correction 
amounts to +4% at 403°C and +2% at 300°C. Figure 
2 illustrates the temperature dependence of Cd diffu- 
sion in pure and 3.30 atomic % Cd doped AgBr. The 
activation enthalpy for diffusion is 0.55+-0.02 ev in the 
heavily doped sample and 0.95+0.02 ev in pure AgBr 
at the lower temperatures. 


TaBLE I. Diffusion coefficients of Cd in pure AgBr. 





Diffusion coefficient 


Temp 
°C cm?/sec 





3.30+0.16X10—" 
5.70+0.3X10™ 

1.20+0.06X10-” 
2.38+0.12K10-" 
6.70+0.3X10-” 

1.71+0.0810~ 
5.20+0.3X10~ 

1.06+0.05 X 10° 
1.38+0.1110* 
2.46+0.15X10-* 
3.72+0.2210-* 
7.00+0.42 10% 
1.76+0.11107 


192.4-+3°C 
204.2 
219.9 
240.4 
264.9 
290.4 
317.9 
333.7 
339.7 
360.7 
367.9 
378.6 
403.2 





% 1. M. Kolthoff and J. J. Lin 
Publishers, Inc., New York, 1952), 2nd ed. 
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Fic. 2. Diffusion of Cd in pure AgBr and in a 3.3% Cd doped 
sample. 


The doped sample diffusion data measured at atmo- 
spheric pressure are recorded in Table II. Three iso- 
thermal curves of logy D vs Cd concentration are 
plotted in Fig. 3 to illustrate the concentration de- 
pendence. The doped sample results presented here 
differ by a factor of 3 on the average from the data 
given by Schone e¢ al. They measured the diffusion 
coefficient of Cd in AgBr by placing two samples with 
different Cd concentrations face to face in a furnace. 
After the diffusion anneal, they separated and homog- 
enized the samples. They then measured the electrical 
conductivity to determine how much Cd was trans- 
ferred from the high concentration to the low concentra- 
tion sample. Because of the strong dependence of the 
Cd diffusion coefficient on concentration, the theoretical 
framework on which the analysis of the experiment is 
based is not valid. 

The technique used in the high-pressure experiments 
has been described by Nachtrieb.™ The pressure 
apparatus was heated by a snug-fitting furnace with 
warmup and cooldown times of 3 and 2 hr, respec- 
tively. Since the heating and cooling time amounted to 
from 30 to 50% of the diffusion duration, a quite large 
systematic correction is necessary, resulting in a large 
uncertainty of about +12% in the measured values of 
D. The pressure experiments were carried out early in 


wish” O. Stasiw, and J. Teltow, Z. physik. Chem. 197, 
30 N. H. Nachtrieb, J. A. Weil, E. Catalano, and A. W. Lawson, 
J. Chem. Phys. 20, 1189 (1952). 
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TABLE II. Diffusion coefficient of Cd in Cd doped AgBr. 








Cd con- 
centration Temp 


Diffusion coefficient 
atomic % x 


cm?/sec 





0.230.02 
0.23+0.02 
0.34+0.03 
0.34+0.03 
0.54+0.04 
1.26+0.06 
1.51+0.07 
2.22+0.11 
2.72+0.14 
3.30+0.16 
0.2340.02 
0.34+0.03 
0.54+0.04 
1.26+0.06 
1.51+0.07 
2.22+0.11 
2.72+0.14 
3.30+0.16 
0.23+0.02 
0.34+0.03 
0.34+0.03 
0.54+0.04 
1.26+0.06 
1.51+0.07 
2.22+0.11 
2.72+0.14 
3.30+0.16 
0.54+0.04 
3.30+0.16 
3.30+0.16 
3.30+0.16 


186.0+4 
186.0 
186.0 
186.0 
186.0 
186.0 
186.0 
186.0 
186.0 
186.0 
270.1 
270.1 
270.1 
270.1 
270.1 
270.1 
270.14 
270.1 
360.7 
360.7 
360.7 
360.7 
360.7 
360.7 
360.7 
360.7 
360.7 
225.7 
204.0 
224.0 
305.9 


2.50+0.12X10-" 
2.30+0.12X10-" 
3.2340.17X10-" 
3.38+0.17X10-" 
5.55+0.28X10-” 
11.40+0.5X10-" 
12.60+0.6X10-” 
16.40+0.8X10-" 
20.40+1.010-” 
24.20+1.2X10-" 
1.91+0.1010~° 
3.14+0.16X10 
4.52+0.23X10 
8.50+0.4X10 
9.30+0.5X10~ 
14.30+0.7X10~ 
16.40+0.8X10~ 
19.00+0.9X10~ 
2.68+0.13X10-% 
2.5340.13X 10% 
2.72+0.13X10-% 
3.50+0.17X10-° 
5.60+0.30X 10% 
5.70+0.30X10-* 
8.70+0.40X 10-* 
9.00+0.50X10-* 
10.60+0.50X10-* 
1.57+0.09X10~ 
3.70+0.3X 10 
6.30+0.4X 10 
3.80+0.210-% 








this work using Cd". Although the high-pressure data 
are not of high precision, they suffice for the peripheral 
role they play in the present work. The high-pressure 
data are presented in Table III and graphed in Fig. 4. 

The distribution coefficient f of Cd in AgBr is 
approximately given by the ratio of Cd concentration 
in the ingot to that in the melt. From the analysis of the 
samples and the original amount of Cd in the melt, f 
was found to vary between 1.6 and 2.2. Using this value 
for f, we can estimate the Cd concentration gradient in 
the ingot to be about 5%/cm. Since the analysis 
samples were obtained from within a few mm of the 
sample surface and the total thickness removed from 
any sample was of the same magnitude, it is con- 
cluded that the concentration gradients existing in the 
samples were not significant. 

The limit of solubility of CdBr. in AgBr according to 
Teltow® is 7% at the lowest temperature used in the 
present work, 186°C. To check this value, we obtained 
the heat of solution of CdBr. in AgBr by measuring 
the electrical conductivity of a 0.96+0.08% Cd doped 
sample from room temperature to 350°C. The ac elec- 
trical resistance of the sample with Pt electrodes was 
determined at 1000 cps using a Beco model 250 im- 
pedance bridge and a General Radio type 1231B ampli- 
fier and null detector. The sample capacitance was 
balanced out by an external capacitor placed across 
the appropriate bridge arm. In Fig. 5 the conductivity 
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data are plotted against 1/7 together with Teltow’s 
data for a 1.0% Cd doped sample. The graph shows the 
following features: From room temperature to 117°C 
the conductivity is limited by the amount of Cd in 
solution. In the range 117° to 300°C the conductivity 
is proportional to the total Cd concentration and the Ag 
vacancy mobility. Above 300°C, the intrinsic vacancy 
concentration begins to play a role. Teltow’s values for 
the electrical conductivity are lower in the mobility 
limited range, and the intrinsic defects begin playing a 
role at a lower temperature than in the present sample. 
Thus his sample may have contained somewhat less 
than 1.0 at % Cd. 

According to Lidiard,*! the heat of solution AH, for 
CdBr. in AgBr should be approximately equal to twice 
the difference between the activation energies for elec- 
trical conductivity in the solubility limited and extrinsic 
regions. Using this analysis, we find AH,=0.76+0.04 
ev which corresponds to a solubility limit of approxi- 
mately 6% CdBr, at the lowest temperature used in the 
diffusion work.The fact that the samples were always 
transparent when first removed from the furnace after 
diffusion anneal also leads us to conclude that the 
sample concentration never exceeded the solubility 
limit at temperature. 


III. THEORETICAL ANALYSIS AND DISCUSSION 


There are at least three possible mechanisms for the 
diffusion of Cd in AgBr: (1) mobile Cd interstitials, 
(2) direct or ring interchange, and (3) mobile com- 
plexes. 

Because the formation of a Cd interstitial requires 
the simultaneous formation of an Ag vacancy, Cd dop- © 
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ing should decrease the impurity diffusion; however, 
experimentally, it increases markedly. Further, the 
activation volume of the impurity diffusion should be 
greater than that for the formation of Frenkel de- 
fects, which, according to Kurnick,? is 16 cm*/mole. 
The activation volume for Cd diffusion in AgBr is 
determined using the relation™ 
AV*=—d InD(c)/dP (2) 
in which AV* is the activation volume, D(c) is the 
diffusion coefficient of Cd concentration c and P the 
pressure. From the pressure data illustrated in Fig. 4, 
we obtain AV*=9.8+1.0 cm*/mole for the 0.54% 
Cd doped sample at 224°C and AV*=8.1+1.0 cm?/ 
mole for the 3.30% Cd doped sample at 306°C. Thus 
the observed activation volume is too small for diffu- 
sion by interstitials to be the dominant mechanism. 


TABLE III. High pressure diffusion coefficients of Cd in 
doped AgBr. 





Cdconcentra~- Temp 
tion atomic % me, 


Diffusion coefficient 
cm?/sec 


Pressure 
bars 





0.54+0.04 
0.54+0.04 
0.54+0.04 
0.54+0.04 
3.30+0.16 
3.30+0.16 
3.3040. 16 


2244-4 0 
22442 150 
22442 5000 
2244+2 8000 
306+4 0 
306+:2 4000 
30642 8000 


1.5340.09X10~ 
1.80+0.210 

8.30+1.0X10-" 
7.30+0.9X10-" 
3.80+0.210-* 

2.72+40.33X10* 
1.92+0.23X10-* 








Diffusion by direct or ring interchange should be 
relatively insensitive to the presence of small amounts 
of doping because the only effect of impurities would 
be to slightly alter the mobility of the ions. At low 
concentrations, it is difficult to envisage a sufficient 
change in mobility with doping to explain the sharp 
rise observed in the diffusion rate. It is even more 
difficult to explain the saturation effects at the larger 
doping concentrations. We therefore discard the inter- 
change mechanism as a predominant factor in impurity 
diffusion. 

On the other hand, diffusion by mobile complexes 
qualitatively agrees with the data very well. In this 
model, Cd++ ions are mobile only when they form 
nearest neighbor complexes with Ag vacancies. The 
diffusion of Cd should then be proportional to the 
fraction p of Cd++ ions which have Ag vacancies as 
nearest neighbors. The degree of association p is given 
by the chemical equilibrium equation® 


b/(1—p) = (120/N*) exp(AG/kT) (3) 


in which » is the concentration of unassociated vacan- 
cies, N+ is the concentration of positive ion sites, AG 
is the association energy, k is Boltzmann’s constant, 
and T is the absolute temperature. In the limit of low 
Cd concentration, »=%%, the intrinsic vacancy concen- 
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Fic. 4. Pressure dependence of Cd diffusion in doped samples. 





tration. In the extrinsic limit, 


v=(1—p)c. (4) 


At small doping levels, p is proportional to c, but at 
large concentrations, p saturates to unity. If Cd ions 
diffuse as complexes, the diffusion rate should at first 
increase very rapidly with doping concentration and 
then saturate as association becomes complete. This is 
the observed behavior at 186.0° and 270.1°C. The very 
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Fic. 6. Temperature dependence of the ratio of Cd diffusion 
to intrinsic vacancy concentration in pure AgBr. The dots are 


experimental points using Teltow’s v values. The triangles are 
experimental points using 1) values reported by Kurnick. 


low initial variation of D with c at 360.7°C is in agree- 
ment with the large value of v at that temperature. 
Thus the present data strongly suggest that Cd*+* 
ions diffuse in AgBr principally in the form of mobile 
complexes. 

We shall now examine how well the theory of diffu- 
sion by complexes agrees quantitatively with the present 
data. According to Lidiard,‘ the diffusion of Cd in the 
form of complexes should be governed by 

D(c) = (a*v/3) (d/dc) (pc) (5) 
in which a is the lattice constant and », the rate limiting 
jump frequency, is either the Cd*+*+ ion-Ag vacancy 
interchange frequency or the Ag vacancy jump fre- 
quency among complexed sites. 

Using the relations between p and c given in Eqs. 
(3) and (4), we obtain in the extrinsic limit, 

D(c) =Do(1—[1+ (48c/N+) exp(AG/kT) }*) (6) 
in which 
Do = a’v/3. (7) 
At small concentrations, D(c) is proportional to c, but 
at large doping levels the bracketed term becomes large 
and the diffusion coefficient saturates to the value 
Do. In the intrinsic limit, cv, 


D(c—0) =Do(1209/N+) exp(AG/kT) [1+ (1209/N*) 


+exp(AG/kT)}". (8) 


The temperature dependence of the mobility term Do 
is given by 


Do=Dw exp(—Uo/kT) (9) 


in which U, is the mobility activation energy. At low 
temperatures the bracketed term in Eq. (8) is nearly 
unity, and 


loge D(c—0) /vo ]= — (Uc/kT) + (AG/kT) 
+ loge(12Dm/N+). (10) 


From the slope of the plot of log.D(c—0) /m vs 1/T, 
we may obtain the enthalpy of association, AH, 
if we know U,; 


AG=AH,—TAS,, (11) 


in which AS, is the entropy of association. Assuming 
that the Cd* * ions in the 3.30% Cd doped sample are 
nearly completely associated throughout the tempera- 
ture range measured, we may obtain U». 

AG may be estimated from AH, using an empirical 
relation of Keyes® and Lawson,* 


AG=AH,(1—4nT), (12) 


in which 7 is the volume coefficient of expansion. From 
the data of Zieten,* 7 =1.08X10-*/°C in the low temper- 
ature region. At 500°K, AG=0.77 AH,. The best fit 
to the diffusion data in pure AgBr was obtained for 
AH,=0.21+0.04 ev using either Teltow’s* or Kurnick’s® 
values for v in the low temperature region. Thus, AG 
at 500°K is 0.16+0.04 ev. The theoretical curve de- 
rived using Eq. (8) is curve I in Fig. 6. It may be seen 
that the saturation in the value of D(c—0) /m at 1/T= 
1.75 X10 is found, but the sharp rise at higher temper- 
atures is not. The scatter in the low temperature region 
is essentially that of the 1 values. 

AH, should nearly be AG at T=0°K. It is suggestive 
that AH, is only about 25% lower than e?/v2ea which 
would be the association energy at 0°K if only Coulom- 
bic interactions were operating (¢€ is the dielectric 
constant). In the analysis described in the preceding, 
AG was assumed to depend on temperature only because 
of the entropy term. Since ¢ exhibits a considerable 
temperature dependence in AgBr, it is of interest to 


TABLE IV. Temperature dependence of the dielectric constant in 
pure AgBr. 








Temp 
pi Dielectric constant 





15.8 
16.0 
16.2 
16.4 
17.4 
17.8 
18.0 
19.0 
20.1 
20.6 
19.2 
19.0 
19.7 
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% R. W. Keyes, J. Chem. Phys. 29, 467 (1958). 
33 A. W. Lawson, J. Chem. Phys. Solids 3, 250 (1957). 





DIFFUSION OF CADMIUM IN AgBr 


check whether the disagreement between experiment 
and theory at high temperatures may be due to this 
factor. Assuming that coulombic interactions are 
principally responsible for the association energy of 
a complex, we would expect AG to be proportional 
to e. Using this hypothesis, we find that an analysis 
of the data by a technique analogous to that described 
above yields AH, (500°K) =0.16+0.04 ev and AG 
(500°K) =0.12+0.04 ev. The fit with the data is il- 
lustrated by curve II of Fig. 6. The theoretical curve is 
in close agreement with the experimental results below 
350°C. The microwave dielectric constants of Smith 
et al.® used in the calculation are recorded in Table 
IV. When the dielectric constant data is extrapolated 
to 0°K, we find e=11}4 and AG(0°K) =0.22+0.04 ev, 
in good agreement with the previous estimate. Although 
curve II fits the data somewhat better at high tempera- 
tures than curve I, it is not felt that this is conclusive 
evidence that AG is proportional to e“. 

Including Debye-Hiickel interactions in the manner 
of Lidiard™ has little effect upon the analysis of the 
pure sample data. The AG and Ad, values obtained 
differ by less than 0.01 ev, well within experimental 
error. 

We may conclude that the data for diffusion of Cd 
in pure AgBr agree well with Lidiard’s association 
model using AG(0°K) =0.21+0.04 ev. The deviation of 
the experimental results from theory at temperatures 
above 350°C may arise in the 1 values, which are ob- 
tained from an analysis of the electrical conductivity 
data which is doubtful in this temperature range. 

In deriving an association energy value, we have 
assumed that the activation energy for diffusion in the 
3.30% Cd doped sample is the mobility activation 
energy. For this assumption to be valid, the degree of 
association in the heavily doped sample should not 
depend too markedly on temperature and the mobility 
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Fic. 7. The diffusion of Cd in AgBr at high doping levels. The 
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Fic. 8. Comparison of the 186.0°C experimental data with the 
theory assuming AG=0.08 ev and a=1.1/% Cd. 


activation energy should not be a strong function of 
cadmium concentration. The effect of the temperature 
variation of association in the heavily doped sample 
estimated using Eq. (6) is negligible. Since the activa- 
tion energy for diffusion in all of the samples doped 
with more than 4% Cd are within about 0.02 ev of 
each other, the variation of the mobility activation 
energy with Cd concentration is less than 0.01 ev/% 
Cd. 

At large doping concentrations, the diffusion of Cd 
saturates as may be seen from Fig. 3. However, the Cd 
diffusion rate does not approach a limiting value but 
rather continuously increases with concentration. This 
behavior suggests that the mobility varies with Cd 
concentration. For the high Cd concentrations, associa- 
tion should be nearly saturated so the dependence of 
Cd diffusion upon concentration should be principally 
due to the mobility variation. In Fig. 7 the diffusion 
data for the samples doped with more than 1% Cd 
are plotted on a linear scale. It may be seen that the 
concentration dependence is satisfied reasonably well 
by a linear relation in this concentration range. 

We may estimate from Fig. 7 that the mobility of 
complexes increases by a factor of 2 for 1% of Cd dop- 
ing. Because of this very large concentration dependence 
of the mobility, it is difficult to rigorously test the form 
of Lidiard’s expression for the dependence of the diffu- 
sion rate on the degree of association. Assuming a linear 
dependence of Dw on ¢, 

Dwo(c) =Doo(c-0) (1+ac), (13) 
we can examine how well the diffusion results agree 
with Eq. (6). In Fig. 8, the data at 186°C are compared 
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with theory for AG=0.08 ev and a=1.1/% Cd. The 
agreement is satisfactory considering the assumptions 
employed in the theory. The Do(c—0) value obtained 
from the 186°C data is 7X10-" cm?/sec as compared 
with 5+3X10-” cm?/sec which may be derived from 
the pure sample data analysis. Similar agreement may 
be obtained for the 270.1°C data with a=0.8/% Cd, 
AG=0.08 ev, and Do(c—0) =1.6X10-* cm?/sec. Do- 
(c—0) obtained from the pure sample analysis is 
2+1%X10-* cm?/sec at this temperature. The concen- 
tration dependence data can be fit about equally well 
for AG values in the range 0.04 to 0.12 ev with suitable 
a values, so AG=0.08+-0.04 ev. This value for AG is 
lower than that obtained from the pure sample data 
analysis but is consistent to within experimental 
uncertainty. Somewhat better agreement is obtained 
if the effect of Debye-Hiickel interactions is considered, 
for AG then decreases with doping concentration. The 
concentration dependence of AG is given by* 


AG =AG(c—0) {1—[A/(1+-v2a) ]} (14) 


in which 


A= (2ev2)*(E2/VZeakT)'[(1—p)c}. (15) 


For c~1%, AG is about 70% of the zero concentra- 
tion value. If we consider the value obtained for AG 
as an average over the concentration range measured, 
we may predict AG(c—0) ~0.11+0.05 ev in better 
agreement with the pure data analysis. However, 
the large mobility effect masks the details of the associa- 
tion process to such an extent that it is not possible 
to obtain a precise value for AG or to determine with 
certainty its concentration dependence. We may 
conclude that the quantitative agreement of the con- 
centration dependence of Cd diffusion with Lidiard’s 
theory is satisfactory only if there is a large variation of 
mobility with doping concentration. The value of AG 
obtained from the doped analysis is consistent with that 
obtained from the pure data analysis. 

It is possible that the high temperature anomaly in 
the electrical conductivity of pure AgBr is related to 
the dependence of mobility upon doping concentration 
discussed previously. Near the melting point, AgBr 
contains a few percent of ionic imperfections which 
may increase the mobility as much as would a similar 
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impurity concentration. If the mobility of complexes 
increased by a factor of 2 for 1% Ag vacancy concen- 
tration, the agreement between the data for Cd diffu- 
sion in pure AgBr and the theory would be much better 
in the high-temperature range. An increase in the Ag 
vacancy mobility of about the same magnitude would 
also resolve the high-temperature electrical conduc- 
tivity anomaly. 


IV. CONCLUSIONS 


Using Lidiard’s theory for the diffusion of com- 
plexes, we have derived a value for the association 
energy AG of Cd*+*+-Ag vacancy complexes in AgBr 
from the measured rate of Cd diffusion in pure AgBr, 
the observed activation enthalpy for the diffusion of Cd 
in a heavily doped sample, and the previously measured 
intrinsic vacancy concentration. The value of AG 
extrapolated to 0°K is estimated to be 0.21+-0.04 ev. 
Although Lidiard’s theory is qualitatively consistent 
with the concentration dependence of Cd diffusion, 
the detailed dependence can be explained quantita- 
tively only by introducing a very large dependence of 
mobility upon doping concentration. It is necessary 
to assume that the mobility of complexes increases by a 
factor of about 2 upon doping AgBr with 1% CdBre. 
Assuming that the mobility of complexes varies linearly 
with doping concentration, we obtained a value for AG 
from the concentration dependence of Cd diffusion 
which is consistent with that obtained from the pure 
sample data analysis. Better agreement is obtained if 
the effect of Debye-Hiickel interactions is included in 
the analysis of the doped sample data. 
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The nonresonant absorption spectra of CHF;, CH;F, and CCIF; were obtained in the gaseous state at 
various temperatures in the range 230° to 360°K. In all cases the maximum value of the dielectric loss per 
unit pressure varies as 7~*, in accordance with the Debye equation. The variation of relaxation frequency 
(line width) with pressure and temperature is represented by Av« p7—™, where m has the following values: 
1.59+0.03 for CHFs, 1.60+0.02 for CH;F, and 1.27+0.02 for CCIF;, Since CHF; and CH;F have rather 
large dipole moments, the predominant interaction should be of the first-order dipole-dipole type. On this 
basis Anderson’s theory predicts m=1. Closer agreement with the experimental data is obtained with an 
expression derived essentially from dimensional considerations of a torque-impulse model, which gives 
m=1.5. In the case of CCIF;, which has a comparatively small dipole moment, the data indicate that 
molecular reorientation is governed primarily by forces of shorter range. 





INTRODUCTION 


N a preceding paper! the nonresonant, or Debye- 
like, absorption spectra of a number of symmetric- 
top molecules were studied in the vapor phase in order 
to obtain the detailed shape of these spectra and the 
relaxation times for molecular reorientation. When the 
dipole moment is small, substantially less than one 
debye unit, the Debye line shape is found to represent 
accurately the experimental data. For gases with larger 
dipole moments, there are small but definite deviations 
from the Debye shape which are indicative of a distribu- 
tion of relaxation times. For pressures up to at least 
several atmospheres, the relaxation frequency, or line 
width, increases in proportion to the pressure. This 
dependence on pressure shows that only binary colli- 
sions are important in the relaxation mechanism. It 
was also shown? that the relaxation frequencies for the 
various gases with large dipole moments could be corre- 
lated on the basis that the first order dipole-dipole 
interaction between the colliding molecules causes a 
large molecular reorientation. 

To obtain additional information regarding the na- 
ture of the relaxation mechanism, the effect of tempera- 
ture was examined in this investigation. Data are re- 
ported on three of the gases used in the previous study, 
namely, CHF;, CH;F, and CCIF;. The first two have 
rather large dipole moments, 1.81 and 1.64 debyes, 
respectively,’ whereas the moment of CCIF; is only 0.50 
debye. 

According to Anderson’s theory of pressure broaden- 
ing,‘ the relaxation frequency at constant pressure 

* Present address: Research Laboratories, Hughes Aircraft 
Company, Culver City, California. . 


1G, Birnbaum, J. Chem. Phys. 27, 360 (1957). 
(19 ss) Birnbaum and A. A. Maryott, J. Chem. Phys. 29, 1422 

3A. A. Maryott and F. Buckley, Table of Dielectric Constants 
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Natl. Bur. Standards Circ. No. 537 (1953). 

4P. W. Anderson, Phys. Rev. 76, 647 (1949). 

5 Townes and Schawlow, Microwave Spectroscopy (McGraw- 
Hill Book Company, Inc., New York, 1955), Chap. 13. 


should vary as 7~! in the case of first-order dipole- 
dipole interactions and as T-°* in the limit of “hard 
sphere” collisions. The only previous experimental data 
appear to be those of Krishnaji and Srivistava* on 
CH;Cl. Their results are consistent with Anderson’s 
theory within the assigned limits of error (7—!?+°*), 
but the large uncertainty precludes a definitive test. 
The present results, on the other hand, clearly show 
that the effect of temperature is well outside the limits 
set by Anderson’s theory. 


EXPERIMENTAL 


The apparatus and resonant-cavity technique used 
to measure the dielectric loss in compressed gases have 
been described previously.’ The present measurements 
were made at a frequency of 1190 Mc (0.0398 cm) 
with a TMq hybrid mode cavity having a loaded Q 
in the neighborhood of 3000. 

The gases were portions of the samples previously 
used. The temperature of the cavity was regulated with 
an air bath that was heated electrically or cooled with 
dry ice. The temperature was measured with a thermo- 
couple, one junction of which was mounted on the 
cavity. Pressures were determined with a mercury 
manometer. 


METHOD OF ANALYZING THE DATA 


The frequency and the range of pressures employed 
are sufficiently low so that the resonant absorption 
associated with the pure rotational spectrum makes a 
negligible contribution to the observed loss. Also, 
the relaxation frequency may be assumed to be simply 
proportional to the pressure and deviations from the 
ideal gas density are small. For this case the procedures 
used to evaluate the parameters characterizing the non- 


6 Krishnaji and G. P. Srivistava, Phys. Rev. 109, 1562 (1958). 

7A. A. Maryott and G. Birnbaum, J. Chem. Phys. 24, 1022 
(1956); H. E. Bussey and G. Birnbaum, Rev. Sci. Instr. 30, 800 
(1959). 
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Fic. 1. Representative data for CCIF;. Plots of #*/tané as a 
function of ~* at several temperatures. 


resonant loss have already been discussed!” and will 
be reviewed only briefly. 


When the loss is governed by a single relaxation fre- 
quency, 


tand/p=2 (tand/p) max{ vAv/(Av*+-’) J, (1) 


where vy and Ay are the applied frequency and the 
relaxation frequency, respectively. Since Av«#, it is 
convenient to express the loss tangent as a function of 
pressure in the form, 


p’/ tand=a+5bp". (2) 
The relaxation frequency parameter is then given by 
Av/p= (b/a)}, (3) 


and the maximum value of the loss tangent per unit 
pressure (occurring when the relaxation frequency and 
and the applied frequency are equal) by 


(tand/p) max= (4ab)-+ 
=[20(N/p)u?/3kT > axfaxK?/(P?+J), (4) 


TABLE I. Parameters for the nonresonant absorption of CCIF; at 
various temperatures. 








rth) Av/p cm atm= (tand/p) max atm 





1.38X10- 
1.28 

1.13 
0.995 
0.807 
0.706 
0.654 
0.623 
0.582 


240.3 


270.6 
301.5 


329.2 
343.6 
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Fic. 2. Representative data for CHF. Plots of tand/p as a 
function of logp at several temperatures. 


where u is the dipole moment and fyx is the fractional 
number of molecules in the rotational state designated 
by the quantum numbers J and K. 

Data that are not adequately represented by a single 
relaxation frequency parameter [ Eq. (2) ] can be 
represented by plots of tané/p as a function of log. 
The bell-shape curve will be somewhat broader than 
the Debye curve for a single relaxation frequency, and 
the value of (tand/p)max will be less than that com- 
puted from the right-hand side of Eq. (4). The relaxa- 
tion frequency parameter is then some average value, 
and tané/p has its maximum value when (Av)=». 


RESULTS 


The data for CCIF; are accurately represented at 
all temperatures by Eq. (2). There is no evidence of a 
distribution of relaxation frequencies. Representative 
plots of p?/tané with respect to ~? are shown in Fig. 1. 
The values of (tané/p) max and Av/p obtained from these 
and similar plots at the other temperatures are sum- 
marized in Table I. 


TABLE II. Parameters for the nonresonant absorption of CHF; at 
various temperatures. 











T (°K) (Av) /b cm atm (tand/p) max atm7! 





238.8 
256.8 
273.2 
296.1 
319.5 
330.5 
359.6 


0.0733 20.7 10~ 
0.0659 18.5 
0.0582 16.6 
0.0518 13.0 
0.0459 12.2 
0.0436 11.0 
0.0385 9.27 
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TaBLeE III. Parameters for the nonresonant absorption of CH;F at 
various temperatures. 





T (°K) (Av)/pcm—atm  (tand/p) maxatm™ 





231.2 
234.6 
258.1 
2714 
299.4 
318.3 
330.6 
356.1 


9.5410 
8.65 
7.49 


0.165 
0.148 
0.141 
0.130 
0.111 
0.103 
0.0938 
0.0830 








The shapes of the loss curves for CHF; and CH;3F 
are somewhat broader than those for the Debye case, 
so the characteristic parameters were evaluated from 
plots of tané/p with respect to log, as illustrated in 
Fig. 2 for CH;F. Values of (tané/p)max and (Av)/p 
are listed for CHF; and CH;F in Tables II and III, 
respectively. 


DISCUSSION 
(A) Dependence of (tan 5/p)n.x on Temperature 


It is apparent from Eq. (4) that (tand/p) max should 
vary as the inverse square of the absolute temperature 
in cases where there is a single relaxation time, provided 
the small deviations from the ideal gas law are neglected 
so that (N/p) <T—. A least-squares analysis of the 
data for CCIFs, as plotted in Fig. 3, gives (tand/p) max < 
T-?.%840.2- the uncertainty expressed in the exponent 
being the probable error. These data show no significant 
departure from the expected dependence on tempera- 
ture. 

Similar plots for the two more polar gases, CHF; 
and CH;F, are shown in Fig. 4. These give 7~?.+°.% 
and 7 ~?-+0.4 respectively, for CHF; and CHF. 
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Fic. 3. Variation of (tané/p)max with temperature for CCIF;. 
Plot of log(tand/p)max as a function of log7. 
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Since there is a distribution of relxation frequencies, 
causing a deviation from the Debye shape in these 
cases, good agreement with the 7~* law indicates that 
the breadth of the distribution is not sensitive to 
temperature. For CHF;, this distribution lowers the 
value of (tané/p) max by about 12%. Similar departures 
from the simple Debye shape occur in many polar li- 
quids and solutions.® In contrast to the behavior of the 
foregoing gases, the breadth of the distribution of relaxa- 
tion frequencies in liquids usually depends strongly on 
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Fic. 4. Variation of (tand/p)max with temperature for CHF; 
and CHF. Plots of log(tané/)max as a function of logT. 





temperature, and the loss curves rapidly approach the 
Debye shape at higher temperatures. 


(B) Dependence of Av/p on Temperature 


Anderson’s theory of pressure broadening has been 
notably successful in predicting the line widths and 
their dependence on temperature in the case of the 
resonant inversion spectrum of ammonia. The theory 
might also be considered applicable to the more general 
case of the symmetric-top molecule, where the inversion 

8 F. Buckley and A. A. Maryott, Tables of Dielectric Dispersion 


Data for Pure Liquids and Dilute Solutions, Natl. Bur. Standards 
Circ. No. 589 (1959). 
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Fic. 5. Variation of Av/p with temperature for CCIF;, CHF;, 
and CH;F. Plots of log(Av/p) as a function of logT. 


frequency is virtually zero. The dipole matrix elements 
for inversion then lead to absorption having a non- 
resonant, rather than a resonant, shape. 


With the intermolecular potential of the form A/b", 
Anderson’s theory gives 


Av/p«<T-™ and m= (n+1)/(2n—2), (5) 


where T is the absolute temperature. Since n=3 for 
the first order dipole-dipole interactions and n—© in 
the limit of “hard-sphere” collisions, the exponent, m, 
is restricted to values in the range 1 to 0.5. 

The experimental results are shown in Fig. 5, where 
log(Av/p) is plotted as a function of log7. These plots 
appear linear, in accordance with Eq. (5), but the values 
of the exponent m lie well outside of the limits of Ander- 
son’s theory, being 1.59+0.03 for CHF;, 1.60+0.02 
for CHF;, and 1.27+0.02 for CCIFs. 

Better agreement is obtained with an expression 
which we employed previously” to correlate the magni- 
tude of the relaxation frequencies for a variety of 
symmetric-top molecules. This relation, based on 
dimensional considerations of an idealized torque- 
impulse model of collisions, leads to a temperature 
dependence of the form, 


Av/p oc T—(t8) (2n—2) | (6) 


For dipole-dipole interactions,. Av/p is then propor- 
tional to 7-1, in reasonably good agreement with the 
data for the two more polar gases. The lesser dependence 
on temperature in the case of CCIF; is in qualitative 
accord with the fact that the dipole moment is smail, 
so that shorter-range interactions should be more 
important. At the present time, however, there appears 
to be no complete and satisfactory theory relating 
nonresonant relaxation to molecular properties. 
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An experimental study has been made of photovoltaic effects which occur at semiconductor-electrolyte 
interfaces. Single crystal specimens of CdS and several other compounds were used. It was found that in a 
number of cases the photovoltaic effect results from a chemical reaction of the electrode materials. In such 
cases the observations may be explained by a simple mechanism which relates the sign of the photo-emf to 
the conductivity type of the semiconductor and to the chemical reaction which is occurring. The reaction 
may be predicted using readily available thermodynamic data. A different process occurs when the elec- 
trode material is GaAs. It acts as an inert electrode which exchanges electrons with an oxidation-reduction 


couple in the solution. 





ECQUEREL observed the first photovoltaic effect 
in 1839.' He used an electrode consisting of a sheet 
of platinum covered with a thin layer of silver chloride. 
The nature of the second electrode is not entirely clear 
from his account, but it was probably a sheet of 
platinum. These dipped into an electrolyte solution 
and, when the silver chloride electrode was illuminated, 
an electric current resulted. He was able to demon- 
strate that the current was not due to a heating effect, 
and obtained a rough spectral response curve by means 
of color filters placed between the electrode and the 
light source, which was the sun. In addition, he postu- 
lated that the current resulted from a chemical reaction 
at the electrode and gave the correct reaction. A num- 
ber of similar experiments have been reported since, 
but no modern interpretation of a general nature has 
emerged. Very recently, some important contributions 
to understanding of the photovoltaic effect in semi- 
conductor-electrolyte systems have appeared in studies 
of the electrode properties of elemental semicon- 
ductors.?.* When the electrode is made of a binary 
compound semiconductor, several features of its be- 
havior appear which are not found in electrodes made 
of elemental semiconductors. In what follows, the be- 
havior of a number of binary compound semiconductor 
electrodes will be examined with emphasis on photo- 
voltaic effects. A theory will be proposed which ex- 
plains the observed behavior. The name “Becquerel 
effect” will be used here to mean the electrical effect 
produced by light incident on a semiconductor electrode 
which is in contact with an electrolyte solution. 

Many semiconducting compounds show the Bec- 
querel effect. Those investigated here were single crystal 
specimens, but most of the older data in the literature 
refer to powders or layers. It has been found that the 
special mechanism of charge transport characteristic of 
semiconductors largely determines the observed be- 
havior. In addition two distinct categories of electrode 
reaction have been found to occur. The first, and ap- 

1E. Becquerel, Compt. rend. 9, 561 (1839). 


2 W. H. Brattain and C. G. B. Garrett, Bell System Tech. J. 
34, 129 (1955). 


3H. Gobrecht, R. Kuhnkies, and A. Tausend, Z. Elektrochem. 
63, 541 (1959). 


parently the more common among binary compounds, 
is the reaction of the electrode material itself, with 
eventual destruction of the electrode. The second 
occurs in a chemically inert electrode material and is 
an exchange of electrons with an oxidation-reduction 
couple which consists of two different ionic species 
dissolved in the solution. It is possible that both cate- 
gories of reaction may occur simultaneously in some 
cases. It will be shown that the results from this work, 
as well as a number of results reported in the litera- 
ture, may be described, in their general features, by a 
simple consistent picture. 


GENERAL DESCRIPTION OF EXPERIMENTS 


Many of the experiments were done with single 
crystals of CdS whose behavior is representative of 
that of a number of binary compounds. For conveni- 
ence, a qualitative description of the experiments will 
be made with reference to CdS. A schematic drawing of 
the typical experimental arrangement is shown in 
Fig. 1. It is a simple galvanic cell. One electrode is a 
saturated calomel reference half cell and the second 
electrode is a CdS single crystal. The calomel electrode 
is separated from the solution around the crystal by a 
built-in KCl salt bridge which is included in the con- 
struction of the ordinary commercial electrode. The 
CdS crystals used are in the form of thin plates about 
10 x 2 x 0.1 mm in their dimensions. They were grown 
in this laboratory by Charles Busanovich. They are 
clear yellow in color with strong light absorption oc- 
curring for wavelengths less than about 5150 A and 
high transparency for longer wavelengths. Because of 
the presence of small amounts of chlorine incorporated 
during their growth, they are highly conducting. Their 
dark resistivities are around 10 ohm cm. An ohmic 
indium dot contact‘ is made to the upper end of the 
crystal and led to an electrometer as illustrated. The 
crystal is then mounted so that its bottom half is im- 
mersed in the electrolyte solution and its upper half 
remains dry. A tungsten lamp is mounted so that its 
light is incident on the broad face of the crystal. When 


‘R. W. Smith, Phys. Rev. 97, 1525 (1955). 
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Fic. 1. Schematic drawing of apparatus for observing the 
Becquerel effect. 


the crystal is illuminated, an emf of about 0.6 v de- 
velops immediately. The crystal is the negative termi- 
nal. Short circuit currents of about 100 uA are produced 
under bright illumination. The current and voltage in 
the dark are negligible compared to their values in the 
light. The short circuit current is proportional to light 
intensity at low intensities and reaches a saturation 
value at high intensities. The emf is a complicated but 
monotonic function of light intensity, very roughly 
logarithmic. If the cell is short-circuited and illumi- 
nated for a period of several hours, a layer of a pale 
yellow solid forms on that face of the crystal on which 
the light is incident, but not on the face farthest from 
the lamp. This solid is soluble in cyclohexane and the 
ultraviolet spectrum of the dissolved product agrees 
very well with the spectrum which has been reported 
for sulfur.. It is concluded that this material is free 
sulfur which has been formed by the chemical decom- 
position of the crystal of CdS under the influence of 
light. The preceding characteristics are representative 
of cases where the Becquerel effect is demonstrably 
(or very likely) the result of a chemical reaction which 
consumes the electrode material. 

By the following experiment it may be shown that 
the driving force for the photo-emf is inherent in the 
crystal and is not provided by the reference electrode. 
The reference electrode may be replaced by a CdS 
crystal so there is a symmetrical system with two 
identical CdS crystals forming the two electrodes. An 
emf is now observed if one crystal is illuminated and 
the other is kept dark. Whichever crystal is illuminated 
becomes negative and the direction of current flow may 
be reversed at any time by switching the light beam 
from one crystal to the other. 


EXPERIMENTAL DETAILS 


The actual experimental apparatus was quite similar 
to the schematic arrangement shown in Fig. 1. A glass 
absorption cell was used with inside dimensions of 
5x55 cm and optically finished windows. The cell 
was placed inside a small brass box which was covered 
and provided with a small window through which the 
crystal could be illuminated. A tungsten microscope 


5 J. E. Baer and M. Carmack, J. Am. Chem. Soc. 71, 1214 
(1949). 


lamp was used where monochromatic light was not re- 
quired. The flux of radiation of the focused lamp was 
measured and found to be 0.6 w/cm*. The highest values 
of light intensity shown in Figs. 2, 3, and 10 refer to this 
value. Considering the errors involved, the above figure 
for the absolute intensity is believed to be accurate to 
within 50%. The relative intensity values are believed 
to be accurate to within 10%. Various known relative 
intensities of light were obtained by interposing cali- 
brated wire screens between the lamp and the absorp- 
tion cell. Monochromatic light was obtained from a 
Bausch and Lomb grating monochromator fitted with 
a tungsten lamp source. This was calibrated to give the 
relative number of photons/sec at the exit slit for vari- 
ous wavelengths. Current and emf were measured with 
a Keithley Model 610 electrometer. For emf measure- 
ments the input impedance of the instrument could be 
varied by factors of ten up to a maximum of 10 ohms. 
It was found that with most crystals the observed emf 
was independent of input resistance of the electrometer 
in the range of 10° to 10'* ohm for the input resistance. 
Most emf measurements were therefore made with the 
highest input impedance to minimize the amount of 
chemical reaction at the crystal. In some crystals a 
small and unreproducible dark emf was observed for 
the highest values of input impedance but was absent 
for input impedances below 10° ohm. To eliminate this 
extraneous emf an input impedance of 10* was used for 
some of the measurements of emf. It was found that 
stirring the solution of bubbling nitrogen through it 
during the measurements did not significantly affect 
the results. Some measurements were made of the cur- 
rent as a function of externally applied voltage with 
various incident light intensities. Known voltages were 
applied by means of a Helipot potentiometer and at- 
tached voltmeter. All measurements were made at 
25°C. Deionized water and analytical grade reagents 
were used in the preparation of solutions. 


RESULTS WITH CdS CRYSTALS 


A typical curve of emf vs light intensity is given in 
Fig. 2. It can be seen that the emf increases very slowly 
as the light intensity increases. The emf for a given 
light intensity is steady over operating periods of 
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Fic. 2, Photo-emf at various light intensities for CdS. Crystal 
becomes negative terminal on illumination. 
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hours and is reproducible from crystal to crystal to 
within about 10% (more than ten crystals were tested). 
A log-log plot of short circuit current vs light intensity 
is shown in Fig. 3. At low light intensity the slope of 
the line is unity showing a direct proportionality be- 
tween current and light intensity. At high light in- 
tensity a saturation current is reached. The spectral 
response curve in Fig. 4 shows the short-circuit 
current per unit light intensity (quanta per second) as 
a function of wavelength. The absorption spectrum of 
the CdS is shown in the same drawing and the position 
of the optical band edge® is shown. 

As will be discussed thoroughly in the next section, 
the probable reaction occurring at the CdS electrode 
is the solution of a Cd*+*+ ion. A negatively charged 
S~ ~ ion is left behind on the crystal and the removal of 
electrons from this completes the electrode reaction. 
If the electrode does, indeed, involve a cadmium ion 
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Fic. 3. Current at various light intensities for CdS vs calomel 
electrode in 0.1 M KCI. 


going into solution then there should be an effect on 
the emf if cadmium ions are present in the solution. 
For the electrode reaction, 


CdS—Cd,,_* ++S+2e, 


the relation between the potential, E, of the half cell in 
which the reaction is occurring, and the activity, 
dca++, of the cadmium ion in solution is given by the 
Nernst equation,’ 


E=Ey—(RT/2F) Inacat+. 


(The definition of Ey now differs from the usual defini- 
tion in that it must include the light intensity.) Thus, 
the observed emf, which is the sum of this half cell po- 
tential and the half cell potential of the calomel refer- 
ence electrode, should decrease as the concentration of 
cadmium ions in the solution increases. It is unlikely 
that the CdS electrode is reversible, which is necessary 


®R. H. Bube, Proc. I. R. E. 43, 1836 (1955). 
™W. M. Latimer, Oxidation Potentials (Prentice-Hall, Inc., 
Englewood Cliffs, New Jersey, 1952), 2nd ed. 
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Fic. 4. Spectral response of photovoltaic effect compared with 
optical density of CdS crystal. Photovoltaic current units on 
left ordinate; optical density units on right ordinate. Crystal 
thickness ca 0.1 mm. 


for quantitative use of the Nernst equation, but the 
qualitative relation between electrode potential and 
cadmium ion concentration should still hold. Figure 5 
shows the emf at constant light intensity of the cell in 
which the CdS electrode is in solutions containing 
various concentrations of CdCl». In addition there are 
shown the emf values for cells in which the CdS elec- 
trode is in various concentrations of a solution of an 
inert salt, KCl. Changes in the concentration of the 
cadmium salt clearly have a larger influence on the 
emf than do changes in the concentration of KCl, 
showing that it is not simply an ionic strength effect 
which is involved. The change in emf with cadmium 
ion concentration is in the direction and of the order 
of magnitude which the Nernst equation predicts. No 
attempt has been made to fit the data quantitatively 
to the Nernst equation because. CdCl, solutions contain 
several ionic species in equilibrium, and not enough 
data are available to determine the Cd** activity at 
the several ionic strengths employed here. 

An important consideration in understanding the 
photovoltaic effects is the mechanism of charge trans- 
port across the interface between crystal and solution. 
To throw some light on this question measurements 
were made of current as a function of externally applied 
voltage with various intensities of light incident on the 
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Fic. 5. Effect of added salts to the photo-emf of the CdS 


electrode under constant illumination. Dashed curve, KCl; solid 
curve, CdCl». 
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Fic. 6. Current as a function of externally applied voltage for 
CdS electrode at several light intensities. Sign of applied voltage 
taken as positive when positive terminal of external emf goes to 
CdS crystal. J is the relative light intensity. 


crystal. The cell consisted of a CdS crystal in 0.1M 
KCl solution together with the saturated calomel 
electrode. For the small current densities employed 
here the potential drop across the reference electrode 
should be independent of current, and the ohmic drops 
in the crystal and solution are negligible. Hence differ- 
ences in applied voltage appear as differences at the 
CdS-electrolyte junction. Results are shown in Fig. 6. 
It is seen that when the crystal is made positive a 
saturation current is reached after which further in- 
creases in applied voltage have almost no effect on the 
current. The saturation value of current is directly 
proportional to light intensity as shown by Fig. 7. If 
the current is allowed to flow for an hour or so in this 
direction a yellow deposit of sulfur forms on the sur- 
face of the crystal. When the crystal is made negative 
the current reaches large values which are independent 
of light intensity and rather unsteady. If the voltage is 
raised to several volts in this direction the current 
rises and a black deposit of cadmium metal forms on 
the surface of the crystal. When the crystal is made 
positive, on the other hand, voltages of 120 v may be 
applied without catastrophic breakdown of the crystal 
and no evidence of electrolysis of the solution. An 
analysis of these experiments will now be given, fol- 
lowed by some further experimental observations on 
crystals of other compounds which behave in a similar 
way. 
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Fic. 7. Saturation current through CdS electrode as a func- 
tion of relative light intensity. 


INTERPRETATION OF EXPERIMENTS ON CdS 


The first consideration in understanding the CdS 
electrode is the mechanism of conductivity within the 
crystal. It has been demonstrated by Hall effect meas- 
urements that CdS is an m-type semiconductor.® As 
mentioned in the foregoing, the crystals used here con- 
tained chlorine which forms a shallow donor level lying 
0.04 ev below the conduction band.* These donor ions 
are completely ionized at room temperature and the 
electrons are free to move in the conduction band of 
the crystal. 

It has been demonstrated that the photo-emf ob- 
served with CdS is accompanied by chemical reaction 
of the crystal. Since the crystal becomes negative on 
illumination the simplest reaction to assume is that 
Cd++ ions from the crystal go into solution leaving 
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Fic. 8. Energy bands at the interface between CdS and an 
electrolyte solution. (a) Before any solution occurs. Empty con- 
duction band is associated with Cd* * ions. Filled valence band 
is associated with S~~ ions. (b) Cd*+ ion goes into solution 
leaving behind negative charge bound to S~~ ion. (c) Light 
liberates electron into conduction bai:d. 


behind excess S~ ~ ions. Evidence to support this idea is 
given in Fig. 5 in which the data suggest that Cd*+ + 
participates in the electrode reaction. The excess 
charge on the crystal is bound to the S~~ ions and 
unless it can be transported out of the crystal into the 
external circuit a potential difference between crystal 
and solution would quickly build up and prevent 
further solution of Cd+ + ions. To visualize the relation 
between the bound charge and the band structure of 
the crystal we adopt a point of view which has been 
extensively employed in the discussion of alkali halide 
crystals. This is that in an ionic lattice the electrons 
bound to the negative ions are at the energy level of 
the highest filled band (valence band). The conduction 
band corresponds to the energy which an electron 
would have if it were associated with a positive ion.® 
This is illustrated for CdS in Fig. 8(a) using the con- 

8N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 


Crystals (Oxford University Press, New York, 1948), 2nd ed., 
p. 69-74. 
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ventional one-dimensional band picture. The allowed 
energy bands are shown with their respective ions and 
the boundary between crystal and solution is at the 
right hand edge. The position indicated for the S~~ 
ions means that if an electron is removed from the S~~ 
ion to a state of higher energy its energy in the initial 
state lies somewhere in the range of energies covered 
by the highest filled band. The position of the Cd* + 
ions means that if an electron leaves a state of some 
lower energy and is brought to a state in which it is 
associated with a cadmium ion, the final state lies in 
the range of energies covered by the conduction band. 
It is understood that a metal connection to the ex- 
ternal circuit makes ohmic contact to the crystal, but 
this is omitted from the figure for simplicity. The 
transfer of a cadmium ion from the crystal into the 
solution is shown in Fig. 8(b). It is seen that the extra 
electrons left behind on the sulfide ion are not free to 
move out of the crystal since their energy level is that 
of the filled band and lies 2.5 ev below that of the con- 
duction band. Charge transport through the filled band 
is forbidden by the exclusion principle. The electrons 
from the ionized donor centers are free to move through 
the crystal but the potential at the surface can be pre- 
vented from building up only if the excess electrons are 
removed from the S~~ ions at which they originally 
accumulate. Thermal excitation of these electrons to 
the conduction band is not sufficiently probable to 
permit any significant current flow by this mechanism. 
Thus the action of the light in assisting the electrode 
reaction becomes clear. The absorption of light lifts 
electrons from the excess S~~ ions at the surface and 
puts them into the conduction band where they are 
free to move through the crystal into the external 
circuit as shown in Fig. 8(c). From here they go to the 
other electrode where an electron-consuming reaction 
is occurring. The surface returns toward over-all elec- 
trical neutrality and further Cd* + ions can go into the 
solution. The sulfur deposit which accumulates on the 
surface of the crystal as time goes on provides evidence 
in support of this picture. In Fig. 4 it is seen that the 
spectral response of the photovoltaic current coincides 
with the onset of strong fundamental absorption in the 
crystal. This absorption would release electrons from 
the highest filled band into the conduction band as 
postulated. It is important to note that if CdS were a 
p-type semiconductor there would be no photovoltaic 
effect. In this case the excess charge left behind on the 
S~~ could be neutralized by transport of holes through 
the valence band and there would be no need for light 
to assist the electrode reaction. The reaction would 
proceed in the dark if it were thermodynamically 
favored. 

It remains to be shown why Cdt+ + ions should go into 
solution from CdS rather than S-~ ions or both to- 
gether. Simple considerations using readily available 
thermodynamic data may be used to rationalize this 
finding and these considerations will be shown to have 


IN BINARY COMPOUNDS 1509 
considerable power of prediction. The absolute free 
energy changes for the three following reactions have 
been taken from the extensive compilation of Latimer.’ 
(Note that the numbers given are for free energy 
changes on an absolute rather than a relative basis.° 
In accordance with the usual convention, positive 
values of the free energy mean that energy must be 
absorbed by the system in order for the reaction to 
proceed; 

AF® kcal/mole 


+37.1 
+20. 
+55.7. 


CdS—Cdagt ++Saq” ~ 
CdS—Cdqt ++S+2e 
CdS+2e—Cd+S,,7 — 


The first equation represents the ordinary process of 
solution with over-all electrical neutrality. The second 
and third equations are typical electrode reactions. 
These free energy values refer to solutions in which the 
ionic species are at unit activity. In cases where the 
ionic species in solution are very dilute (such as the 
foregoing experiments) all the reactions would have 
lower free energy values due to the effect of dilution on 
free energy. The relative values would be unchanged, 
however. It is seen that the second reaction is favored 
on thermodynamic grounds since it has the lowest free 
energy change. This gives a simple rule which will be 
applied to a number of other data in what follows. The 
rule is: When an ionic crystal is in contact with water, 
the reaction which occurs is that having the lowest free 
energy change. (Only the three types mentioned before 
are considered.) If a compound is highly insoluble, it 
follows that the free energy change for the first process 
has a high positive value and it is in such compounds 
that the second and third types of process are likely to 
dominate. 

To summarize the interpretation of the Becquerel 
effect in the CdS-electrolyte system, it has been shown 
that the effect is accompanied by a reaction in which 
Cd* + ions go into solution and free sulfur is left behind 
on the crystal. The function of light is to permit the 
negative charge on the crystal to be conducted into 
the external circuit. 


A GENERAL MODEL FOR PHOTOVOLTAIC EFFECTS IN 
BINARY CRYSTALS a CHEMICAL 
A 


A generalization of the foregoing picture will now be 
made which will be used in interpreting further experi- 


® Standard free energies of formation of ions in solution are re- 
ported with reference to an arbitrary zero in which AF for H* is 
set equal to zero. For the purposes of this work absolute values 
of standard free energies of formation are required. Latimer 
(p. 22) reports a calculation of the absolute free energy change 
of a half cell reaction. This permits an estimate of the absolute 
free energy of formation of H* ion in water to be +5 kcal/mole. 
This was used to correct Latimer’s reported values of AF® of ions 
to absolute values. For positive ions the absolute value is ob- 
tained by adding 5 kcal/mole to Latimer’s reported value of 
AF, For negative ions 5 kcal is subtracted from Latimer’s value. 
For neutral species no change is required. 
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Fic. 9. Generalization of process shown in Fig. 8. (Top) type 
I seaction with positive ion going into solution leaving excess 
negative charge on crystal. (Bottom) type II reaction with 
negative ion going into solution leaving excess positive charge 
on crystal. 


ments in this work and some data from the literature. 
The kind of analysis made in Fig. 8 is now given in 
Fig. 9. In the upper half of the drawing the general 
reaction of the type occurring in CdS is shown and 
this reaction with the positive ion going into solution 
will be referred to as “type I reaction.’”’ When this 
reaction occurs there can be a photovoltaic effect only 
if the compound AB is an m-type semiconductor, and 
the sign of the photo-emf must be negative. As men- 
tioned before, if a type I reaction is favored, and if 
AB is a p-type semiconductor the reaction will go on 
in the dark and no photovoltaic effect should be ob- 
served. In some compounds such as Cul the thermo- 
dynamically favored process is the preferential solution 
of the negative ion. This is shown in the lower half of 
Fig. 9 and will be given the name “‘type II reaction.” 
Here the excess charge on the crystal resides on the At 
ion and this must be neutralized for the reaction to 
proceed. If AB is an n-type semiconductor these ions 
may be readily neutralized by electrons moving through 
the conduction band from the external circuit. No light 
is required and no photovoltaic effect should be ob- 
served in this case. If AB is a p-type semiconductor, 
charge moves only in the valence band and the as- 
sistance of a light quantum would be required to place 
an electron on an At ion. Thus, for a reaction of type 
II, only a p-type semiconductor should show a photo- 
voltaic effect and the sign of the photo-emf must be 
positive. The choice between whether a type I reaction 
or a type II reaction should occur for any given com- 
pound may be decided by the rule that the reaction 
with the lowest free energy change is the most likely to 
occar. 


EXPERIMENTS WITH OTHER COMPOUNDS 


Experiments similar to those described for CdS were 
carried out for several other compounds though these 


were not studied in as much detail. Emf values were 
measured for cells consisting of the crystal in contact 
with 0.1M KCI solution and a calomel electrode as in 
Fig. 1. Some of the results of these experiments are 
tabulated in Table I along with a number of results 
which have been reported in the literature. The data 
taken from the literature include all the binary com- 
pounds for which clearcut experimental data were 
found on a routine survey of the literature. The table 
gives the thermodynamic data for the two simplest 
types of reaction mentioned before, wherever these 
data are available in Latimer’s book. The table also 
gives the conductivity type of the semiconductor (m or 
p) where this is known, the sign of the photo-emf as 
predicted by the mechanism outlined in the last sec- 
tion, and the sign of the photo-emf actually observed. 


Cadmium Selenide 


These crystals had about the same resistivity as the 
CdS crystals. The conductivity was due to incorporated 
iodine. CdSe has n-type conductivity and has an 
optical band gap of 1.70 ev.’® The free energy of forma- 
tion of CdSe has not been reported but the values for 
the Cd* + ions and the Se~ ~ ions are both known and 
this is enough to show that the standard free energy 
change of the type I reaction is smaller by 52 kcal/mole 
than the standard free energy change of the type II 
reaction. Thus according to the rule given above the 
type I reaction should occur since it has the lowest 
standard free energy change. For an n-type semicon- 
ductor this can give rise to a photo-emf in which the 
crystal becomes negative on being illuminated. This 
was found to be the case. There was no emf in the 
dark and on being illuminated the crystal became 
negative and an emf of 490 mv was reached at high 
light intensity. Similar results were found with three 
different crystals. The dependence of emf on light in- 
tensity was much like that found with CdS. The 
spectral response curve given in Fig. 10 shows the effect 
to have a long wavelength threshold approximately 
coinciding with the optical band edge. 
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Fic. 10. Relative values of emf at various wavelengths for 
CdSe and ZnO. The optical band edge for each compound is shown 
by a vertical dashed line. 


1 R. H. Bube, Phys. Rev. 98, 431 (1955). 
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TABLE I. 








Type I reaction 
AF{° kcal/mole 


Compound* AB—A,q*+B+e 


Type II reaction 
AF}j1° kcal/mole 
AB+e—A+Baq” 


Observed sign of 
Conductivity Predicted sign of photo-emf and 
type photo-emf reference 





CdS 
CdSe 
ZnS 
ZnO 
Cul 
ZnTe 
AgCl 
AgBr 
Agl 
Hg:Cle 
Hg.Bre 
Hele 
HgS 
CuO 


+20.0 


+17.2 


+33.6 
AF \°<AF 11° 
+49.6 
+46.3 
+49.2 
+91.8 
+84.1 
+68.0 
+55.4 





+64.5 n 


+50.7 n - 


n _ 


—0.8 


p 








® For all the sulfides the negative ion species in solution is taken to be S- ~. For the mercurous salts the positive ion in solution is taken to be Hg2**, and for 


HgS the positive ion is taken to be Hg**. 
b This work. 
® No photo-emf; emf in dark predicted and observed. 
4 E. Becquerel, Compt. Rend. 9, 561 (1839). 
e B, Vanselow and S. E. Sheppard, Sci. Abstracts 34, 4037 (1931). 


f A. L. Hughes and L. A. DuBridge, Photoelectric Phenomena (McGraw-Hill Book Company, Inc., New York, 1932), p. 356. 


© G. Athanasiu, Compt. rend. 175, 214 (1922). 
hy. P. Barton, Phys. Rev. 23, 337 (1924). 


Cuprous Iodide 


This compound provides an interesting comparison 
with the previous results. It is a p-type semiconductor" 
and the type II reaction is the thermodynamically 
favored one. Thus it can show a photo-emf in which 
the crystal becomes positive on illumination. A con- 
ducting crystal was used. A positive photo-emf was 
found which reached 68 mv at high light intensity. 


Zinc Oxide 


It is not easy to pick any simple reactions here for 
comparison as was done previously, since the oxide 
ion does not exist in water solution. However, ZnO is 
an n-type semiconductor” and according to the fore- 
going reasoning only a negative photo-emf can be ob- 
served in m-type semiconductors if any occurs at all. 
Hence if a photo-emf occurs in ZnO it must be nega- 
tive. Two crystals of conducting ZnO were provided 
by the New Jersey Zinc Company. These had re- 
sistances of around 500 ohms. A negative photo-emf 
was found ranging up to 195 mv in bright light. The 
dependence of emf on light intensity was again similar 


1R, J. Maurer, J. Appl. Phys. 16, 563 (1945). 
12 American Institute of Physics Handbook (McGraw-Hill Book 
Company, Inc., New York, 1957). 


to that shown by CdS. Figure 9 shows the spectral re- 
sponse and again the long wavelength threshold lies 
close to the optical band edge. 


Zinc Sulfide 


Crystals of ZnS were in the form of thin plates. Their 
resistance in the light of the focused microscope lamp 
was about 510° ohms and their dark resistance was 
much higher. A type I reaction is favored thermo- 
dynamically and ZnS shows n-type conductivity.® A 
negative photo-emf was found for each of two crystals 
with a maximum of 415 mv in bright light. 


Zinc Telluride 


ZnTe is a p-type semiconductor. The thermody- 
namic data show that the standard free energy change 
of the type I reaction is 77 kcal/mole less than that for 
the type II reaction. For a p-type semiconductor and 
type I reaction, however, the reaction should occur in 
the dark and no photo-emf should be observed. This is 
what was found. A conducting crystal of p-type ZnTe, 
in combination with the calomel electrode, gave an 
emf in the dark of 72 mv in which the crystal was 
negative. Bright light on the crystal caused no ob- 
servable change in this emf. 
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Fic. 11. Emf vs light intensity for n-type GaAs electrode in 
solutions containing three different oxidation-reduction couples. 
(1) 1:1 Fe++/Fe+*+. (2) Quinhydrone in 1M HCl. (3) 1:1 
Sn* +/Sn**, solutions 1 and 3 also contain 1M HCl. 


’ DISCUSSION OF RESULTS 


It can be seen that the simple model proposed in the 
preceding is capable of interpreting the general features 
of the Becquerel photovoltaic effect in binary com- 
pounds. The thermodynamic data and information on 
the conductivity type are available for many binary 
compounds and their use in connection with the model 
is unambiguous. All the types of behavior predicted by 
the model have been observed. It is not suggested that 
the mechanism of any of the electrode reactions can be 
completely represented by the equations which we 
have labeled type I and type II. The reactions are un- 
doubtedly more complicated. To the extent that it 
permits of reliable prediction, however, the classifica- 
tion introduced here may be regarded as a useful point 
of view. 


ELECTRODE PROPERTIES OF CdS WITH EXTERNALLY 
APPLIED VOLTAGE 


The current-voltage curve in Fig. 6 may be under- 
stood using the concepts introduced before. A similar 
result has been reported by Brattain and Garrett for an 
electrode of m-type germanium in KOH solution.” In 
that case, however, the dark current was of the same 
order of magnitude as the current carried by the il- 
luminated electrode. The simplest interpretation of 
the electrode process represented by the data in Fig. 6 
is the following. Current flows between the crystal and 
the external circuit by motion of electrons through the 
conduction band of the crystal and into the adjoining 
metal contact. At the boundary between the crystal 
and solution the mechanism of conductivity changes 
and the current across the boundary is carried by ions 
of the appropriate sign which leave the crystal. Cd*+ + 
ions leave the crystal when the current is flowing in one 
direction and S~ ~ ions leave the crystal when the cur- 
rent is flowing in the other direction. No ions from the 
solution are discharged in either case. Neutralization of 
an ion of opposite sign is necessary after a given ion has 
left the crystal. This requires light if the S~~ ion on 
the crystal must be neutralized and a current inde- 


pendent of voltage but proportional to light intensity 
is observed when the polarity is such that this process 
occurs. On the other hand, the Cd* + ion on the crystal 
may be neutralized by motion of electrons through the 
conduction band from the external circuit and a current 
increasing rapidly with voltage but independent of 
light intensity is observed when this process is occurring. 

Brattain and Garrett” suggested that, as the applied 
voltage is changed, at a semiconductor electrode, the 
change in voltage occurs mainly in the space charge 
layer of the semiconductor rather than in the solution 
or at the surface double layer. The results with the 
CdS electrode confirm this idea completely. Since an 
applied voltage of 120 v (positive terminal to CdS) 
causes no electrolysis of the solution it suggests the 
potential drop within the solution is only a small frac- 
tion of the total. At the same time there is a shift in 
the optical absorption edge of the crystal, indicating 
the existence within the crystal, itself, of electric fields 
of 10° v/cm or greater.'* Both these observations indi- 
cate that the potential drop in the system is mainly 
within the space charge region of the crystal near the 
interface with the electrolyte. 


EXPERIMENTS WITH GaAs 


Some experiments will now be discussed in which 
photovoltaic effects were observed in GaAs crystals 
which were in contact with electrolyte solutions. These 
experiments are still in progress but some preliminary 
results will help to round out the picture presented in 
the foregoing. Samples of N-type GaAs were used which 
had a resistivity of 0.0057 ohm cm and contained 
5.510" carriers/cc. These were cut in pieces 10X 
5X1 mm and mounted as in Fig. 1. Results using 
0.10M KCI solution as the electrolyte were somewhat 
erratic and though currents were of the same order as 
those found with CdS there was no evidence of ex- 
tensive chemical reaction of the GaAs itself, even after 
prolonged current flow. This is entirely reasonable since 
GaAs is quite inert chemically. It seemed likely that 
current flow was the result of reaction with an oxida- 
tion-reduction couple in the solution. Solutions were 
made up of several common oxidation reduction 
couples having widely different oxidation potentials. 
These were then used in place of the KCl solution. All 
experiments were performed without externally ap- 
plied voltage. The experiments with the solution con- 
taining Sn++ and Sn‘** were performed with the cell 
under a nitrogen atmosphere. Results are given in 
Fig. 11. Emf values are given for the cell in which the 
GaAs is in the solution containing the ions of the oxi- 
dation-reduction couple and the calomel half cell is the 
second electrode. The emf is plotted as a function of 
light intensity for cells having different oxidation- 
reduction systems in the solution. One of these systems 
is a mixture of ferrous and ferric ions in equal propor- 


13 R, Williams, Phys. Rev. (to be published). 





PHOTOVOLTAIC EFFECT IN BINARY COMPOUNDS 


tions dissolved in 1.0M HCl. The second is a saturated 
quinhydrone solution in 1.0M HCl and the third is an 
equimolar mixture of Sn++ and Sn* ions in 1.0M 
HCl. The sign of the emf is taken as the sign acquired 
by the GaAs crystal when the cell is operating. 

There is a dark emf in every case whose magnitude 
is indicated at the left along the ordinate. This dark 
emf is reproducible to within 3% as measurements at 
widely different times are made on the same crystal 
sample. It was reproducible to within 10% among 
different crystal samples. The order of the dark emf 
values for the several different solutions is the same 
as the order of the oxidation potentials for the same 
solutions as shown in Table II. Naturally the com- 
parison of the present data with the standard oxida- 
tion potential data requires considerable caution 
since the standard oxidation potentials are obtained 
for reactions at a platinum electrode which may be- 
have quite differently from the GaAs electrode for 
these reactions. The correlation between oxidation 
potentials and the results with a GaAs electrode leads 
us to propose that the dark reaction is simply the 
reaction of electrons from the crystal with the ap- 
propriate ion of the oxidation-reduction couple. This 
will be discussed in more detail in what follows. When 
light is incident on the crystal the initially positive 
emf values become smaller, finally changing sign at 
high light intensity so that the crystal has now become 
the negative terminal of the cell. A spectral response 
measurement shows that the photo-emf occurs only for 
wavelengths less than that corresponding to the band 
gap in GaAs (1.4 ev) showing that light absorbed by 
the crystal is responsible for the effect. 


DISCUSSION OF RESULTS OBTAINED WITH GaAs 
ELECTRODE 


For simplicity, the results will be discussed using the 
data obtained with the 1:1 Fet++/Fet+++* solution. 
These data will then be compared with those obtained 
with the other solutions. 

Though the conduction of electricity in electrolyte 
solutions is entirely by ions, it is convenient for simple 
oxidation-reduction systems such as the Fet +/Fet + + 
system to regard these ions as carriers of electrons (or 
holes) which are exchanged with the electrode.“ For 
instance, when an electrode in such a solution is passing 
electrons to the Fe+ + + ion; 


Fet + ++eFet +, 


the electron is retained on an ion which remains in the 
solution and which may migrate to another electrode 
and give up the electron. Hence, in a very real sense, 
the ions act as carriers of electrons and may be re- 
garded as an electronic state which may be occupied 
or unoccupied. The Fet + ion is the occupied state and 
the Fe+ ++ ion is the unoccupied state. On an energy 


4N. B. Hannay, Semiconductors (Reinhold Publishing Cor- 
poration, New York, 1959); see Chap. 17 by J. F. Dewald. 


TaBLE II. 








Oxidation 
potential 
of couple 
vs calomel 

Oxidation-reduction Darkemf _ electrode 
couple in solution mv mv 


Observed 
photo-emf 
at high light 
intensity 





1:1 Fe++/Fe*** 

1:1 Sn**+/Sn‘t 

Quinhydrone in 1.0 M 
HCl 


+285 
—100 
+260 


+510 
—110 
+440 


—470 
—320 
— 660 








level diagram both would lie at the same level since an 
electron may be taken from a Fet + ion to a Fett +t 
ion without expenditure of energy. The relative num- 
bers of occupied and unoccupied levels may be varied 
within wide limits by varying the relative concentra- 
tions of the two ions in solution. It is clear that this 
point of view would not be appropriate to other ions 
such as the hydrogen ion where the reaction of the ion 
at an electrode results in the separation of a product in 
a gaseous or solid phase. 

We consider now the results obtained with the 
GaAs electrode in the 1:1 Fe++/Fet++ solution. 
Figure 12 shows the energy band diagram at the inter- 
face between the crystal and the solution. The majority 
carriers, electrons, are indicated by solid black circles 
in the conduction band while holes are indicated by 
open circles in the valence band. Holes are in negligible 
concentrations except when the crystal is illuminated. 
The energy levels of the electrons on the Fet++ and 
Fe+ ++ ions in solution are indicated by horizontal 
lines. Fe+ + + ions are shown with an open circle indi- 
cating that they are unoccupied levels with respect to 
electrons while Fe+ + ions are shown with solid circles 
to indicate that they are occupied. Since the electrode 
reaction in the dark is the passage of electrons from the 
crystal into the solution it is likely that the Fe+ +/ 
Fet + + ion level lies well below that of the conduction 
band. Thus some electrons would be transferred from 
the crystal to the solution at the instant of contact with 
the solution, leading to a typical double layer at the 
interface. The space charge layer in the crystal resulting 
from this charge transfer is indicated by the upward 
curvature of the bands at the interface. For simplicity, 
no indication is made of the corresponding space charge 
region in the solution. The dark reaction is shown as a 
transfer of electrons from the conduction band of the 
crystal to the unoccupied levels of the solution with the 
result that the crystal becomes the positive terminal of 
the cell. In the light the motion of electrons is from the 
occupied levels of the solution to the holes in the 
valence band which are produced by light and move 
readily through the space charge region of the crystal 
to the surface. 

Since the dark emf and the photo-emf act in opposite 
directions the total value of the photo emf is obtained 
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Fic. 12. Configuration of GaAs bands at interface with solu- 
tion containing ions of oxidation-reduction couple. 
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by adding the absolute values of the observed photo- 
emf and the dark emf. This has been done, using the 
data in Fig. 11 and the results are shown in the last 
column of Table II. (For the Sn++/Sn* solution the 
dark emf and photo-emf are in the same direction and 
photo-emf is obtained by subtracting the dark emf from 
the total emf observed in the light.) The net result is a 
transfer of electrons from solution to crystal so the 
crystal becomes the negative terminal of the cell. 

For the Sn*+*/Sn** couple the energy level of the 
ions in solution should lie roughly 0.6 ev above that of 
the ions in the 1:1 Fet +/Fe+ + + couple. It is seen that 
the dark current is such that electrons flow from the 
solution into the crystal indicating that this energy 
level is, indeed, considerably higher than that of the 
Fe+ +/Fet + + system. Again the photo-emf is negative 
indicating that electrons are entering the crystal. 

This purely qualitative interpretation is seen to ex- 
plain the general features of the electrode behavior. It 
is hoped that the accumulation of more data will per- 
mit a quantitative formulation of the behavior at this 
kind of interface and permit the integration of ex- 
tensive information which is available for both semi- 
conductors and electrolyte solutions. 


WILLIAMS 


CONCLUSIONS 


An experimental investigation has been made of the 
Becquerel effect in a variety of binary compounds. Two 
different over-all processes have been observed. In one 
of these the photovoltaic effect results from a chemical 
reaction in which the material of the electrode itself is 
consumed. An analysis of the detailed mechanism of 
the effect results in two generalizations which apply in 
this case and are in good agreement with experiment: 


1. For a reacting electrode of a binary compound, if 
the compound is an m-type semiconductor it can show 
only a negative photo-emf. A p-type semiconductor 
can show only a positive photo-emf. 

2. The over-all chemistry at the electrode may be 
inferred from readily available thermodynamic data 
and, together with knowledge of the conductivity type 
may be used to predict whether a given compound will 
show a photo-emf or react in the dark. 

In the second type of over-all process the reaction is 
predominantly an exchange of electrons with an oxida- 
tion-reduction couple in the solution. Both a dark cur- 
rent and a photocurrent are observed which may be of 
the same or opposite signs. Results may be understood 
on the assumption that, in the dark, electrons may 
leave the conduction band of n-type GaAs for ions in 
the solution. In the light, electrons leave ions in the 
solution to enter the valence band of the GaAs. 
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Single-crystal x-ray diffraction studies show that BaTiO, is orthorhombic, space group Pmmn, with 
a=14.53+0.02, b=3.79+0.01, and c=6.29+0.01 A, with two formula units per unit cell and calculated 
density 4.54 g cm~. Each barium atom has four oxygen neighbors at 2.81 A, two at 2.96, and four at 3.09, 
at the corners of a pentagonal prism. Titanium atoms are in distorted octahedra of oxygen atoms. The 
Ti-O distances range from 1.77 to 2.32 A, with standard deviations of 0.03 A or less. Titanium atoms occur 
at points 0.30 and 0.21 A from the centers of gravity of the oxygen atoms of the two kinds of octahedra. 
This polarization of the two octahedra is similar to or greater in magnitude than that observed in the ferro- 


electric phases of BaTiO; and PbTiOs. 





INTRODUCTION 


ARIUM tetratitanate, BaTisO, or BaO-4TiOz, is 
one of several compounds which occur in the 
BaO-TiO, system.'~ Its crystal structure has attracted 
attention in several laboratories. The orthorhombic 
unit cell was reported by Lukazewicz and Trzebiatow- 
ski® and by Harrison.’ The atomic positions were 
determined by Lukaszewicz.§ We were also investigat- 
ing its structure prior to these reports. In this paper we 
describe our results, which agree with those mentioned 
in the preceding except for minor details. An interesting 
feature of this structure is that it contains polarized 
octahedra, somewhat like those found in the ferro- 
electric phases of BaTiOs, but in a centric symmetry. 


UNIT CELL AND SPACE GROUP 


Single crystals were prepared by Dr. L. K. Templeton 
by heating stoichiometric proportions of BaCO; and 
TiO, (rutile) to about 1450°C.® The dimensions 
of the orthorhombic unit cell are listed in Table I. We 
determined a and c from a quartz-calibrated™ zero- 
layer Weissenberg pattern, and 5 from a rotation 
pattern using the other axes as a secondary calibration. 
The radiation used was CuKa, with A=1.5405 A 
for the Ka, component. Our results are in excellent 
agreement with the published values, with one excep- 
tion." 

The density calculated from our ceil dimensions, with 


1E. N. Bunting, G. R. Shelton, and A. S. Creamer, J. Am. 
Ceram. Soc. 30, 114 (1947). 

2G. I. Skanavi, Doklady Akad. Nauk S.S.S.R. 59, 41 (1948). 

3 W. O. Statton, J. Chem. Phys. 19, 33 (1951). 

‘W. Trzebiatowski, M. Drys, and J. Berak, Roczniki Chem. 
28, 21 (1954). 

5D. E. Rase and R. Roy, J. Am. Ceram. Soc. 38, 102 (1955). 


6K. Lukaszewicz and W. Trzebiatowski, Roczniki Chem. 29, 
943 (1955). 

™F. W. Harrison, Acta Cryst. 9, 198 (1956). 

8K. Lukaszewicz, Roczniki Chem. 31, 1111 (1957). 

(1999) K. Templeton and J. A. Pask, J. Am. Ceram. Soc. 42, 212 

10 A. Pabst, Am. Mineral 42, 664 (1957). 

1 The 6 axis is given as 3.75 A in the English summary of the 
article by Lukaszewicz,® and this value is repeated in Acta Cryst. 
10, 792 (1957). This value seems to be a misprint, since 3.79 A 
appears elsewhere in reference 8, as well as in reference 6. 


two formula units per cell, is 4.54 g cm~*. The measured 
density is reported by Rase and Roy’ to be 4.6 g cm=*. 
The systematic absences and diffraction symmetry 
correspond to space groups Pmmn, P2ymn, and Pm2,n. 
Weissenberg photographs taken with MoKa radiation 
showed that the intensities for a given hi depend only 
on whether & is even or odd, up to k=4; thus the atoms 
lie in (or at least very near to) planes half a cell apart 
and perpendicular to b. If the atoms are exactly in these 
planes, the symmetry includes mirror planes in this 
orientation. A structure was easily found which ulti- 
mately gave good agreement with the data when the 
higher symmetry Pmmn was assumed. This agreement 


TaBLE]I. Unit cell dimensions of BaTi,Oy. 





Authors a,A b,A c,A 





This work 

Lukaszewicz and 
Trzebiatowski* 

Harrison* 


14.5340.02 3.79+0.01 


14.5340.02 3.79+0.01> 
14.51+0.04 3.79+0.01 


6.29+0.01 


6.30+0.01 
6.30+0.02 





® References 6 and 8. 
> See reference 11. 
© Reference 7. 


gives good support for the assumption of mirror planes 
perpendicular to a. The present x-ray data are not 
sensitive to small deviations from the mirror plane 
perpendicular to b. Probably the best evidence against 
such deviations is the normal dielectric behavior 
observed by Skanavi.? A polar structure which deviated 
slightly in that way from the structure reported here 
would be expected to be ferroelectric. 


ATOMIC COORDINATES 


Barium atoms are located in twofold special positions 
on the intersections of the mirror planes; they may be 
designated 


2(b): + (4, 4,2). 
Oxygen atoms, designed O;, are in the other twofold set, 
2(a) ° sie (3, i, z). 
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TABLE IJ. Atomic coordinates, standard deviations, and 
temperature factors for BaTiOy. 








Atom y z a(x) o(z) B, A? 





Ba rl 2 0.7076 


(0.709)« 


0.807 
(0.807) 


0.248 
(0.250) 


0.158 
(0.140) 

0.740 
(0.733) 


0.952 
(0.958) 


0.560 
(0.550) 


0.346 
(0.340) 


0.0005 2.6 


0.0363 
(0.035)s 


Tir 0.1298 
(0.126) 


0; 0.514 
(0.510) 


0. 0.604 
(0.592) 


O; 0.155 
(0.154) 


Ox 0.095 
(0.100) 


Os i 


0.001 1.7 
0.001 1.7 
0.004 2.8 
0.003 2.3 
0.004 2.9 
0.004 3.1 


0.006 2.8 








* Values in parentheses are those of Lukaszewicz, reference 8. 


Two fourfold sets of titanium atoms and four fourfold 
sets of oxygen atoms are distributed in positions 


4(f): (x, 4, 23 


Fourier methods were used to derive an approximate 
structure. At an early stage of our work, before any 
correction was made for absorption, we obtained atomic 
parameters that were not greatly different from our 


iz, i, z). 





Fic. 1. Crystal structure of BaTi,Oo. The rectangle outlines 
one unit cell. The atoms at y=} are drawn more heavily than those 
at y= %. Lines join oxygen atoms to show the linking of the 
octahedra in each layer. Each octahedron also shares edges 
with octahedra in adjacent layers. 
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final values, but the unreliability index 


R= QI Fo| — | Fell /2U| Fo! 


could not be reduced below 0.35. The intensity data 
came from a crystal in the form of an asymmetric but 
approximately circular prism, of diameter large enough 
to be quite opaque to the CuKa radiation. The zero- 
layer data (k=O) were corrected laboriously by a 
method which took account of this irregular shape, as 
measured with the graduated objective of a microscope. 
The first-layer data were corrected for absorption with 
the assumption that the crystal was a circular cylinder, 
with results not substantially worse than for the zero 
layer. 

Our final atomic parameters were derived by least- 
squares refinement with the IBM 650 computer and the 


Fic. 2. Ti-O dis- 
tances (in angstrom 
units) in the two 
kinds of octahedra 
in BaTiOs. 


program known as LSII.” Throughout these calculation, 
atomic form factors from International Tables™ were 


used for Ti‘t and O?-. Form factors for Ba**+ were 
estimated from the values® for Ba, with 2.1 electrons 
subtracted for the real dispersion effect.* Because no 
y parameters were refined, we used only the data for 
k=0 and 1, corrected for absorption as described 
before. In the last cycles, the weighting of strong, weak, 
and undetected reflections was as described for the 
last cycles oi choline chloride.“ The final atomic co- 
ordinates, their standard deviations, and individual 
isotropic temperature factors are listed in Table II. 
For comparison, the values obtained by Lukaszewicz* 
by Fourier methods are given in parentheses. It is 
apparent that the structures are substantially the same, 
but the parameters differ by more than the accuracy 
claimed for this work. The largest discrepancies of 

2M. E. Senko, Acta Cryst. 10, 385 (1957). 

13 Internationale Tabellen zur Bestimmung von Kristallstrukturen 
(Borntraeger, Berlin, 1935), Vol. II. 
(198 " H. Dauben and D. H. Templeton, Acta Cryst. 8, 841 


16M. E. Senko and D. H. Templeton, Acta Cryst. (to be pub- 
lished). 
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TABLE III. Observed and calculated structure factors, BaTiO. 


Values marked with asterisk (*) are the estimated limit of detection for undetected reflections; the letter “X” marks four strong 
reflections which seem to be affected by extinction and which were omitted from the final cycles of refinement. 
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TABLE IV. Titanium-oxygen distances in BaTiQs. 





Atoms Distance, A Atoms Distance, A 





Ti—O;: 2.32+0.03 
—O;" 1.94+0.01 
—O, 2.09+0.03 
—Os; 1.95+0.03 
—O, 1.77+0.03 


2.16+0.03 
1.93+0.01 
1.89+0.03 
2.0320.03 
1.85+0.02 


Ti—O; 
—O,* 


—O; 
0, 
—O; 








® Two neighbors at this distance. 


atomic position are 0.18 A for Os, 0.12 A for O;, and 
0.10 A for O.. 

Observed structure factors and those calculated for 
the parameters listed in Table II are compared in 
Table III. For these data, R; is 0.154 and R3, defined as 
(>-w(| Fo| — | Fe| )?/DlwF.?)!, is 0.179. It is be- 
lieved that errors in the absorption correction are the 
limiting factor in the agreement. 


DISCUSSION OF STRUCTURE 


The structure is shown in Fig. 1. Barium atoms are 
packed among the oxygen atoms, with ten oxygen 
neighbors at the corners of a pentagonal prism. Four 
oxygen atoms (O;) are at 2.81+0.02 A, four (O,) are 
at 3.09+0.02 A, and two (O;) are at 2.96+0.03 A. 
Titanium atoms are in oxygen octahedra which share 
edges and corners in a three-dimensional array. These 
octahedra are considerably distorted, as can be seen 
in Fig. 1, and the lengths of their edges (oxygen-oxygen 
distances) range from 2.62 to 3.11 A, with standard 
deviations of about 0.05 A. 

Titanium-oxygen distances are listed in Table IV, and 
their configurations in the two kind of octahedra are 
shown in Fig. 2. The titanium atoms are significantly 
displaced from the centers of these octahedra in much 
the same way as in the ferroelectric perovskite phases, 
BaTiO; and PbTiQO3;." Similar displacements occur 
in the structure of low Ti3O;,* which like that of BaTiO, 
is centric rather than polar. We have calculated, as a 


16 G. Shirane, H. Danner, and R. Pepinsky, Phys. Rev. 105, 
856 (1957). 


17B. C. Frazer, H. R. Danner, and R. Pepinsky, Phys. Rev. 
100, 745 (1955). 


18 G. Shirane, R. Pepinsky, and B. C. Frazer, Phys. Rev. 97, 
1179 (1955). 


19S. Asbrink and A. Magnéli, Acta Cryst. 12, 575 (1959). 


D. H. TEMPLETON AND C. H. DAUBEN 


TABLE V. Displacement of titanium atom from center of gravity 
of six oxygen atoms in various structures. 





Structure Displacement, A 





BaTiOy, Ti 0.30 (0.28)* 
0.21 (0.19) 


Tie 
TiO; (low), Ti 0.25 
Tie 0.24 
Tis 0.18 
BaTiO; (orthorhombic)* 0.13 
BaTiO; (tetragonal)4 0.13 
PbTiO; (tetragonal) 0.29 








® Lukaszewicz, reference 8. 

> Asbrink and Magnéli, reference 19. 
© Shirane e¢ al., reference 16. 

4 Frazer et al., reference 17. 

© Shirane et al., reference 18. 


parameter for comparison of the extents of polarization 
of these octahedra, the displacement of the titanium 
atom from the center of gravity of the six oxygen atoms 
of each octahedron. Values of this parameter are listed 
in Table V. It may be noted that for BaTigOy our values 
for this polarization parameter are in excellent agree- 
ment with those calculated from the coordinates of 
Lukaszewicz,* even though the agreement is not this 
good for coordinates of certain oxygen atoms. The 
polarization in the centric phases exceeds that ob- 
served in both TaBiO; phases, and in one case is as 
great as that in PbTiO3. 

These results show that the phenomenon of ferro- 
electricity is not a necessary companion of the polariza- 
tion of titanium-oxygen octahedra, though the interac- 
tions responsible for this polarization must be essen- 
tially the same in the centric phases as in the polar ones. 
These centric structures are not examples of antiferro- 
electricity as that term is defined by Megaw,” since 
small shifts of atoms cannot lead to higher symmetry 
by a “pseudosymmetric transition.” 
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Three of the normal vibrational frequencies of alkali halide dimers are calculated on the basis of the 
potential function for an ionic model. The results indicate that the out-of-plane bending mode may have a 
frequency almost as high as the in-plane stretching frequencies. A summary of the results of calculations 


for the six normal modes is presented. 





I. INTRODUCTION 


N a previous publication’ the molecular configuration 
and more specifically the normal modes of vibration 
of alkali halide dimer molecules were studied by making 
use of the approximation that the molecule was an 
assemblage of positive and negative ions. At that time, 
there was considerable interest in two of these vibra- 
tions, the Bo, and B;, modes, because theory required 
that they give rise to an infrared spectrum, and yet 
none had been observed.” It was thought that the other 
infrared-active vibrational mode, the out-of-plane 
bending frequency or B,,, would have too low a fre- 
quency to be observable, because a planar ionic system 
was believed to have a very small restoring force for 
out-of-plane motions. As a result, the earlier calculation’ 
concerned itself primarily with an estimate of the Ba, 
and B;, vibrational frequencies of alkali halide dimers, 
and incidentally also with the symmetric in-plane 
bending or A,’. 

Since that time, several factors have arisen which 
make desirable a reexamination and extension of the 
previous calculations. These factors may be sum- 
marized as follows: 

(1) Considerable recent activity is evidence of con- 
tinuing interest in the magnitude of bending vibrations 
in highly ionic systems. Experimental evidence® and 
calculations*~* have indicated that the linear’ triatomic 
halides of the alkaline earths possess a much higher 
bending frequency than had generally been assumed.®? 
The philosophy of these calculations‘ could be adapted 
to the out-of-plane bending frequencies of alkali halide 
dimers. 

* Work performed under the auspices of the U.S. Atomic Energy 


Commission. 
+ Presently on leave of absence at the University of Illinois, 
Urbana, Illinois. 
1 J. Berkowitz, J. Chem. Phys. 29, 1386 (1958). 
2 W. Klemperer and S. A. Rice, J. Chem. Phys. 26, 618 (1957). 
3 A. Biichler and W. Klemperer, J. Chem. Phys. 29, 121 (1958). 
“R. S. Berry, J. Chem. Phys. 30, 286 (1959). 
5 W. Klemperer, J. Chem. Phys. 30, 594 (1959). 
6 R. G. Pearson, J. Chem. Phys. 30, 1537 (1959). 
a 7) A. Akishin and V. P. Spiridonov, Kristallografiya 2, 475 
957). 
8G. Herzberg, Infrared and Raman Sbectra (D. Van Nostrand 
Company, Inc., Princeton, New Jersey, 1945), p. 161. 
9 EF. B. Wilson, J. Decius, and P. C. Cross, Molecular Vibrations 
(McGraw-Hill Book Company, Inc., New York, 1955), p. 174. 


(2) Klemperer” has recently reported the observa- 
tion of two infrared absorption bands for each of the 
lithium halide dimers. Since no absolute assignment to 
normal modes could be made, he considered the possi- 
bility that the out-of-plane bending frequency might be 
contributing one of these absorptions. An ionic-model 
calculation could conceivably aid in the assignment of 
bands to the three possible infrared-active vibrational 
modes. 

(3) If a calculation based on an ionic model can give 
reasonable agreement with experiment for allowed 
transitions, it may be used to estimate those other 
frequencies not easily accessible to experiment. This in 
turn would assist greatly in comparing the heats of 
sublimation and the dimerization energies arrived at by 
experiments based on absolute pressure (third law) 
with the values obtained from the measured variation 
of partial pressure with temperature (second law). 

(4) A further application would be to compare 
calculated and experimental binding energies for these 
ionic systems. Since experiments involving alkali halide 
dimers have generally been performed at ca 1000°K 
and calculations of. energy are based on the vibration- 
less state, an accurate comparison of the two must take 
into account the hitherto unknown vibrational energy. 


II. CALCULATION OF THE OUT-OF-PLANE (B;,) MODE 


A planar rhombic model is assumed! as shown in 
Fig. 1. Metal ions m* are located on the Y axis, halide 


ions a~ on the X axis. Conservation of linear mo- 
mentum requires 


9:/Om= aM »,/bMj. (1) 


The symmetry coordinate Sz,,, is related to the internal 
coordinates by the relation 


SBy=3(Am— Az), (2) 


where 
An= 28m 


A,= b0,. 


0 W. “7 paper presented before the American Chemical 


Society’s Hig: 


Temperature Symposium, Boston, Massachusett 
(April 8, 1959). — ; 
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Fic. 1. The out-of-plane bending mode Buy. 
Hence 
On /9Sp,,=2M,/a(Mz:—Mn). (3) 


In the same notation as used previously’ the force 
constant matrix | F | is given by 


8V/dSz,2 or 0/0Sz,,(0V/0Sz,,), (4) 
where 
dV /dSp,,= (8V/80m) (86m/d Sp;,) 
OV /36m= (OV /ds) + (A8/Om) + (AV /dt) - (0t/dOn) 
+(0V/dr)+(41r/06m), (5) 


and V=potential energy of system, s=distance be- 
tween halide ions, ¢=distance between alkali ions, 
r=distance between alkali and halide ions. It can be 
shown readily that 


95/08 = — (2a2/b) (Mm/Mz) "Om, (6) 
8t/IOm= —2bOm, (7) 
07/00m= (2a?/r) (Mm/Mz)Om. (8) 


\ 





PV /0On? 


TABLE I. Calculated frequencies of vibration of alkali halide 
dimers, in cm, 








A, A,’ Big Buy Buy Buu 





LiF: 
LizCl. 
LieBre 
LigIe 
NaF 2 
NazCle 
NaeBrz 
Navle 
KF, 
KCl. 
K.Bre 
Kale 
Rb.Cl, 
CseCle 


465 407 441 448 
353 


383 








At this point V is identified with the potential derived 
from an ionic model,! so 


V=eL[(1/s)+(1/t) — (4/r) J— en Ex (2t/r*) — (2/P) J 
—ea3E;[ (2s/r*°) — (2/s*) ]—3 (a1 Ey) (a3Es) (st/r°) 
+[2 (a1 F1)?/#)]+[2 (asEs)?/s*]+aEY+a;E? 


+4Ae7!— (4C, _/r)—(C__/s*). (9) 
The partial derivatives 0V/ds, 0V/dt, and dV/dr can 
readily be evaluated from Eq. (9). All the partial 
derivatives involved in Eq. (5) have now been evalu- 
ated, and hence 0V /00,, can be computed. All the terms 
of this expression have a factor 0m. To obtain 0°V /d0n” 
the chain rule is employed again. 
To terms of second order in 0m, the result is 


= (2a?/r) (Mm/Mz) { (4e/r?) +[ (601 Evt+-60a3E3s) /r*]+[15 (01 E;) (asEs) st/r®]— (4A/p)e*!?+ (24C, _/r*)} 


+ (2a?/b) (M m/Mz)?{ (€/s?) + (2easEs/r°) + (4ea3E3/s*) +3 (a1 E1) (a3Es) (t/r®) + [5 (as3Es)?/s*]— (6c_ _s") } 


+2b{ (e/t?) + (2ea, E,/e*) -+- (4a, E;/t*) +3 (a, F1) (a3Es3) (s/r>) +[6(a,E;)?/t*]}. 


Equation (4) may be expanded 
8°V /8S5,.2=[(8/06m) (9V./On) (8m/8 Spry) ] 
X (0Om/9 Spy) + (OV /0Om) (8/8 Sp,,,) (0Om/O Sp,,)- 


(10) 





Since 060m/0Sz,, is a constant, the second term 
vanishes. Hence, 


F = (82V/80n2) (80m/9Sp,,)?. 





VIBRATIONAL FREQUENCIES 
To evaluate the element of the G matrix, write 
2T=2[M».(dA,/dr)?+M,(dA,/dr)?}. 


The geometric relations between An, Az, Om, and 
Sp, lead readily to 





2p = Mat a (Ce) 
(M.—M,,)? \ ar 
and therefore 

(M.—M,,)? 





|G|= (11) 


~ 8MnM.(Mn+M;) 


Since | F |-| G| =\=42°w*c? and our choice of sym- 
metry coordinates has assured a 1X1 matrix, the fre- 
quency in wave numbers is readily computed. The 
results are compiled in Table I, together with the 
values for the previously calculated frequencies! B»,, 
By, A,’, and the two to be evaluated subsequently, 
A, and By. 


Ill. SYMMETRIC STRETCH A, 


Figure 2 defines the coordinates for this mode. The 
relations 


8V /d S*4,= (8°V/8Vn?) (OAm/ISa,)? 


OAm/dSa,=a/ (a+b) 


are readily proved. 

The procedure for evaluating 0?V/0A,,” in terms of 
the potential coordinates r;, s and /is directly analogous 
to the method used for the B,, mode (Sec. II) and 
need not be repeated. 

Similarly, the G-matrix element follows from the 
formal method used for B,,, and yields the expression 


(a+b)? 
2(a’@Mn+0°M,) 





|G |a,= (12) 


IV. IN-PLANE MODE B,, 


Referring to the coordinates in Fig. 3, we once again 
obtain 


PV /°B,, = (0°V /OAm?) (O@Am/d Sp,,)? 


Fic. 2. The sym- 
metric stretch A,. 


Fic. 3. The 
plane mode By,. 


Am /A Sp,,=bM2/(aMn+bM;). 


As in the previous calculations, 0?V/dA,,” is found by 
application of the chain rule for differentiation in terms 
of the coordinates r;, s and 1. 

The G matrix becomes 


(bM,+aM,,)? 
2M ,,.M;(b°M:+@Mm) 





| G |B1y= (13) 


V. DISCUSSION 


The frequencies compiled in Table I are certainly no 
more reliable than the potential function from whence 
they are derived. It was estimated earlier’ that this 
accuracy was of the order of 15-20%. The parameters 
(a, c, A, p) employed in the potential function are 
based upon experimental data (binding energies, vibra- 
tion frequencies, internuclear distances) obtained from 
crystalline and diatomic alkali halides. The parameters 
to which the potential function is most sensitive are the 
repulsion constants A and p. The exponential constant 
p has been shown to be very nearly the same for the 
various alkali halides, in both the crystalline and 
diatomic form. The preexponential A does change with 
the state of aggregation of the atoms in the molecule. 
The value of A employed in these calculations was 
based upon the dissociation energy of the diatomic 
molecule, and hence is expected to contribute the major 
source of error. As dimerization energies for alkali 
halides are more precisely evaluated experimentally, it 
should be possible to fit a value of A to match the 
dimerization energy, and employ this revised potential 
function to calculate a better set of vibrational fre- 
quencies, as well as more accurate bond distances and 
angles for the rhombic dimers. 

Until these better values are available, one may 
employ the computed geometries! and frequencies of 
Table I to obtain a provisional set of third law en- 
tropies for the dimers. 

A surprising consequence of these calculations is the 
similarity in absolute value of the wave numbers for the 
various vibrational modes listed in Table I. The in- 
plane bending mode A,’ and the out-of-plane vibration 
By, have somewhat lower frequencies, on the average, 
but the difference is not striking. None of the dimer 
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frequencies are as large as their corresponding monomer 
frequency. 

The three ungerade modes involve a change of dipole 
moment, and hence will absorb infrared radiation. 


JOSEPH BERKOWITZ 


Although the bending mode By, is definitely of lower 
frequency than the others, the separation may not be 
sufficient to eliminate this vibration in assigning the 
dimer absorption frequencies observed by Klemperer.” 
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Properties of the first order density matrix y(x’ | x) of an N-electron system are discussed, including the 
relation between +(x’ | x) and the spinless first order density matrix y(r’ | r) and those symmetry properties 
of the total electronic charge density y(r)=~(r | r) which result from the corresponding properties of the 
total wave function with special reference to many-electron atoms. General formulas are given for the evalu- 
ation of y(r) of many-electron atoms in the orbital approximation and for its decomposition into terms of 
different angular symmetry. These formulas are applied to all terms of the electron configurations s"p™ 


and the results collected in tables. 





I, INTRODUCTION 


ENSITY matrices were introduced by von Neu- 
mann! and Dirac? and their use in atomic calcu- 
lations investigated by Fock* and Lennard-Jones.‘ These 
early treatments were mainly concerned with the 
description of N-electron systems in the Hartree-Fock 
scheme, where the total wave function is approximated 
by a single Slater determinant made up from one-elec- 
tron orbitals. This is a special case of what is usually 
called the orbital approximation. As was shown by 
Léwdin’ the definition and use of these quantities can 
be generalized to include the treatment of approximate 
or exact wave functions of arbitrary forms. These 
generalized density matrices have played an in- 
creasingly important role in the modern development 
of approximate treatments of many electron systems.*~“ 


* Research supported by a grant from the Alfred P. Sloan 
Foundation to Carnegie Institute of Technology. 

1J. von Neumann, Nachr. Akad. Wiss. Géttingen, Math.- 
physik. Kl. Math. physik. chem. Abt. 1927, 245; Mathematische 
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26, 376 (1930); 27, 240 (1930). 
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The calculation of most properties of an N-electron 
system does not require a complete knowledge of the 
total wave function (defined in 4N-dimensional space, 
when the spin is included) ; only the first and second 
order density matrices with their usually much lower 
dimensionalities need to be known.”*> The reason for 
this is that the quantum mechanical operators asso- 
ciated with these properties are generally sums of 
terms depending only on one or two electrons at a time. 


Furthermore, the first and second order density 
matrices have a simpler and more direct meaning 
than the wave function itself: the diagonal element of 
the first order density matrix gives the probability of 
finding a particle within the volume dv, around the 
point r, having the spin s; when all other particles have 
arbitrary spins and positions; integration of this 
quantity over s; then gives the total charge density 
y(r) of the state considered. The diagonal element of 
the second order density matrix gives the probability 
of finding a pair of particles, one in volume dy, around 
Yr, with spin s;, and the other in volume dz: around f2 
with spin s2, irrespective of the positions and spins of 
the remaining particles. This quantity has been used 
in discussing correlation properties between electrons 
in atoms and molecules and of directed valence in 
molecules.'4—* 

In view of the importance of the first and second 
order density matrices—as shown by the discussion in 


14 J, E. Lennard-Jones, J. Chem. Phys. 20, 1024 (1952). 

16 J. E. Lennard-Jones and J. A. Pople, Phil. Mag. 43, 58 (1952). 

16 A. Brickstock and J. A. Pople, Phil. Mag. 43, 1090 (1952); 
44, 697, 705 (1953). 





FIRST ORDER DENSITY MATRICES 


the previous paragraph—a study of their properties 
in general and also for specific N-electron systems 
should be valuable. In this paper such a study is carried 
out for the first order density matrix y(x’ |x). The 
following points are discussed: Sec. (II) the depen- 
dence of y on the spin variables, (Sec. III) the sym- 
metry properties of the charge density y(r) resulting 
from a given behavior of the total wave function ® 
under symmetry operations, (Sec. IV) applications 
of Sec. III to many electron atoms, and (Sec. V) the 
orbital approximation as applied to Sec. IV. 


II. DEFINITION AND SPIN DEPENDENCE OF THE 
FIRST ORDER DENSITY MATRIX 


In the following we use the convention of combining 
the spatial coordinate r; and the spin coordinate s; of 
the ith particle in the common symbol x;. The total 
wave function ® of an N-particle system is then a 
function of all x; (t=1, 2, ---N), and for electrons it 
fulfills the antisymmetry condition 


P®(Xj, Xe, ++ Xv) =(—1)?b(xi, Xe, +++ Xv), (1) 
where P is a permutation applied to the indices of the 
N coordinates and (—1)?=-+1 depending on whether 
P is an even or odd permutation. 


The generalized first order density matrix can be 
defined by* 


+(x’ | x) =n farce, Xe, °° *Xy) O(x, M2, °°" Xy) (dx)*— 

(2) 
where the integration is performed over all coordinates 
except those of the first particle. Because of Eq. (1), 
any particle number i could have been chosen without 


changing the result. For the diagonal element the 
alternative definition 


N 
(x) =(x| x) = (@| 2 (xi—x) |®) = (2) 


in terms of the expectation value of an operator made 
up from a sum of 6 functions can also be used.” The 
corresponding spinless quantities are then given by 


y(r’ | r) 


=N J &* (1's, Xp, «++ Xv) ®( 15s, Xs, «©» Ky) (dx)¥—ds 
" i (x’ | x)8(s’—s)dsds’ (3) 


aneet C. Longuet-Higgins, Proc. Roy. Soc. (London) A235, 537 


and 


N 
v(r)=(r| r) = (o| DA(re—4) | )= J y(x)ds. (3’) 


y(r) is the total charge density of the system (in units 
of —e). 

It is shown in the Appendix [e.g., Eqs. (A6), (A8) ] 
that the following relation holds between y(x’ | x) and 
its spinless counterpart y(r’ | r): 


(x | x) =74(r" | £)-a(s’)a(s)+y_(r" | r)-B(s’)B(s) 
(4) 


where 


y(8" |r) =74(8" | r)+y-(2" | 8). (5) 
It should be noted that Eq. (4) does not contain any 
cross terms with spin parts a(s’)B(s) and B(s’)a(s). 

Equations (4) and (5) have been derived under the 
assumption that ® is an eigenfunction of S*? and S, 
and that it can be expressed as a sum of products of 
space and spin functions as in Eq. (A1). 

This behavior has a parallel in the orbital treatment. 
Here y(x’ | x) can be written as® 


(x’ | x) = 2me*(xWi(x)y(2| k), (6) 


i.e., aS an expansion in products of a complete set of 
spin orbitals. Since each y is the product of an orbital 
part ¢ with either of the two spin functions a and 8, 
occurrence of nondiagonal elements (k/) means that 
Eq. (6) will in general contain cross terms. Transfor- 
mation to a new basis of natural spin orbitals x, brings 
the matrix y(/|%) to diagonal form and reduces Eq. 
(6) toa single sum 


(x’ | x) = Dixe*(x')xa() me, (7) 


Thus no cross terms a+8 or B+a occur, if the spin factor 
of x, is pure a or B. 

The foregoing suggests that the use of natural spin 
orbitals in the orbital approximation corresponds to the 
special choice of spin functions constructed according to 
the branching rule of Eq. (A2). 

For the diagonal elements, Eqs. (4) and (5) give 


¥(X) =74(1) -a?(s) +y_-(r) -6°(s), (4’) 


v(t) =7+(1) +y7-(r). (S’) 
Integration of (4’) over the spin variable s just gives 
(5’) according to (3’); integration over the space 
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variable r gives 


[re ar=N,-02(9) + NBS), 


Na= fre(n)ar 


and a succeeding spin integration gives 


[v@ax= [y(yar=N =, +N. (9) 


N, and N_ are equal to the number of electrons with 
plus and minus spin, respectively. From their definition 
as the space integrals of y,(r) and Eq. (A7) for these 
functions, one obtains 


Nie J vi(r)dr=N/24M, (10) 


where the explicit formula for fy’—the number of 
times the multiplicity 25+1 occurs—has been used 
to get the simple and well-known result for V. 

As is shown in the Appendix the quantities 7,(r’ | r) 
can be expressed in terms of the total wave function ®. 
For the diagonal elements, there results the simple 
formula 


N 
vs(r) = (® | 28(ri—4) (ES. |®) (A12) 


which expresses the partial densities y,(r) as the 
expectation value of an operator. Taking } times the 
difference of these two quantities, one gets the so- 
called spin density" 


N 
ys(T) =4(74(r) —y-(r)) = (| LA(r—4) S.i| ®). 
(11) 


hys gives the density of spin angular momentum 
(erg sec/cm*) at the point r. This quantity occurs in 
the theory of electron-coupled nuclear spin interactions 
and of proton isotropic hyperfine splittings of electron 
magnetic resonance spectra of -electron radicals. 


Ill. SYMMETRY PROPERTIES OF CHARGE AND 
TRANSITION DENSITIES 
Extending the definition of Eq. (3’) we consider here 
the transition density between two different electronic 
states, i.e., 


N 
¥mn(¥) = (@n| 08(ri—1) | Pn). 


t=1 


(12) 


8H. M. McConnell, J. Chem. Phys. 28, 1188 (1958). 
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Because of the orthogonality of the wave functions @n,_ 


[rma 2) dt =N bn (13) 
Let R be a symmetry operation applied te the point 
r and ® the same symmetry operation acting on all 
the r;. 
N.B. Simultaneous application of R and ® to 
>-8(r:—r) leaves this quantity invariant, since only 
the differences r;—r occur as arguments. That is, 


GRY Ti r)= a(ri— r) 


RV A(t) =R7 V(r i—-4). (14) 


Then 


Ryma(t) = [Pn*®RDG(F— 8) (dt)* 
= i }n*b,R7*D6(4i— 4) (dr) 


= { (02% ,*8,) Da(4e—4) (de). (13) 


If the operator ® obeys the “product law,” R(¢y) = 
(Rp) (Ry), then 


Ryma(t) = [ (BEn*) (6%,) D(es—4) (d)", (16) 


This is valid if ® is any point transformation, or any 
permutation of the indices of 1, fe, -++fy. In general 
it will not hold for differential operators like L,, S;, 
BP, S*. 

Now let ©,,* and ®,, respectively, belong to the 
irreducable representations T and I” with dimensions 
g and g’ of the symmetry group, of which ® is one 
element. Then 


Rymn(T) as LUT wave f Pee *D, 7° a(ri— r) (dr)* 
PB ES Ym'n’ ( r) ° 


m/! nf 


(17) 


This means that Ym,» belongs to the representation TX I’ 
of the direct product of the representations of the wave 
functions. The direct product representation has the 
dimension g: g’ if all the g-g’ products Pn*®, are linearly 
independent.” 


19 For [’=I two cases have to be distinguished: (1) The two 
sets of functions ®,,* (m=1, 2,-++g) and ®, (m=1, 2,+++g) are 
different, that is, the operations @ transform the ®,,* and®, 
among themselves, but do not transform a ®,,* into a linear 
combination of ®,’s and vice versa. Here the above statement 
holds without any change. (2) The two sets are identical. Now 
there will be only g(g+1)/2 linearly independent products, which 
then span a representation given by the symmetric direct prod- 
uct [I*]. See H. Weyl, The Theory of Groups and Quantum 
Mechanics (Dover Publishers, New York, p. 124. 
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In both cases the representation to which the Ym,n 
belong may be reduced, and its irreducible components 
IT noted. Then each ym,, can be decomposed into 
terms of different symmetry type: 


Ym,n(¥) wy Dla, "Ye,4(F) ee (18) 


where 7a,;(¥) is a function belonging to the ith row of 
the ath irreducible representation. Now 


N for the unit representation 
f Ya,i(f)dr= (19) 


0 for all other representations 


The second statement is true because the integral over 
all space of any nontotally symmetric function must be 
zero; for the totally symmetric or unit representation 
the first row of Eq. (19) assumes normalization of o,. 
Equations (13), (18), and (19) then give ¢,9"""=5m,n. 
From this it follows that the charge density of any 
state (m=n) always contains the identity representa- 
tion. Furthermore, the transition density between two 
states belonging to the same nondegenerate irreducible 
representation is always totally symmetric. 

Let us now assume that the states m and n corre- 
spond to definite quantum numbers S, Ms and S’, Ms: 
of the total spin and its z component, respectively, 
(m=v, S, Ms and n=y’, S’, Ms, where v and v’ desig- 
nate any additional quantum numbers necessary for a 
complete description of these states). Then 


yv,S,Mg,»',S',Mg' (8) =6s,s’6Ms,.Mg’* Yv,S,0,»’,5,0(F). (20) 


This means that the transition density is different 
from zero only for states with the same values of the 
total spin and its z component, and that it has the 
same value for all values of Ms. This follows from the 
invariance of the operator in Eq. (12) defining ym.n 
under any permutation of the electrons.” 


IV. SYMMETRY PROPERTIES OF CHARGE AND 
TRANSITION DENSITIES FOR MANY-ELECTRON 
ATOMS 


If spin-orbit interaction terms in the atomic Hamil- 
tonian are neglected, the wave functions ®, can be 
chosen to be eigenfunctions of the operators S,?S,, 
[?, L,. Any state m can then be characterized by the 
quantum numbers v, S, Ms, L, and Mz, where v repre- 
sents the eigenvalues of a set of observables which 
commute with S?, S,, L?, L,. The dependence of the 
transition density m,n, on S, Msg is given by Eq. (20). 
The existence of quantum numbers L, Mz, means 
that #, belongs to an irreducible representation Iz, of 
the 3-dimensional rotation group. The general expan- 


20 FE, Wigner, Gruppentheorie (1931), p. 125. 
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sion of Eq. (18) then takes the form (a—L, iM) 

Yo'S'Mg L'M 1) ,»'"'S'" Mgr LM" 
Lt" 


L 
> CL.M,°YL.ML- (21) 


L=|L/-L/"| M=—L 


= 6s’,S"'6Mg Mg? 


The limits in the ZL summation follow from the rule 
for the direct product of the irreducible representations 
of the 3-dimensional rotation group 


L’ Lb’ 
Ty Xp = Tz. 
L=|L/—L/"| 


(22) 


If the operator R in Eq. (16) is taken to be the inver- 
sion, it follows that the parity of ym,, must be equal to 
the product of the parities of the wave functions, or 
(—1)4=(—1)”-(—1)”". This restricts the permis- 
sible Z values in Eqs. (21) and (22) to the series 
L=L’+L", L'+L"—2, +++ | L’—L” |. This restriction 
applies to the ZL summation in all the following for- 
mulas. It reduces the dimension of the reducible 
representation I’ of the ym. from (2L’+1)-(2L”+1) 
to (L’+1)-(2L”+1) with L’< L”. For L’=L” this is 
equivalent to the use of the representation [T?] [see the 
discussion following Eq. (17) ]. 

The angular dependence of yz,uz(r, 0, @) is fixed by 
the requirement that this quantity should be an 
eigenfunction of L? and L,, 


yL.Mx(r, 0, &) =exp(—iMz¢) + P;!™t! (cos@) 


X (function of r). (23) 


Then Eq. (21) takes the form 


Yo'S'Mg’ L'ML’ »"'S'""Mgr LM = 6S',S"'5Mg',Mg’ 


> > r©Rru(r)+ Pr! (cos) exp(iM@) (24) 


L M=—-L 


where the coefficient cz,@z has been incorporated in 
Ru,m,. The radial factor must have the special form 
used in Eq. (24) for y(r, 8, ) to be well behaved at the 
origin. 

Finally it may be shown that in the sum over M in 
(24) only one term (M=M_:— M_,) is different from 
zero. 

N. B. From 


N 
L,.= (1/i) 2oLae(9/ay%) — yx(0/Axx) ] 


the following product law [see the discussion following 
Eq. (16) ] can be inferred 


L.(o*)) =6*( Ly) + (L.b*)y. 
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TABLE I. Coefficients ¢a,1,m in the expansion of the charge density 
[Eq. (27) ]. 





Configuration 


andstate Ms |sP {oP I|poP Ip-P 
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p® 
sp 


NR Nd btKSo 
— bd to 








® Only values of My =0 are included, for M <0 the entries for the row cor- 
responding to | Mz |>0 apply with the coefficients for p, and p_ interchanged. 
b Empty places stand for the value zero of the corresponding coefficient. 
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If L.&,=My- and L,On=MyPn, or L,*d,*= 
My%,*= rr L,Pn* then L,(®n* Bp) = (My-—Mz,) X 
®,,*®,. This together with Eq. (15) gives 
Li¥mn(1, 8, 6) = (1/1) (8/0) ¥mn(7, 9, &) 


= (My —My)ymalt, 6, ¢) 


or 

Ym.n (1, 0, 6) =expl[—i(Mr-—M 1) ]*¥m,n(r, 8,0). 
Combining this with Eq. (24) gives the final formula 

Yo'S'Mg' L'Miv"'S'"' Mg LM (1, 0, &) =5s',S5Mg? Mgr 


L—|M\)!2L+1 | 
on ear = etn A yc 





(25) 


with M=M,—M_,-. The numerical factors in Eq. (25) 
correspond to choice as follows of the multipole co- 
efficients (S’=S”, Ms-=Msz-'): 


r’pr u(r) 
= [-v(7,6,¢) Pu!" (cosé)exp(-+iM@)ded (cos#). (26) 


Equation (24) can be derived more directly by noting 
that the functions P,!'\(cos#)e-*“* form a complete 
system for the angle variables, therefore any function of 
(r, 8, @) must be expressible as a series in them with 
coefficients depending on r.*1 The derivation given in 
the preceding serves rather as an illustration for the 
general expansion of Eq. (18) and in addition leads to 
the restrictions on the M and L values in such a series 
characteristic for the transition densities for atoms. 


V. CHARGE DENSITIES OF MANY-ELECTRON ATOMS 
IN THE ORBITAL APPROXIMATION 


The results of Sec. IV are valid not only for exact 
wave functions but also for approximate wave func- 
tions of correct symmetry. This section is devoted to 
the illustration of these results with the approximate 
wave functions of Slater’s theory of complex atoms. 
Here the wave functions are built from Slater deter- 
minants made up from one-electron orbitals. A recent 
paper on atomic valence states by Companion and 


21 W. A. Bingel, J. Chem. Phys. 30, 1250, 1254 (1959) where 
some of the results of this paper were given without proof. The 
following misprints should be corrected: left side of Eq. (16a) on 
p- 1252 should read f; (s, ¢), the integrand in Eq. (17) is r“**%pzio 
(r) X, line 7 from bottom of left column of p. 1252 should read 
RoZa= RZ, Eq. (18a) should read Re=RZ,/Zu, the second term 
in Eq. (19) should be £,R; the caption of Fig. 3 on p. 1257 
should read NH; instead of CHs. 
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Ellison” contains tables for all states arising from the TAsLe III. The terms rveya(t) in the Osi: expansion of the 
electron configurations s"p™, giving the coefficients in chargn coneity La. ‘ 

the expansion of the approximate wave functions in a aa 
terms of Slater determinants. Using these tables the L=O ie 


charge density y(r) for any state turns out tohave the Configurationandstate |Mz| |Rl? (|Ree | RP 
form [see Eqs. (6) and (7) ] 


y(r)= >> Cn,t.m | On,t,m(T) |? (27) *S 


"nlm 
1S 








oc oO 


with the atomic orbitals given by 
n,t,m(¥) = Rar(r) I,'™! (cos) [exp(imp) /(2r)*]. (28) 


The coefficients ¢,,1,m for all states arising from the 
electron configurations s"p” are collected in Table I. 1D 
They fulfill the obvious relations 


> Cn,t,m=N, Doen,1.m= nl- (29a, b) 


n,l,m 


*P 


cm 


es 


coornor 


1S 


1,3p 


Ts 


Here N is the total number of electrons and N,, is the , 
number of electrons in the subshell mJ. The first of these - 
two equations follows from integration of Eq. -(27) 

according to Eq. (9), the second holds only in the *P 
orbital approximation. Substitution of Eq. (28) into ‘Ss 
Eq. (27) gives 


y(r) = Do n,t.mRai'(r) *[Uhi'™'(cos) F- (2r)-* (30) 


oocororN om 
WWW WH WH W 


2,4 
2D 


1 2 
0 2 
2 2 
1 2 
0 2 
0 2 


which is independent of the angle ¢. 2S 
The decomposition (25) of the charge density y(r) 

into terms of different angular symmetry proceeds as *P 

follows. From Eq. (26) and (30) 1p 


ror. (r) = 2 Cn,t,m_Rni(r) P 1S 


. f [IT,!™! (cos@) Px! (cos8) d(cos#) 


CorornNO oocornNn orf 
WWW HWW Hee ee 


- [ (eM /2e)dp 


cm 
ann 


=54,0° 2DLRai(r) f: Ddoen,1,mc" (Lm, Im) (31) 


TaBLe II. The Condon-Shortley coefficients for s and electrons. 
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" ® Here only the spherically symmetric (L=0) term po,o(r) and the term with 
2| pi | 0 L=2 r'pso(r) occur. Example: for sp? D, My=+2 we have pe.(r)=R,*+ 
Rpt and #4ps.o(r) =—2/SRe. 
A. L. Companion and F, O. Ellison, J. Chem. Phys, 28,1000 eS Mm)” i Ser all lm te Blows from Ba. (31) and (20a) that 


(1958). P0,0(7) =Zn, wnt: Rni*. 
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where the quantities 
c/(lm, lm) 


=[2/(2L+1)} J (11,!™! (cos) )2119(cos#)d(cos8) 


are the Condon-Shortley coefficients.” Table II gives 
those which are necessary for this calculation. With the 
help of Tables I and II and Eq. (31), Table III can be 
constructed which gives the actual decomposition of 
the states considered here into terms of different 
angular momentum L. It should be noted that only 
terms with M =0 appear. This is in agreement with the 
general formula (25), since the charge densities con- 
sidered here are the y»'s’Mg/L’Mz’,»'S’Mg'L'Mz, of Eq. (25). 
They turn out to be independent of Ms-=Mszg-, which 
also follows quite generally from this equation. Finally, 
inspection of Table III shows that the L values which 
occur are in agreement with Eq. (23’). This limitation 
on the values of Z which was derived in Sec. IV from 
general considerations, follows here from the special 
properties of the Condon-Shortley coefficients c¥. 


APPENDIX 


Any N-electron wave function with definite quantum 
numbers S, M of total spin and its component in a 
fixed direction can be expressed in the form™ 


fs” 
&3. uo = (fo") As (Ti, To, +++ Tw) 


* Os mk" (S1, 52, °**5w). (A1) 
The spin functions Os,4,." for fixed S and M form a 
basis for the irreducible representation Dg” of the 
permutation group of dimension 


fs “(nos A ee s+) 


23 E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge 1951), p. 178. 

*M. Kotani, A. Amemiya, E. Ishiguro, and T. Kimura, Table 
of Molecular Integrals (Tokyo, 1955), Part I. 


The space functions Ys‘ for fixed S and m form a 
basis for the dual representationt Ds”. The N-electron 
spin functions are built up from those for V—1 electrons 
according to the branching rule (see Fig. 1) 
Os,me¥ = —L(S—M+1)/(2S+2) POsyy.aae, a(N) 
+[(S+M+1) /(2S+2) POss4.ac:e4 B(N) 
(R=1, 2+++fg4:¥) 
Os, je¥ =[(S+M) /2S POs 4m 4:04 a(N) 
+[(S—M)/2S}Os4, 44:04 B(N). 
(k=fsiy" "+h, 
h=1, 2+++fs_sN-) 


These spin functions are orthonormal: 


(A2) 


[Os.a2 0s. (ds)* = 6s,56mm75x.,x°. (A3) 


Making use of the decomposition (A1) the first order 
density matrix (2) can now be expressed as 


V(X |x) = (W/o) [Yea *(n ty, ¥) 


XV. (te °° Fy-1, r) (dr)’-- J x (A4) 


where 


Jie = [es.ue(S ++ Sy-1S’) Os mse 


X (sie **sw_as) (ds), (AS) 


Substituting (A2) into the spin integral (A5) one has 
the following possibilities (see Fig. 1) : 
(a) kand k’ both from S+3: here 


Jie = 


S-M+1 


rey Os44,.m—4:0) 10 s44,.m—4:0"*(ds)¥a(s’) xs) 


S+M+1 
2(S+1) 


— c- SEM ON x 
(2S+2)? 


+ | Os44: 44:0) Os44,.m44;k (ds)¥—- B(s’)B(s) 





J Os4.M—4:i YO s44,.mt4n® (ds) 4 -ae(s’) B(s) 


+similarly with ke>k’-B(s’)a(s) . 
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From (A3) the first two integrals are equal to 4;,4- and 
the last two are zero (the functions have different 
M’s), therefore 


Jie,et = Bee (2S+2)-{ (S—M+1) -a(s’)a(s) 
+(S+M+1)-B(s')B(s)}. 


(b) & and k’ both from S—}4: In the same way as 
(a) we get 


Sg ,ne =e 7 (2S) { (S+M) + a(s’)ac(s) 


+(S—M)-+B(s’)B(s)}. 
(c) k from S+4, k’ from S—}4: from (A3) it follows 
that Ji. is zero (the functions have different S’s). 
(d) k from S—}, k’ from S+4: same as (c). 


Collecting these results, (A4) gives the desired 
formula 


v(x’ | x) =74(8" | r)+a(s’)a(s)+y-(r’ | r) 


*B(s’)B(s) (A6) 


where the partial density matrices 7; and y_ are given 
by 


w(t’| 1) = (1/fe){E(Sa+1)/(2542)) 


“. 
. N J Ws,x™* (tye ++ ty, Wr’) 


k=1 


X54 (Tie + * fw_a, ) (dr)¥— 


N 


fs 
+[(S£M)/28] XN f U5 * (tye ++ ty, 2) 


k>f g44N— 


XVs 46 (ty °° Fy-1, r) (anys (A7) 


From Eq. (A7) it follows that 
y(t’ | r)+y7-(r |r) = 


fs® 
(W/fs") 2 [¥su™* (nr ++ Ty, I’) 


XV 4" (ie ++ fya,r) (dr)¥-, 


But this is equal to y(r’ | r) of (3) with the of (A1). 
Therefore 
v+(2" | r)+y-(2'| 5) =7(2'| r). (A8) 


Equation (A7) shows how the partial density matrices 
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y+ and y_ of (A6) depend on the space functions 
Vs. of the decomposition (A1). 

Now it is possible to define the diagonal elements of 
these quantities directly in terms of the total wave 
function , namely, as expectation values of the 
operators 


N 
8(r:—r) (4+ 5;:). 
i=1 
Using again the decomposition (A1) we find 


N 
(@| 2a( ri r) (4+5,;) | ©) 


N 
- (W/fs") 2 [¥sa*(n °° y-1,P) 


XVs 5 (ry ee Tv-48) (dr)¥—. Th ee* (A9) 
where 


Tkv*= J Os,u;e¥ (3 Siw) Os,m;n% (ds)¥. (A10) 


The calculation of J;,.* proceeds in the same way as 
for the corresponding integrals (A5). Use of (A2) and 
the additional rules 

(3+S,)a=a, ($+5S,)8=0, 


(3— S,)B=8 


(3—- S;)a=0, 


(A11) 
gives for 


(a) k and k’ both from S+3: 
(3+ Six) 93,00 
=—[(S—M+1) /(2S+2) } Os44,04:041-a(N) 
(3— Siw) Os,u;0™ 
=+[(S+M+1)/(2S+2) } Osi4.ac4;0% B(N) 
Ihut=+[(S—M+1) /(2S+2)] 


° i Osi4,m—3e¥ Osss,aae% (ds)¥* J a(N)dsy 
=[(S—M+1)/(2S+2)]+ 6.x (A12) 
and in the same way 
Tee =[( S+M+1) /(2S+2) > bin. 
(d) k from S—}3, k’ from S+4: (A2) and (A12) give 


ae 
2.S(2S+2) 





Ike t = -( 


. i Os_4,m—4:0)—Os44,a—4;47" "(ds)" if a?(N)dsy. 
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The first integral is zero according to (A3) (different S’s). The same results for J;,.~, therefore I;,.+=0. 
(b) Rand # both from S—3: 
(4+ Sw) Os,mie% =+[(S+M) /2.S}+ Os_4,ma4in*a(V) 
(3— Siw) Os,m;x% =+[(S—M)/2S }+ Os4,as4:n*B(N) 
Tiw*=[(SAM) /2S]onw 
(c) k from S+43, k’ from S—4}: I,,~+=0, same as (d). 


Summarizing, one gets 


N \ fe 
(® | 28(ri—r) (3 Si) | ) = (N/fa®){[( SMH) /(2542)1 2 [i %5u0 (riety a) *(dr)’— 


fs* 
+[(S4M)/25]_ ee / | Ysa (Tae + * Eyar) Peary} (A14) 


>S sti 
Comparison with (A7) shows that 


va(0 | r)=ra(r) = (®| LAr r) (3+ S,;) | ®). (A12) 


This is the desired formula defining the partial charge densities y,(r) and y_(r) in terms of the total wave 
function . Equation (A12) can be generalized for the nondiagonal elements where 


va. (0’ | r) =N [ares Xo***Xy) X ($+ Su) (Vs, Kor +Xw) (dx)—'ds (A13) 


as can be shown by a derivation similar to the one leading to Eq. (A12). 
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The operator-equivalent method was employed to calculate the theoretical splitting of electronic energy 
levels *P2, 'Do, *F 2, *F 3, *F4, Gs, and *H¢ in Tm(C2H;SO,)3-9H,0. Intermediate field corrections were made 
to a, 8, and y. A first-order perturbation treatment on Tm** (4f%) in Cy, symmetry, using crystal-field 
parameters A,°(r?)=13 cm7!, A,°(r4)=—80 cm™, Ag*(r$)=—32 cm™, and Ag*{r*)=300 cm™, predicts 
the position of the crystal quantum states in reasonable agreement with experiment. 





INTRODUCTION 


N a Tm(C2H;SO,)3°9H2O single crystal, where the 
Tm* configuration is 4f”, the perturbing influence 
of the water and ethylsulfate groups on the energy- 
level system of the free ion can be calculated by expand- 
ing the crystal-field electric potential in a series of 
spherical harmonics. A first-order perturbation treat- 
ment is possible since the crystal field splitting of the 
various electronic levels is of the order of 100 cm™, 
whereas the spin orbit splitting between adjacent levels 
is generally greater than 1000 cm™. The work of Ketelaar 
has shown that the point symmetry at the metal-ion 
site in rare earth ethylsulfates is predominantly C3. 
Johnsen? and the present authors’ have found Ca 
point symmetry to be consistent with the interpretation 
of the Tm(C2H;SO,)3:9H:O absorption spectra. How- 
ever, a few transitions were observed that are forbidden 
in Cs, symmetry but are allowed in C3, symmetry. The 
theoretical splitting of *Hs, *Fs, *F3, *F2, 'Gs, ‘De, and 
3P, levels presented here is based on the experimental 
work of these investigators. 


CALCULATION OF INTERMEDIATE-FIELD OPERATOR 
EQUIVALENTS 


The potential energy of a 4f electron in the electro- 
static field of the lattice is taken to be 


Ay?(322—12) + Ay?(35a4— 302°7?-+- 374) 
+ A,(2312°— 315z4?-+1052%r4— 574) 
+ Ag’ a8 —15aty?-+1 Sa2y!— 98), 


The contribution to the free-Tm** Hamiltonian 
consists of two expressions of this form, corresponding 
to the two 4f electron “holes.” The quantities A,” are 
characteristic of the lattice and appear with the corre- 
sponding quantities (r*), the mean value of r” for a 
single 4f electron. 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1J. A. A, Ketelaar, Physica (Haag) 4, 619 (1937). 

2 U. Johnsen, Z. Physik 152, 454 (1958). 

3 J. B. Gruber and J. G. Conway, UCRL-8839 (August, 1959) ; 
J. Chem. Phys. 32, 1178 (1960). 


As Stevens has shown,‘ within a given manifold of J 
the matrix elements of the potential form V,, associ- 
ated with the parameter A,” are related to the matrix 
elements of certain angular-momentum operators 
through a factor 6,(r"). Here 6, is the so-called “opera- 
tor-equivalent” factor, usually written as a, 8, and y 
for n=2, 4, and 6. This theory has been generalized 
by Elliott e¢ al. for all rare earth ions.5 Judd has given 
the equations for evaluating the pure L-S operator 
equivalent for Pr**+(4f).° He has tabulated these values 
for *H4, ‘Gy. *F's, *F'3, ‘De, *P2, and *P; in the same paper 
with the crystal-field-splitting results for Pr** in 
LaCl;. For Tm**(4f"), the L-S a, 8, and y may be 
calculated from the Pr* set of equations. The only 
difference will be a change in sign. However, L-S 
coupling breaks down in Tm**, and it is necessary to 
consider intermediate coupling effects on the L-S 
operator equivalents. 

In an earlier paper® the electronic energy levels for 
Tm** in the intermediate field were obtained from a 
plot of E/Fz vs x, where x={/Fo, ¢ is the spin orbit 
parameter used by Spedding,’ and F» is a Slater integral. 
The best fit of theory to experiment was obtained 
at x=3. The eigenvectors at x=3 for *Hy, *F4, ‘Gi, 
and *F», *P2, ‘De, used in calculating a, 8, and y in the 
intermediate field were obtained from an IBM-650 
program. The eigenvectors for *H, and ‘J, were cal- 
culated by hand using Spedding’s equations. Table I 
includes values of operator equivalents for Tm- 
(CeHsSO,)3*9H2O with intermediate-field corrections 
in brackets. 

Suppose we wish to calculate a, 8, and y for 'G, in 
an intermediate field at x=3. In a 4/" configuration 
there are three J =4 levels. We write 


| G4’) =0.6119 | #H,)+0.7260 | 'G,)—0.3137 | *F,), 


(1) 
where 0.6119, 0.7260, and —0.3137 are the corre- 


op W. H. Stevens, Proc. Phys. Soc. (London) A65, 209 
1952). 

5R. J. Elliott, B. R. Judd, and W. A. Runciman, Proc. Roy. Soc. 
(London) A240, 509 (1957). 

*B. R. Judd, Proc. Roy. Soc. (London) A241, 414 (1957). 

7F. H. Spedding, Phys. Rev. 58, 255 (1940). 
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TABLE I. Operator equivalents in the intermediate field, Tm** (4/). 








(J le || J) 


(JIB Il J) 


JilyllJ) 





(1/5) [1.000] 
(-1/15) [1.095] 
(—22/15-21) [0.678] 
(—8/21-15) [1.636] 
(-1/90) —_ [1.000] 
(-1/126) [1.357] 
(2/1135) [1.799] 
(2/99) [0.995] 
(1/99) [1.010] 





(—4/7-27) 
(—4/7+27) 
(2/7+81) 
(1/45-99) 
(1/45+77) 
(46/11-45-77) [0.866] 
(—4/11-15-99) [0.984] 
(8/3+11+1485) [0.976] 


0 
[0.629] 
[—-0.105] 
[—1.859] 
[1.000] 
[1.527] 


(1/39-99) [1.000] 
(—1/13-63-99) [5.945] 
(4/13-33-77) [0.537] 
(2/13+33-21-99) [0.967] 
(—5/13+33+2079) [0.986] 








® The pure L-S operator equivalent, 8, is zero for *P2, since the corresponding Racah coefficient is zero. However, if we allow for intermediate coupling effects, 


the entry becomes (—4/7-27) [0.629]. 


‘ 


sponding eigenvectors, and | 'G,’) corresponds to the 
intermediate field 4G,. Now we have 


(Gi! || B || Gy’ )= (0.6119)? PH; || 8 || #4) 
Y Y 


+ (0.7260)? (1Gs || 8 || 'Gs)+ (0.3137)? AF, || B || *Fs) 
Y Y 


—2(0.3137) (0.6119) @H; || 8 (|*F,). (2) 
Y 


There will be no cross terms involving 'G, with *F, 
and *H,, since matrix elements between different spin 
states are zero. Each of the pure L-S operator equiva- 
lents in Eq. (2) can be evaluated from the equations 
given by Judd.*° It is possible to factor out Gy, L-S a, 
8, and y expressions from the right-hand side of Eq. 
(2), which leaves a sum of numbers that denotes the 
importance of intermediate-field corrections to the 
L-S operator-equivalent values. In this way, *F,, 
*Fo, *P2, ‘Do, and *Hg operator equivalents were cal- 
culated. The *P;, *¥3, and *H; operator equivalents are 
not affected by spin-orbit interaction. 


SELECTION OF PARAMETERS 


Having found a, 8, and y for a particular level, we 
can now express the crystal splitting in terms of param- 
eters A,” (r"). These parameters were defined earlier. 
The values that these parameters can assume must be 
consistent with the point symmetry at the rare earth 
ion in the lattice. 

In addition to containing some physical significance 
as a scale factor for the crystalline electric potential, 
A,™ is also the repository for errors due to neglect of 
configuration interaction and interactions between 


crystal quantum states of one J level with those of a 
nearby J level. Since configuration interaction has 
greater effect on J levels in the ultraviolet than in the 
infrared, the A,™(r") parameters can not be expected 
to be really constant in going from *Hg to *P2, some 
38 000 cm away. Likewise, somewhat different 
parameter values are needed if a simultaneous perturba- 
tion treatment is carried out on the *F2, *F3, and *F, 
levels and if a general second-order perturbation treat- 
ment is carried out. 

If we neglect the effects mentioned in the preceding 
paragraph, the structure of *P; (split into 2 sublevels 
u=0, +1) gives at once a preliminary value for 
A?(r). Unfortunately, our photographic plates un- 
ambiguously confirmed only the position of the .=-+1 
sublevel in *P;. Another line appearing in both o and r 
polarization with a line width of some 10 cm may have 
been 2 lines close together. More careful polarization 
experiments, in which the o and x spectra are taken as a 
function of the rotation of the crystal, are necessary to 
confirm the actual energy value of the splitting. Param- 
eters Ag°(r*) and A¢?(r*) were chosen so as to give 
the proper splitting of the .=3 and 4=+2 sublevels 
in *F4, Gy, and *H,. Parameter A,°(r*) was chosen so 
as to give reasonable splitting of the *P2, *F2, and *Hg. 
levels. The best over-all fit for this first-order perturba- 
tion treatment was obtained by using A,°(r?)=13 
cm, A,(rt)=—80 cm, Ag’(r®)=—32 cm, and 
A¢§(r>) =300 cm-. 


FITTING TO EXPERIMENTAL DATA 


A. The *H, Level 


The theoretical predictions for u=0, +1, 3 are in 
good agreement with those crystal quantum states 
reported by experiment (see Fig. 1). The prediction of 
additional states between +1 and 3 has led us to re- 
study our plates. Our reported analysis included only 
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those intense lines in which polarization was com- 
plete. As many as 3 or 4 weak lines appear between 
those due to transitions from the +1 and 3, but these 
are not well polarized. These lines may be due to sub- 
levels 4=0’, +1’, and +2’ in*Hgas the theory predicts 
or satellite levels, but our experiments cannot really 
confirm this. Forbidden transitions observed in *P», 
‘De, and 1G, may also confirm these predicted states in 
the *H, level. 


B. The °F, Level 


The splittings of the 1=-+2 and 3 are in reasonable 
agreement with experiment (see Fig. 2). However, the 
presence of the *F; some 200 cm™ away will cause 
certain states to be depressed more than others. This 
may explain the relative position of the theoretical 
value of w=+1. 


C. The *F; and °F, Levels 


Since *F; and *F2 (see Figs. 3 and 4) are separated by 
400 cm, a simultaneous perturbation treatment is 
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necessary in order to get better fit. Such a treatment 
may reverse the positions y=+1, w=+2 in *F2, now 
given as a result of first-order methods. As yet, u.=0 has 
not been reported for either of these levels. 


D. The 'G, Level 


The splitting between the lower n=3 and »=+1, 
between w=+2 and y=+1, and between p=+1 and 
lower »==:2 fits that found by experiment (see Fig. 2). 
The experimental positions of both n.=3 sublevels are 
reasonably well established. The theoretical value of 
upper u=3 cannot be brought into better agreement by 
this present treatment. A slightly different set of param- 
eters, A,°(r?)=13 cm, A(r*)=—80 cm, Ae (r*) = 
—20 cm, and A,°(r°)=200 cm gives the following 
somewhat better agreement: wt+2=—79 cm-, wt1= 
—50 cm, wt2’=23 cm, u3=101 cm, ps’ =166 
cm7. 

That a slightly different set of parameters fits theory 
better to data may be due to increased importance of 
configuration interaction on excited levels. However, 
the internal inconsistency within the 1G, may be due to 
interactions between crystal quantum states of ‘1G, 
with those in *F2, *F3, and ‘De. 
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E. The 'D, Level 


The poor agreement can be partially remedied by 
considering interaction of 'D. with Ys. Our plates 
(see Fig. 4) reveal lines between *P, and *P, and to the 
red of *Py) as possibly due to the ‘Js. The energy of 
I, above 'D» was taken to be 6000 cm~. Even when the 
total matrix of the crystal field interaction between 
‘D, and ‘J is considered, it is impossible to obtain 
good agreement with 'J, this far removed from 'Dp. 

Judd has also calculated a poor fit for 'D, in the analy- 
sis of PrCl; (Pr**, 4f?) .6 Although configuration interac- 
tion is known to be important for 'Ds, it is difficult to 


G. CONWAY 


see in detail why this poor agreement occurs again in 
Tm*. 


F. The *P, Level 


Actually good agreement exists between theory and 
experiment (see Fig. 4). The experimental error in 
measuring the broad lines in the ultraviolet is some 13 
cm in magnitude. 
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An analysis of the electron spin resonance of x-irradiated single crystals of 8-succinic acid shows that: 
(a) the principal long-lived paramagnetic species produced by the radiation damage is (CO,H)CH:- 
CH(CO,H); (b) the radical is oriented in the crystal lattice in nearly the same way that the parent succinic 
acid molecule is oriented in the undamaged lattice; (c) the strongly anisotropic hyperfine interaction due to 
the « proton is very nearly the same as that previously found for the o proton in the malonic acid radical, 
(CO,;H)CH(CO;H). In these molecules the ¢ proton is directly bonded to the carbon atom on which the 
odd electron is largely localized. The two methylene protons in the radical are not equivalent, and their 
hyperfine interactions are nearly isotropic, and in the range 80-100 Mc. 





INTRODUCTION 


N previous work! electron spin resonance has been 
used to show that it is possible to prepare radicals 
with the formula CH(CO:H)> by 50-kv x irradiation of 
crystals of malonic acid. This radical has a fixed orienta- 
tion in the crystal lattice and is stable at room tempera- 
ture. The conclusions that were reached! on the orienta- 
tion and electronic structure of this radical have been 
further substantiated by (a) the observation of C® 
hyperfine splittings in the electron resonance of this 
radical,? and (b) the observed absorption of radio-fre- 
quency energy of the expected frequency and linear 
polarization by CH(CO.H). in single crystals of x-ray 
damaged malonic acid in zero applied magnetic field.’ 
This work'* determines the parameters of the spin 
Hamiltonian that describes the hyperfine interaction 
between a single x electron and a a proton. A “o pro- 
ton” is one that is directly bonded to an unsaturated 
carbon atom so that the o proton lies in the nodal plane 
of the z-electron spin distribution. Ghosh and Whiffen,‘ 
and Atherton and Whiffen® have carried out studies of 
the paramagnetic resonance of y-irradiated glycine 
and glycolic acid and have reached similar conclusions 
regarding the spin Hamiltonian necessary to describe 
the hyperfine interaction between a proton and a single 
localized x electron. Other experiments®” indicate that 


* Sponsored by the Office of Ordnance Research, U.S. Army, 
by the National Science Foundation, and by the United States 
Public Health Service. 

+ A. A. Noyes Postdoctoral Fellow. Present address: Scientific 
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J. Am. Chem. Soc. 82, 766 (1960). See also T. Cole, C. Heller, 
and H. M. McConnell, Proc. Natl. Acad. Sci. U.S. 45, 525 (1959). 

2H. M. McConnell and R. W. Fessenden, J. Chem. Phys. 31, 
1688 (1959). 

3H. M. McConnell, D. D. Thompson, and R. W. Fessenden, 
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these same parameters may be used for describing 
o-proton hyperfine interaction with z-electron distri- 
butions centered on several carbon atoms in an aromatic 
or olefinic radical. Since (¢ proton)-(x electron) 
hyperfine interactions appear to be rather well under- 
stood, both experimentally’ and theoretically,’ the 
present work was undertaken for the purpose of study- 
ing (zw electron)-(¢ proton) hyperfine interactions. 
A “x proton” is one that is attached to an aliphatic 
carbon atom and lies above or below the plane of the 
m-electron spin distribution. As will be clear later, a 
detailed knowledge of the (¢ proton)-(x electron) 
hyperfine interaction plays an essential role in the 
problem of distinguishing between (¢ proton)-(x 
electron) and (z proton)-(# electron) hyperfine 
splittings in the observed spectra of (COH).CHCH,. 
(CO.H). 

Isotropic (x proton)-(z electron) hyperfine interac- 
tions were first studied theoretically by Bersohn,® 
who applied molecular orbital theory to methyl proton 
splittings in semiquinones. 

Chesnut” has used molecular orbital theory for z- 
proton hyperfine splittings in aliphatic radicals. Valence 
bond theoretical calculations of isotropic (# proton)- 
(x electron) hyperfine interactions in a number of 
molecules have been made by McLachlan," and Lykos.” 
Hyperfine splittings due to 7 protons have now been 
observed in many radicals in solutions, and in randomly 
oriented radicals in the solid state. Examples are the 
semiquinones,” dimesitylmethyl,“ and Wursters blue 
ion® in solutions, and the ethyl radical” and 
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®R. Bersohn, J. Chem. Phys. 24, 1066 (1956). 
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1A, D. McLachlan, Mol. Phys. 1, 233 (1958). 
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Sa ae 


Fic. 1. Paramagnetic resonance of x-irradiated single crystal 


of 8-succinic acid. Applied field is perpendicular to crystal 6 axis, 
and parallel to a. 


(CH;)2COH® in polycrystalline solids or glasses. The 
present work differs from all previous work in that it 
provides an experimental determination of the aniso- 
tropy of x-proton hyperfine interactions for a molecular 


system where there can be no free rotation of the + 
protons. 


EXPERIMENTAL 


The crystal structure of 6-succinic acid, the modifica- 
tion that is stable at room temperature, has been in- 
vestigated by a number of workers.”:° The unit cell is 
monoclinic, a=5.126, b=8.880, c=7.619 A, and B= 
133.6°. The space group is P 2;/a(Cx*). There are two 
molecules per unit cell. The asymmetric unit is half a 
molecule; the two halves of each molecule are related by 
a center of symmetry. The four carbon atoms are in a 
plane which we denote by P. The two molecules in the 
unit cell are transformed into one another by a two- 
fold rotation about the 6 axis. The 6 axis passes through 
the center of symmetry of one molecule. The two car- 
boxyl groups make an angle of about 11° with P. The 
molecules form chains parallel to the c axis, and the ¢ 
axis lies in P. 

Single crystals were grown by the slow evaporation 
of ethyl acetate solutions. The crystals were several 
millimeters in size and had well-developed faces [(001), 
(010), (110) ] which were identified with an optical 
goniometer. The crystals were placed 5 cm from the 
tungsten target of an x-ray tube operating at 50 kv 
(30 ma) and were irradiated for 55 min. Spin resonance 
spectra were observed at room temperature using a 
conventional spectrometer with a microwave frequency 
of 9500 Mc and a field modulation of 100 kc. Succinic 
acid showed the same resonance spectrum immediately 
after irradiation as after prolonged aging at room 
temperature, or annealing for several days at 100°C. 
This is in contrast to the previous results obtained with 
malonic acid.} 

The spin resonance spectra that are observed at most 
crystal orientations are complex and contain a number 
of unresolved lines. This result is related to the fact that 


18 J. F. Gibson, D. J. E. Ingram, M. C. R. Symons, and M. G. 
Townsend, Trans. Faraday Soc. 53, 914 (1957). 

19 H. J. Verweel and C. H. MacGillary, Z. Krist. 102, 60 (1939). 

2% J. D. Morrison and J. M. Robertson, J. Chem. Soc. 1949, 
980; J. S. Broadley, D. W. J. Cruickshank, J. D. Morrison, J. M. 
Robertson, and H. M. M. Shearer, Proc. Roy. Soc. (London) 
A251, 441 (1949). : 


in the undamaged lattice there are two molecules per 
unit cell, and at most crystal orientations these mole- 
cules—and the corresponding radicals produced by the 
x-ray damage—are not equivalent with respect to their 
interaction with the applied field. However, if the radi- 
cals produced by the radiation damage are related 
to one another by the space group symmetry operations 
of the undamaged crystal structure, then particularly 
simple spectra are expected when the applied field Ho 
is perpendicular to the 6 axis, since for this orientation 
the two radicals “per unit cell” should give the same 
spectrum. This was found to be the case. These “‘per- 
perdicular” (HoL}) spectra consisted of eight strong 
signals which for certain orientations coalesced into 
six. Two representative spectra are shown in Figs. 1 
and 2, for 2=0° and 2= 100°. Here © refers to the angle 
between the applied field and the a axis of the unit cell, 
when the applied field is perpendicular to b. The two 
radicals per unit cell are also equivalent when the 
applied field is parallel to 6, and a simple eight line 
spectrum was also obtained for this “parallel” (Hp || 5) 
orientation. In Figs. 1 and 2 there are weak satellite 
lines separated from the strong line by ca. 14 Mc. 
These weak lines were always 8-10 times less intense 
than the strong lines, and arise from a flip of the pro- 
ton spin, which requires about 14 Mc, the proton 
resonance frequency in a field of 3300 gauss.'! 


ANALYSIS OF THE SPECTRA 


The two basic assertions that we make in the follow- 
ing interpretation of the observed spectra are: 
(A) The radicals giving the spectra have the formula 


O H® 
| i 


¢ C C C 


4 


/ | | \ 
HO H® H® O 


OH 





where the protons are numbered 1, 2, 3. 
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Fic. 2. Paramagnetic resonance of x-irradiated single crystal 
of B-succinic acid. Applied field is perpendicular to crystal b axis, 
and makes an angle of 100° with the a axis. 


21G. T. Trammell, H. Zeldes, and R. Livingston, Phys. Rev. 
110, 630 (1958). 
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(B) The radicals are related to one another by the 
point and space group symmetry operations of the 
undamaged crystal. According to assertion (B), any 
two radicals M,; and M; are related to one another by 
(a) a center of inversion, or (b) a twofold rotation 
about the 6 axis, or, (c) a combination of (a) and (b). 
In the “parallel” (Hp || 6) and “perpendicular” orienta- 
tions (Hob) each of the four different radical orienta- 
tions are equivalent. Thus, for the parallel and per- 
pendicular orientations we expect proton hyperfine 
structure due to only three protons, say H®, H®, 
and H® in (1). [One does not expect acid proton 
hyperfine structure from (I)!*-*]. In general, a single 
proton gives rise to a hyperfine structure of four lines, 
the intensities of the outer two being the same, and the 
intensities of the inner two being the same.' For three 
protons the hyperfine structure pattern consists of 
4X4xX4= 64 lines, so that even for the perpendicular 
and parallel orientations a total of sixty-four hyperfine 
structure components are possible. One is lead, however, 
to the observed six and eight strong resonance signals 
in Figs. 1 and 2 by the following arguments. On the 
basis of purely theoretical considerations (see Discus- 
sion) the methylene z-proton hyperfine interactions 
should be nearly isotropic. Each of these protons 
[(2) and (3) in (I) ] then contributes only a doublet 
structure to the hyperfine pattern. The second pair of 
signals from each proton quartet has negligible intensity 
for a nearly isotropic hyperfine interaction.! Now, con- 
sider the hyperfine structure arising from the o proton. 
If we assume that this proton is very similar in its 
strongly anisotropic hyperfine interaction to the o 
proton in malonic acid,! then at 3300 gauss this proton 
will give a hyperfine quartet of two strong and two quite 
weak hyperfine lines at most crystal orientations.! 
It is to be emphasized that the apparent simplicity of 
this hyperfine structure is a subtle accident. For example 
at 10 000 gauss the malonic acid radical o proton can 
give a hyperfine quartet with all signals of equal in- 
tensity.! The observed spectra of eight lines are then 
accounted for in terms of a doublet from each of the 
three nonequivalent protons in the parallel and per- 
pendicular orientations. Six-line hyperfine spectra occur 
when the splittings by two protons are the same. 

Let the hyperfine splittings by the three protons be 
u, v, and w. The observed spectra can be interpreted 
in terms of u, v, and w, and the results are given in 
Table I for the parallel orientation, and for various 
perpendicular orientations. Note that 2=0° for Hp || a, 
and 2=133.6° for Ho||c. In the range 2=90—160° 
six-line spectra are observed, that is, x=w. Now the 
question arises, which splitting u, v, w arises from which 
proton H®, H®, H®? One possibility is immediately 
suggested by the symmetry of the problem. When 
Hp || c(Q=133.3°) all the methylene protons of the un- 
damaged molecule are probably equivalent. Splittings 
(v and w) become equal in this range of crystal orienta- 
tions (cf. Table I). Thus, it is tempting to suggest that 
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TaBLe I. Experimental hyverfine splittings in x-irradiated 
succinic acid. 
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the w protons of the radical [H® and H® ] give rise to 
splittings v and w. However, this leaves the third split- 
ting, u, large (96 Mc) and very nearly isotropic. This 
is not what is expected on the basis of electronic struc- 
ture theory,’ and the known anisotropy of the o-proton 
hyperfine splitting in the malonic acid radical." We have 
therefore calculated the expected hyperfine splittings 
due to a malonic acid o proton under the assumption 
that in the succinic acid radical the o-proton C—H 
bond bisects the H—C—H angle of the undamaged 
succinic acid methylene group. The calculated splittings 
are given in the last column in Table I. It is seen that 
there is very good agreement between these calculated 
splittings and the observed splittings w. The agreement 
is particularly striking for the parallel orientation. 
It therefore appears safe to conclude that the splitting 
w arises from the o proton [H™ in (I) ], and that the 
assumed direction of the o-proton CH bond is correct. 
And this close agreement further suggests that there is 
no major reorientation of the carbon skeleton when the 
radical is formed from the parent molecule. However, 
the foregoing assignment of the splitting w to the o 
proton forces us to the conclusion that the two methyl- 
ene # protons H® and H® in the radical do not have the 
same orientation and elements of symmetry as they did 
in the undamaged parent molecule. In fact, the near 
isotropy of the couplings, and the fact that the apparent 
anisotropy of « and 2 is small compared to the differ- 
ence between u and 2, strongly suggests that these 
protons are chemically distinct; i.e., that the local elec- 
tronic structure is different at the two protons. This 
nonequivalence of the methylene w protons could be 
achieved by a twist of the methylene H—-C—H group 
so that the H—C—H angle is no longer bisected by the 





C. HELLER AND H. M. McCONNELL 


oe 30 Gouss 


Tere 





Fic. 3. Paramagnetic resonance of a polycrystalline sample of 
x-irradiated succinic acid. 


molecular plane P. However, if this nonequivalence of 
the x protons is achieved by a twist of the H—C—H 
group, we must ask: Does the H—C—H group twist 
“up” or “down” relative to the molecular plane P? 
Since the molecular symmetry plane P is not a sym- 
metry plane of the crystal lattice, it is possible that the 
H—C—H always twists in one direction. Call this alter- 
native (i). With alternative (i) we may say that the 
simplicity of the observed spectra in the parallel and 
perpendicular orientations, and the complexity of the 
observed spectra in other orientations, may be taken 
as strong evidence for the validity of assertion (B). 

However, let alternative (ii) correspond to the situa- 
tion in which the H—C—H group twists “up” or 
“down,” say, for simplicity, with equal probability. 
Here assertion (B) would remain valid as far as the 
peint group operations of the crystal were concerned, 
but all radicals would not be related to one another 
by the space group symmetry operations of the un- 
damaged lattice. Unfortunately the z-proton hyperfine 
splittings are so nearly isotropic that we cannot 
distinguish between alternatives (i) and (ii). If these 
splittings were more anisotropic there could be addi- 
tional splittings in the parallel and perpendicular 
orientations with alternative (ii). 


DISCUSSION 


In previous work” it has been shown that the hyper- 
fine splitting due to a o proton, ay, is directly propor- 
tional to the z-electron spin density py on the adjacent 
carbon atom. These quantities are related through the 
equation 


(1) 


where Q has the semiempirical value of —22.5 gauss. 
A quite general theoretical derivation of (1) has re- 
cently been obtaihed by McLachlan, Dearman, and 
Lefebvre.% On the basis of this and other theoretical 
work" there is good reason to believe that the isotropic 
hyperfine interaction by due to a m proton is directly 


ay =Qpwn 


2H. M. McConnell and D. B. Chesnut, J. Chem. Phys. 28, 
107 (1958). 

2A, D. McLachlan, H. Dearman, and R. Lefebvre (to be 
published). 


proportional to the spin density on the neighboring 
unsaturated carbon atom 

by= R(8) pw. (2) 
In (2) it has been explicitly indicated that the constant 
of proportionality depends on the angle @ of rotation 
of the alkyl group attached to the unsaturated carbon 
atom. The angle 0 is defined so that @=0 corresponds 
to the “eclipsed” orientation of the x-proton C—H 
bond relative to the z-orbital symmetry axis, and when 
6= 4r this proton lies in the nodal plane of the z-electron 
spin distribution. Thus, when 0= $x the alkyl group pro- 
ton is a o proton. Up to the present relatively little 
quantitative experimental information has been avail- 
able on the constant of proportionality R. Thus, proton 
hyperfine splittings due to methyl-substituted aromatic 
radicals in solutions could give (R) if the neighboring 
m-electron spin densities were known accurately. Here 
(R) represent the average of R(@) over “free” rotations 
of the methyl group. Unfortunately radicals in liquids 
that are suitable for this determination of (R) have not 
yet been studied. 

Hyperfine splittings due to 7 protons have certainly 
been observed in the spin resonance of a number of 
irradiated materials in glassy or polycrystalline ma- 
terials at low temperatures.’** Unfortunately, the 
interpretation of such spectra is extremely difficult when 
o protons contribute to the hyperfine interactions, since 
the o-proton hyperfine interaction is so anisotropic. 
Also g-factor anisotropy contributes to the difficulty 
of interpreting these spectra. To exemplify this point 
we give in Fig. 3 the spin resonance of a polycrystalline 
sample of x-irradiated 6-succinic acid. Since +-proton 
hyperfine interactions are nearly isotropic (see the 
following), we may however obtain some information 
on (R) from irradiated polycrystalline materials if they 
contain no o protons with significant hyperfine interac- 
tion. This is the case for the radical (CHs)sCOH which 
shows seven weii-resolved hyperfine lines even in a glass 
at low temperature.’ Here the observed splittings are 
56 Mc and this is probably the best value of (R) 
presently available. 

The angular dependence of R(@) can be approximated 
satisfactorily by the equation, 


R(6) = A+B cos*6. (3) 
Theoretical calculations of methyl ‘proton hyperfine 
interactions” indicate that when 6=}$2, R~0. Thus, 
A=0 in (3). The foregoing experimental value of (R) 
determines B: 


(R(0))=3B=56Mc;  B=112 Mc. 


For the z protons in the succinic acid radical, we would 
then expect an isotropic splitting of the order of (112) 
(cos*30°) =84 Mc if the two protons were oriented in 
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exactly the same way that they (probably) are in the 
undamaged succinic acid molecule. It is clear that a 
moderate twist of one, or both, of the -proton CH 
bonds could account for the observed and 2 splittings 
given in Table I. 

Let us now consider the anisotropy that is expected 
theoretically for x-proton hyperfine interactions. The 
distribution of spin in the succinic can be represented 
by a normalized spin density distribution function™ 
p(r) and this distribution function can be expanded in 
terms of atomic orbitals centered on the carbon and 
hydrogen nuclei of the radical: 


p( r) = Tru" dr. (4) 


The numbers p,, are the elements of the atomic orbital 
spin density matrix.* The only orbitals we need consider 
in (4) are 2s and 2 atomic orbitals centered on carbon, 
and 1s atomic orbitals centered on hydrogen. Irrespec- 
tive of whether one used valence bond theory” or 
molecular orbital theory® to calculate the elements 
Pr, the calculations all give pye~1 where ¢, is the p 
atomic orbital centered on the unsaturated atom that 
holds “‘the” odd electron, and all other p, (or p,) are 
of the order of magnitude of 0.1—0.01, or less. In 
particular, the diagonal matrix elelments p;; for the spin 
density centered on the o and z protons are of the 


4H. M. McConnell, J. Chem. Phys. 28, 1188 (1958). 
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order of 0.05. Under these circumstances one can use 
previously calculated dipolar interaction integrals* to 
show that all terms in (4)—except terms involving the 
orbital ¢,—make a negligible contribution to the hyper- 
fine interaction. The pure z-electron dipolar hyperfine 
interaction, arising from prr¢r*s in (4), contributes of 
only ~4 Mc to the z-proton hyperfine interaction. It 
can be seen that the variation in the splittings u and » 
are of this order of magnitude. No attempt will be made 
here to interpret this small anisotropy of the 2-electron 
hyperfine interaction evident in Table I in view of the 
uncertainty in the orientation of the methylene group 
in the radical. It may, however, be possible to give an 
analysis of this type for a similar radical produced in the 
x-irradiation of adipic acid.* This analysis would permit 
the determination of the sign of the z-proton isotropic 
hyperfine interaction, which has been predicted to be 
positive." 

Note added in proof. Similar results on y-irradiated 
succinic acid have recently been obtained by D. Pooley 
and D. H. Whiffen (private communication). 
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Electromagnetically analyzed ionic beams from a radio-frequency source were used to study the sputtering 
yield S (atoms per ion) for light ions normally incident on silver targets at energies from 2 to 12 kev. The 
yields displayed broad maxima with energy in the range studied. At 5 kev the following values of S were 
found: H*, 0.035; D*, 0.090; H;*, 0.077; D.*, 0.21; H;*, 0.11; D3*, 0.33; Het, 0.48; N*+, 4.0; Ot, 4.4; Ne*, 
5.5. The angular distribution of sputtered silver followed a cosine dependence about the normal to the 
target surface even when the beam hit the target at oblique incidence. 





ETWEEN the high-energy (mev) range of nuclear 

reactions and the low-energy (ev) range of chemi- 
cal reactions, lies a region of energy in which the modes 
of interaction between particles are as yet relatively 
unexplored. One suitable approach to the interesting 
physicochemical processes in this region is the study of 
the sputtering of solids by ionic beams with energies 
from 100 ev to 100 kev, and the interpretation of the 
results in terms of solid-state collision theories. 

With the development of isotope separators capable 
of delivering to a target an intense beam of electro- 
magnetically analyzed positive ions, it has become 
possible to investigate sputtering with a close control 
of the chemical identities of the interactants. A small 
isotope separator might yield ion currents of several 
milliamperes, and a large machine of the Calutron type, 
currents up to a few tenths of an ampere. Interesting 
results have already been published by Kistemaker! 
and his co-workers using the Amsterdam isotope separa- 
tor, and studies have been made by Yonts with the Oak 
Ridge Calutron.? In our laboratory, we utilized* a 
smaller apparatus, especially designed for the study of 
lighter ions, which yields current densities of about 100 
pa cm™*. Results previously reported gave the yields 
for the ions H*, H;*, and D* at energies around 10 kev. 
To measure sputtering with these light ions, it is essen- 
tial to use an analyzed ion beam, since heavy ions such 
as H,O* occur in the unanalyzed output of the source.* 

In the present paper, we give results for the hydrogen 

- ions, H+, Hs+, H3+, D+, D+, and D;*, normally incident 
on silver targets over the range of energies from 2 to 
12 kev. Results are also reported for the ions Het, Nt, 
O*, and Ne*. We describe in this paper a new system 
for’obtaining data on the angular dependence of the 
ejection of sputtered material. 

Sputtering by the ions N+ and O* plays an important 
part in computations of the energy losses of meteorites.® 


1P. K. Rol, J. M. Fluit, and J. Kistemaker, Proceedings of 
Symposium on Isotope Separation, Amsterdam, 1957 (North- 
Holland Publishing Company, Amsterdam, 1958), p. 657. 

20. C. Yonts, C. E. Normand, and D. E. Harrison, J. Appl. 
Phys., 31, 447 (1960). 

*C. D. O’Briain, A. Lindner, and W. J. Moore, J. Chem. Phys. 
29, 3 (1958). 

4 F. Grgnlund and W. J. Moore, J. Chem. Phys. 31, 1132 (1959). 

5R. M. L. Baker, J. Appl. Phys. 30, 550 (1959). 


Sputtering by deuterium ions has become of special 
iiterest in the problems involved in materials research 
for the fusion reaction.® 


EXPERIMENTAL METHODS 


The system previously employed*® has been con- 
siderably modified and improved, and its essential 
features are shown in Fig. 1. 

An important change has been the substitution of an 
einzel lens for the two-element electrostatic lens pre- 
viously employed to focus the ionic beam. With the 
new lens, the apparatus can provide a focused beam at 
energies from 2 to 12 kev. Except for problems of 
insulation, there should be no difficulty in extending 
this range to considerably higher energies. Below 2 kv, 
however, the output of the rf source drops rapidly. 
In principle it might be possible to extract the ions at 
high voltages and to decelerate them before they hit 
the target, but the spreading of the beam due to space 
charge would complicate such a procedure, and_ the 
experimental details have not yet been worked out. 
In any case, the energy spread of the ions, about 100 
ev, would set a lower limit of about 500 ev to the pro- 
duction of essentially monoenergetic beams from this 
type of source.’ 

With the present system, ion currents at the target 
of up to 100 ya were obtained, compared to the 30 ya 
previously used. The usual current densities in the bom- 
barded region were about 100 wa cm™~. The use of a 
recorder to monitor the beam current considerably 
increased the accuracy of the determination of the 
sputtering yield. 

The target system was also modified. The new target 
block was constructed entirely of copper and the target 
heater was placed outside the vacuum system in a 
quartz tube that penetrated the block. The collectors 
could be cooled as before with liquid nitrogen. However, 
special experiments showed that cooling the collectors 
had no effect on the measured sputtering yield, and 
heating the targets to 200° also was without effect. 


6 J. L. Craston, R. Hancox, A. E. Robson, S. Kaufman, H. T. 
Miles, A. A. Ware, and J. A. Wesson, Proc. Second Conf. Peaceful 
Uses Atomic Energy (Geneva, 1958), Paper 15/P/34 (U.K.). 

7G. Forst, Z. angew. Phys. 10, 546 (1958). 
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SPUTTERING OF SILVER BY LIGHT IONS 


We still use radioactive targets electroplated on plati- 
num supports. The target was mounted in a Faraday 
cage, so that the sputtering yields are automatically 
corrected for emission of secondary electrons. Correc- 
tion also was made for the loss of sputtered material 
through the orifice of the cage. 

The vacuum system used a mercury diffusion pump 
with a liquid nitrogen trap. The backing pump was 
separated from the diffusion pump through a dry-ice 
trap, The system was constructed of brass with hard- 
soldered joints. The seals were made with Teflon O 
rings throughout. The system could be baked out at 
about 100° and the ultimate vacuum obtainable with 
the source turned off was below 10-7 mm. 

With this improved vacuum system, and with the 
somewhat higher current densities employed, we be- 
lieve that the possibility of contamination of the targets 
has been considerably reduced. There was no correla- 
tion of the sputtering yields with the ultimate vacuum 
in the system over a range from 10~7 to 2X10-* mm. A 
special set of runs was made with the ions H:* at cur- 
rent densities from 30 to 220 wa cm. There was no 
significant variation in the sputtering yield with cur- 
rent density. These results provide internal evidence 
that contamination of the targets by condensation of 
impurities from the ambient gas was not lowering the 
observed yields. 

As a further test of the possibility of contamination, 
electron diffraction examinations were made of electro- 
polished aluminum targets bombarded with Het or 
H+. The original electropolished specimens showed no 
electron diffraction diagram due to aluminum, but only 
a diffuse halo due to the thin film of oxide left on the 
the surface by the polishing procedure. After two hours 
bombardment, the diffraction pattern of aluminum was 
clearly revealed. Thus not only did the bombardment 
remove the thin oxide layer in this case, but also it 
evidently introduced no other contamination detect- 
able by means of electron diffraction. The apparent 
passivity conferred upon the aluminum by the bom- 
bardment procedure will form the subject of a subse- 
quent research. 

In addition to the experiments with hydrogen ions, 
observations were made with the ions He*, Nt, Ot, 
and Net. The rf source proved to be suitable for the 
production of sufficiently intense beams (5 to 20 wa 
cm7*) of all these ions. The source was fed with highly 
purified gases, obtained in Pyrex bulbs from the Air 
Reduction Company, and admitted through Bayard- 
Alpert valves. The mass spectrometric analyses in mole 
percent of the reagent gases, as reported by the supplier, 
were as follows: neon: He 0.01, Nz 0.002, CO.<0.0001, 
hydrocarbons<0.003; oxygen: Hz 0.006, N2 or CO 
0.40, CO2<0.006; nitrogen: H:<0.00F, O. 0.0005, 
hydrocarbons, CO, and CO.<0.0002, H.O<0.0005. 
When operating on nitrogen and oxygen, about 10 
to 20% of the output of the source was in the form of 
the atomic ions, N* or Ot, the remainder being molec- 
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Fic. 1. Apparatus for measurement of sputtering by analyzed 
ionic beams. 


ular ions. With helium, there was some evidence for 
the ion He;* at a level less than 2% of the Het. 


RESULTS 


Until quite recently, it was widely accepted that 
sputtering was due to the formation at the points of 
ionic impact of localized hot spots from which ordinary 
evaporation of target atoms occurred. This mechanism 
was given a fairly quantitative treatment by Townes.® 
According to his equation, the sputtering yield S 
(atoms of target sputtered per incident ion) should 
depend on the energy of the ion, but not on the ratio of 
its mass to that of the target atom. There is now abun- 
dant evidence that such simple energy transfer does not 
suffice to explain sputtering. Besides a definite de- 
pendence on the mass ratio, there are the observations 
that S depends on the angle of ionic incidence. Thus the 
current theories of sputtering are what might be called 
momentum-transfer or collision theories. Apparently 
Lamar and Compton® were the first to suggest that 
momentum transfer to a surface atom might occur when 
an ion penetrated the surface, was reflected from a lower 
layer, and recoiled to strike the surface atom in the 
outward direction. This model is close to that used in 
current theories of sputtering, except that most of the 
recoil particles are now believed to be displaced target 
atoms. 


8C. H. Townes, Phys. Rev. 65, 319 (1944). 
9 E. S. Lamar and K. T. Compton, Science 80, 541 (1934). 
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Fic. 2. Sputtering 
yield S (atoms/ion) 
as a function of ionic 
energy for atomic 
ions normally inci- 
dent on electroplated 
silver targets. 
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KILOVOLTS 

A few years ago, Keywell” suggested that the theory 
developed for the cooling of neutrons by collisions with 
the atoms of a moderator could be applied to sputtering. 
A fast incoming ion penetrates the surface and travels 
into the solid for a distance equal, on the average, to its 
mean free path, before it strikes an atom with enough 
energy to displace it from its lattice site. The primary 
displaced atom is not itself sputtered but in its turn 
collides with neighboring atoms and produces secondary 
displacements. This branching chain of collisions con- 
tinues until the displaced atoms have cooled to such an 
extent that they can no longer cause further displace- 
ments. In the meantime, the incoming ion has traveled 
a further distance into the solid and initiated one or 
more new primary displacements. The subsequent 
migrations of the displaced atoms are similar to a diffu- 
sion process, or a random walk of mobile atoms. Some 
of these mobile atoms reach the layer next to the sur- 
face, and if they still possess sufficient energy, may col- 
lide with surface atoms and drive them from the target. 

According to this model, one expects that the sputter- 
ing yield S will rise quite rapidly from a certain thres- 
hold value as the energy is increased. The initial rise is 
steep because of the rapid increase in the probability 
of collisions sufficiently energetic to cause atomic 
displacements, but this probability levels off at higher 
energies to an approximately logarithmic dependence 
on E. However, with increasing energy, the mean free 
path of the ion in the solid also increases; in other words, 
the cross section for the collisional interaction decreases 
with energy. As a result of these two opposite effects of 
increasing energy, the yield vs energy curve will display 
a maximum. The maximum may be expected to be quite 
broad, since the cross section over a considerable region 
is not very sensitive to the increasing energy; it becomes 
more so only as the collisions result in a deeper penetra- 
tion of the electrons shielding the atomic nuclei. 


10 F, Keywell, Phys. Rev. 97, 1611 (1955). 


Figure 2 shows the curves for sputtering yield vs 
energy for bombardments at normal incidence on silver 
by the atomic ions H+, D+, and He+. With these light 
ions, the energy maximum occurs in the range studied, 
somewhere around 5 kev. 

In Fig. 3 results are given for the impacts of the 
hydrogen molecular ions, H;+, H;+, D+, and Ds*, all 
normally incident on silver. To a first approximation 
the sputtering yield from any one of these molecular 
ions is equal to that calculated from its component 
atomic particles with the assumption that the energy is 
equally divided. For example, the sputtering by D;* 
at 9 kev is approximately the same as that from 3 Dt 
ions each at 3 kev. This result allows us to make a 
reasonable estimate of the sputtering by Dt ions and 
H+ ions at energies below the lower limit of 2 kev used 
in these experiments. For example, we can calculate 
the sputtering by D* ions at 1000 ev to be approxi- 
mately one-third that observed for D;* ions at 3000 v. 
Nevertheless, there is a consistent deviation from this 
sum rule. The values calculated from the sum of the 
atomic ions always lie somewhat too low at the lower 
end of our energy scale, and considerably too high at the 
upper end of our scale, being in exact equivalence only 
at about 6 kev. It might be suggested that at the lower 
energies the molecular ions sometimes produce surface 
sputtering before they have dissociated, and thus pro- 
vide a greater momentum transfer than would be esti- 
mated from the sum of the atoms they contain. Another 
effect in the same direction would be a consequence of 
the angular dispersion of the atomic particles on dis- 
sociation of the molecular ion at the surface. If the dis- 
sociated atoms enter the solid at glancing angles, their 
distance of penetration will be less and consequently the 
sputtering yield somewhat higher than for the same 
atoms entering normally. At present, however, we have 
no explanation to offer as to why such effects evidently 
disappear at higher energies and the resultant yield 
from the molecular ions actually falls below that esti- 
mated from the constituent atoms. 
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Fic. 3. Sputtering 
yield S (atoms/ion) 
as a function of ionic 
energy for molecular 
ions normally inci- 
dent on electroplated 
silver targets. 
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SPUTTERING OF SILVER BY LIGHT IONS 


Figure 4 shows the yield as a function of the mass of 
the ion for a series of atomic ions, all normally in- 
cident at 5 kev on silver targets. One factor governing 
the mass dependence is the increased probability of 
energy transfer to the heavy silver atoms as the mass 
of the bombarding ion increases. From the laws of the 
conservation of momentum and of energy applied to 
an elastic collision between an ion of mass m and a 
target atom of mass m2, the maximum energy that can 
be transferred at impact is found to be En= 
4 Emym2/(m,+m2)*. The second important factor is 
the increase in the collision cross section with increasing 
nuclear charge of the incoming ion. Thus ‘the cross sec- 
tion varies approximately as the nuclear charge cubed, 
in the unscreened region, and hence the depth of pene- 
tration varies inversely with Z,*.-The combination of 
these two factors explains semiquantitatively the de- 
pendence of sputtering yield on the mass and nuclear 
charge of the incoming ion. 


ANGULAR DISTRIBUTION 


The question of the angular distribution of the sput- 
tered atoms has been investigated with an improved 
technique. In the previous measurements in our labora- 
tory, the angular distribution of sputtered material 
was studied after bombardment of silver targets by 
normally incident ions. This choice of incident angle is 
the least favorable for distinguishing possible departures 


from the cosine law, which governs uniform emission 
from a surface. Therefore, in the present studies, the 
distribution of sputtered material was measured after 
ionic bombardment at glancing angles. A_ special 
target holder was devised, in which the angle of in- 
cidence of the ionic beam could be accurately adjusted 
and measured. The sputtered material was collected on a 
copper strip circularly disposed around the target, so 
that the position of the deposit on the strip corre- 
sponded to the angle of sputtering. After the run an 
autoradiograph was made of the collector strip on 
ordinary x-ray film, and after development this was 
scanned by means of a microphotometer. The schematic 
arrangement of the experiments is shown in Fig. 5. 
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Fic. 4. Sputtering yield S as a function of mass of ion for ions 
normally incident on electroplated silver targets at 5-kev energy. 


Fic. 5. Schematic experiment for 
measuring distribution of sput- 
tered silver. 





COLLECTOR 


Since scattering from a rough surface would be ex- 
pected always to yield the cosine law, some attention 
was given to the surface preparation. A particularly 
thick electrodeposit of silver was made on the platinum 
holder, and this was then polished electrolytically in a 
solution of potassium cyanide. Although visual observa- 
tion indicated that a fairly good degree of polishing 
was achieved, the polishing operation did not appear 
to have a significant effect on the angular distribution of 
sputtered material. Thus we would not have been sur- 
prised to find exact obedience to the cosine law in all 
cases, simply owing to the residual surface roughness. 

The typical results in the case of the ion D* incident 
at 6=60° on silver are shown in Fig. 6. One notices that 
there is a general agreement with the cosine distribution, 
except for a considerable amount of additional sputter- 
ing in the forward direction, that is, along the direction 
parallel to that of specular reflection of the incoming 
beam. Having confirmed this result with Dt, we next 
tried the same experiment with the ion Net, anticipat- 
ing that there would be a much more marked momen- 
tum-transfer effect in this case, owing both to the lesser 
penetration of the Ne* ion and to its more effective 
momentum-transfer factor. The results with Ne* are 
shown in Fig. 7, and appear to follow almost perfectly 
the cosine distribution about the normal to the surface. 

No theory at present exists to predict the angular 
distribution of sputtered material, but we may expect 
two factors to be especially important, the roughness 
of the surface, and the randomization of the atomic 
displacements as a result of the internal collisions which 
finally lead to sputtering. The effect of focusing along 
close-packed lines in solid-state collisions would be 
averaged out in these microcrystalline targets. It is 
unlikely that any clear-cut demonstration of persistence 
of momentum in sputtering can be obtained from the 
angular distribution until experiments are done on single 
crystals with surfaces that are more nearly smooth on 
an atomic scale. 

It may be recalled that about 10% of the H+ or D+ 
ions normally incident on silver at 9250 v were reflected 
from the surface after a 180° collision.* If some of these 
reflected ions were to knock off a silver atom the atoms 
so removed might account for the enhanced sputtering 
in the forward direction which is observed in Fig. 6. 


1 R. H. Silsbee, J. Appl. Phys. 28, 1246 (1957). 
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Fic. 6. Angular distribution of silver sputtered by D* ions 
incident at @=60° and 9 kev. The solid curve is the cosine function. 


DISCUSSION 


A number of advances have been made in the theoreti- 
cal treatment of the sputtering process during the past 
several years. In connection with the problem of angular 
dependence just discussed, the theory of Henschke” 
may be of interest. According to his model, the sputter- 
ing occurs entirely as a result of collisions between the 
impinging ions and the surface atoms of the target. 
This theory is therefore especially applicable to sputter- 
ing near the threshold energy, and it apparently should 
give a sputtering yield which is markedly dependent 
on the roughness of the surface 

A very general mathematical description of the 
sputtering process was provided in the theory of Harri- 
son, which, however, is difficult to apply to actual 
cases because of the number of adjustable parameters 
that it contains. An analytical theory for sputtering 
at rather high energies: (>20 kev) was given by 
Goldman and Simon.“ This was based on Rutherford 
collisions in the primary displacements of target atoms 
by incident ions; the subsequent secondary collisions 
were treated as hard-sphere interactions. It was further 
assumed that all the displaced atoms originated in a 
small layer beneath the surface, and adjustment was 
made for the actual volume distribution of displaced 
atoms by introducting a correction factor into the mean 
free path. A Monte Carlo calculation was done" with an 
IBM high-speed calculator to determine the sputtering 
yield based on the same model as that in the theory of 
Harrison. At energies of about 200 kev these two 

2 FE. B. Henschke, Phys. Rev. 156, 737 (1957). 

13—). E. Harrison, Phys. Rev. 105, 1202 (1957); 102, 1473 
Oo b. T. Goldman and A. Simon, Phys. Rev. 111, 383, (1958). 


% D. T. Goldman, D. E. Harrison, and R. Coveyou, Oak Ridge 
National Laboratory, Report ORNL-2729 (July 29, 1959). 
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calculations agreed quite well, but at 30 kev the Gold- 
man and Simon approximation gave a sputtering 
yield about twice that of the Monte Carlo calculation. 
Available experimental data indicate that the analytic 
approximation is more nearly correct in this instance. 

A much simplified mean free path theory has been 
given by R. S. Pease.* He has estimated the range of 
validity of the various collision models, hard sphere, 
screened coulombic, and coulombic. For comparison 
with our present results, it is best to use a screened 
coulombic interaction for the ions H+, Dt, and Het, 
and a hard-sphere interaction for the heavier ions. In 
all cases, the collision cross section was assumed to be 
constant throughout the surface layer. Pease obtained 
for the sputtering yield the following equation: 


S= (E/4Ea) {1+[In(E£/E,)/ In2 jo pnt. 


This equation contains no adjustable parameters. F 
is the average energy transferred from ion to target atom 
in collision. Eg is the energy required to displace an 
atom from its lattice site. This energy can be obtained 
from studies of radiation damage; for silver, it is about 
21 ev. This value may seem surprisingly high, but it 
has been explained by saying that in the absence of 
lattice defects an atom displaced from a normal site 
must surmount a considerable barrier of activation 
energy before it comes to rest in a relatively stable 
interstitial site. E, is the energy necessary to remove 
an atom from the surface, about 3 ev for silver. The 
displacement cross section in collisions is ¢, and n is 
the number of atoms per unit volume. 

If we compare the calculated and observed sputtering 
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Fic. 7. Angular distribution of silver sputtered by Ne* ions 
incident at @=60° and 4 kev. The solid curve is the cosine function. 


16 R. S. Pease, Nuovo Cimento (to be published); Repts. 
Progr. Phys. 18, 1 (1955). 
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yields, using the equation of Pease, for 5-kev ions at 
normal incidence on silver, we obtain the following 
results: H+, S(observed)=0.035, S(calculated) = 
0.025; Dt, S(obs)=0.090, S(calc)=0.050; Het, 
S(obs)=0.48, S(calc)=0.24; N+, S(obs)=4.00, 
S(calc) =2.40. The calculated values are consistently 
about one-half the observed values. The general paral- 
lelism between the predictions of Pease and the experi- 
mental results seems to indicate that the picture pro- 
vided by the collision theory is essentially correct. It 
should therefore be possible to use precise sputtering 
data to obtain a deeper insight into collisional interac- 
tions in solids. 

It does not appear to be profitable at the present to 
seek further refinements in the theoretical calculations 
for this energy range until the question of the effect of 
surface asperities on the sputtering rate and the contri- 
bution from inelastic collisions can be decided. It would 
appear that a particularly sensitive test of the theoreti- 
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cal models will be their ability to predict the variation 
of sputtering yield with incident angle. We have not 
yet obtained data on this subject, but some preliminary 
observations by Kistemaker for N+ ions on copper 
indicate that the angular dependence will be con- 
siderable. 
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The unimolecular reaction RCH:.NH2t—R+CH:NH;* has been studied for the n-alkylamines from 
ethyl- to m-heptylamine inclusive by a mass spectrometric technique. The intensity of the metastable ion 
produced in the above reaction was measured and used to determine the variation of the specific rate con- 
stant with the internal energy of the molecular ion. The results are compared with those predicted by vari- 
ous theories. The agreement of the data with the theories of Kassel and of Rosenstock is bad for the smallest 
molecules but improves with increasing number of oscillators in the molecule. Earlier evidence for intra- 
molecular vibrational relaxation in the parent molecular ions is discussed in relation to the assumptions of 
Slater’s theory. A simplified application of Slater’s theory seems unable to explain all the data. 





INTRODUCTION 


HE kinetic behavior of a polyatomic molecule which 

has been given more than enough energy to cause 
dissociation is of interest to many fields of chemistry. 
Recently, Wahrhaftig, Eyring, and their associates!” 
have developed a statistical theory to explain the mass 
spectra of polyatomic molecules in terms of competing 
and successive reactions of ‘excited molecular ions. 
Friedman ef al.* and King and Long‘ have indicated 
the inadequacy of at least a simplified application of the 
theory to the calculation of mass spectra of certain 
molecules. Chupka® has shown that many of the assump- 
tions and consequences of the theory may be checked 
more directly by experiment. Such experiments indicate 
that the vitally important assumption of energy 
randomization is valid in some cases but not in others 
and that even when energy randomization seems to 
occur, the rate constants calculated by the method of 
Rosenstock ef al.? are badly in error. The purpose of 
this experiment was to investigate the dependence on 
internal energy of the rate constant for dissociation as 
the number of oscillators in the molecule is varied and 
to compare the results with theory. 

The molecules chosen for this study were the n- 
alkylamines from ethyl- to n-heptylamine inclusive. 
This series of compounds was chosen because the 
process of dissociation of the parent ion occurring at 
the lowest energy is free of competing reactions and 
other complications and because a relatively large 
amount of information concerning the initial excitation 
is available. 

The photoionization of ethyl- and -propylamine 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
1 Wallenstein, Wahrhaftig, Rosenstock, and Eyring, “Chemical 


reactions in the gas phase connected with ionization,” in Sym- 


posium on Radiobiology (John Wiley & Sons, Inc., New York, 
1952). 

? Rosenstock, Wallenstein, Wahrhaftig, and Eyring, Proc. Natl. 
Acad. Sci. U. S. 38, 667 (1952). 

3. Friedman, F. A. Long, and M. Wolfsberg, J. Chem. Phys. 
27, 613 (1957); 30, 1605 (1959). 

4A. B. King and F. A. Long, J. Chem. Phys. 29, 374 (1958). 

5 W. A. Chupka, J. Chem. Phys. 30, 191 (1959). 


was studied by Hurzeler ef al. and that of n-propyl- 
amine by Chupka. The data obtained are shown in Fig. 
1. The significance of the first derivative of the ioniza- 
tion efficiency curve is discussed by Hurzeler ef al. 
and by Chupka. The ordinate of the derivative curve 
is proportional to the number of parent ions formed 
with total energy equal to the value E given by the 
abscissa. The internal energy of the molecule is given by 
E—IP where IP is the ionization potential of the 
molecule. 

The data of Fig. 1 were interpreted by Chupka in the 
following manner. The sum of parent and fragment 
derivative curves in the region shown represents the 
band evelope of the transition to the ground electronic 
state of the alkylamine ion. This ground electronic 
state is formed by removal of a nonbonding electron 
from the nitrogen atom. This results in such a change in 
bond angles that, by the Frank-Condon principle, most 
of the vibrational energy represented by the width of 
the band envelope appears in strong bending vibrations 
of the two hydrogen atoms attached to the nitrogen 
atom. When the internal energy reaches a certain value, 
the following reaction occurs: 


R—CH:NH2*—R+ CH2NH:2"*. 


However, this reaction is not instantaneous but rather a 
unimolecular reaction whose rate constant is an increas- 
ing function of the excess internal energy above that 
just necessary to permit the reaction to occur. When 
the rate constant is in the range 105-10® sec, ‘‘meta- 
stable” ions are observed with an intensity which is 
proportional to the increment of internal energy re- 
quired to change the rate constant from 10° to 108 
sec". The thermal internal energy of the original 
alkylamine molecule also contributes effectively to the 
total internal energy of the molecular ion. 

Several theories’’”* propose that the specific rate 
constant kg for unimolecular decomposition is given 

6H. Hurzeler, M. G. Inghram, and J. D. Morrison, J. Chem. 
Phys. 28, 76 (1958). 

L. S. Kassel, Kinetics of Homogeneous Gas Reactions (Chemical 

Catalog Company, New York, 1932). 


8N. B. Slater, Proc. Roy. Soc. (London) A194, 112 (1948); 
Trans. Roy. Soc. (London) A246, 57 (1953). 
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by the expression 
kg=v (E—¢/E}, 


where E is the total energy less zero-point energy of 
the molecular ion, ¢ the minimum energy required 
for the decomposition, and the other symbols have 
somewhat different significance in the various theories. 
Rosenstock ef al. calculate », the frequency factor, 
to be of the order of 10'*—10" sec“ while Slater’s model 
gives a value of about 3.5X10" sec for the simple 
bond dissociation process studied here. In Kassel’s 
theory » is an ill-defined quantity which is determined 
empirically to be in the range 10'*-10" sec. Rosenstock 
and Kassel both consider m to be the number of oscilla- 
tors in the molecule, while Slater considers n to be the 
number of oscillators which are effective in the dis- 
sociation process. 

Chupka showed that, if y was taken to be of the order 
of 10, the value of m in Eq. (1) must be about one- 
fifth the theoretical number of oscillators in order to 
account for the experimental intensity of the metastable 
ion from propylamine as shown in Fig. 1. 

An obvious direct method of measuring the variation 
of the rate constant with internal energy would consist 
of measuring the amount by which ionization efficiency 
curves shift along the energy axis as the residence time 
of the ions in the ionization chamber is varied. However, 
this residence time can be varied easily only by about 
one order of magnitude and the resulting shift in energy 
is usually so small that it can be measured with suffi- 
cient accuracy only by photoionization techniques. 
Since a photoionization apparatus was not available, 


these studies employed electron impact and the more ° 


indirect method of using the metastable ion intensity as 
a measure of the variation of rate constant with internal 
energy. For exact comparison with theory, what is 
needed is the area under the normalized derivative 
curve for the metastable ion.5 (The second derivative 
must be used in the case of electron impact.) Because 
of the usual large energy spread of our electron beam 
and the difficulty of getting accurate second derivatives 
of the ionization efficiency curves, such a normalized 
derivative curve was not obtained in this experiment. 
Rather, it is assumed that the sum of the derivative 
curves for parent and fragment ions has nearly the 
same shape (although shifted slightly in energy) for 
all the m-alkalyamines and further that the relative 
areas under the parent and fragment derivative curves 
are nearly the same for all cases. As can be seen from 
Fig. 1, this is the case for ethyl and n-propylamine and 
can also be expected to hold with fair accuracy for 
other n-alkalyamines, since the removal of such a lo- 
calized electron on the nitrogen atom will be little 
affected by lengthening the hydrocarbon chain. As 
long as these assumptions hold, the intensity of the 
parent ion may be used as a normalizing factor, cor- 
rected by comparison of the electron impact data with 
the photoionization data on n-propylamine. This may 
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Fic. 1. Photoionization efficiency curves (closed circles) and 
their first derivatives (open circles and solid lines) for parent and 
fragment ions of ethylamine (CH;CH:NH:2) and n-propylamine 
(CH;CH:CH:NHz) and for the metastable ion of -propylamine. 


be done since the ratio of intensities of metastable and 
parent ions formed by 75-v electrons will be very nearly 
equal to the ratio of the definite double integrals of the 
respective derivative curves between the limits of 0 and 
75 v. Since these derivative curves have nonzero value 
for only a short interval at very nearly the same voltage, 
which is much lower than 75 v, the ratio of the definite 
double integrals will be very nearly equal to the ratio 
of the areas under the respective derivative curves. This 
conclusion is not affected by the fact that the variation 
of the electron-impact ionization cross section with 
energy departs from linearity below 75 v, since this 
departure will be virtually identical for both the parent 
and metastable ions which result merely from different 
vibrational levels of the same electronic state. Some 
error could result if parent ions were formed in excited 
states above the energy range shown in Fig. 1 and did 
not dissociate in the ion source because of the in- 
efficiency of radiationless transitions. This possibility 
is investigated in this experiment. Thus, the normalizing 
factor used in the foregoing procedure is really the area 
under the derivative curve for the parent ions rather 
than the ordinate of the total ion derivative curve in 
the region of metastable ion formation. However, to the 
degree that the foregoing assumptions regarding the 
constancy of the shapes of the derivative curves hold, 
these two quantities differ by a constant factor, which 
may be determined by comparison with the photo- 
ionization data on m-propylamine. 

Alternatively one might assume that the cross section 
for formation of the ground state of the parent ion was 





Wilh. 


CHUPKA AND J. 


BERKOWITZ 


TaBLE I. Experimental data and calculated values of the effective number of oscillators for the dissociation of 
excited n-alkylamine molecular ions. 
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the same for all the alkylamines and use the measured 
pressure in the ion source region as the normalizing 
factor, corrected by comparison with the photoioniza- 
tion data on -propylamine as before. Both normalizing 
procedures were used but the former was considered to 
be more accurate in this work. 


EXPERIMENTAL PROCEDURE 


The mass spectrometer used in this experiment is a 
single-focusing, 60° instrument with a 12-in. radius of 
curvature. The source and analyzer regions are pumped 
separately, so that the pressures may differ by as much 
as a factor of thirty. The detector system consists of an 
electron multiplier immediately after the final defining 
slit and a fine wire grid of known transmission just 
before this slit. Another adjustable slit, which can be 
opened as much as 4 in. wide, is located immediately 
before the wire grid. 


Some preliminary studies of the shapes of metastable - 


peaks. were carried out with the ion beam focused on 
the final defining slit immediately before the electron 
multiplier. This focusing arrangement, which is the 
normal one for this mass spectrometer, permits the use 
of high resolution while adequate sensitivity is pro- 
vided by the electron multiplier. However, the relative 
intensities reported here were all measured with the 
mass spectrometer adjusted so that the ions were 
focused at the slit just before the wire grid. Measuring 
these ion intensities by use of the grid collector obviated 
any correction for variation in the sensitivity of the 
electron multiplier. In all cases, metastable ion intensi- 
ties were measured with the slit before the wire grid 
opened wide enough to collect at least 95% of the metas- 
table ions. It was possible to do this and still resolve 
the metastable peaks from other mass peaks since the 
broadest metastable peaks occurred at apparent masses 
below mass twelve, where the spectrum is almost devoid 
of peaks. 

The preliminary study of the shapes of metastable 
peaks frequently indicated that some other diffuse 
peak of lower intensity overlapped the peak of interest. 
This was particularly important in the case of n- 
amylamine. In this case, with 75-v electrons, the inter- 
fering diffuse peak was roughly one-third as intense as 


the metastable peak of interest and only a few tenths 
of a mass unit away. When the electron bombardment 
voltage was lowered to within a few volts of the ap- 
pearance potential of the metastable ion, the interfering 
peak disappeared, and the metastable peak was left 
with its characteristic nearly symmetrical shape. 
The intensities of metastable ions were corrected for 
such extraneous contributions, the correction amount- 
ing to less than 10% in most cases. 

The measurements of the intensities of parent and 
metastable ions were made with 75-v electrons and such 
voltages in the ion source that the parent ions spent 
roughly 3-5 ysec in the ion source region before entering 
the field-free region of the analyzer tube, where they 
spent about 5-8 ysec, depending on the mass of the 
ion. During the measurements, the pressure of the 
sample gas in the ion source region was maintained at 
about 10-* mm as indicated by an ionization gauge 
calibrated for air. Thus, the actual pressure was prob- 
ably several times this value. The pressure in the 
analyzer section was always well below 10-7 mm, as 
indicated by an ionization gauge. These measurements 
were then repeated with the pressure in the analyzer 
tube at least doubled. The fact that the ratio of parent 
to metastable ion intensity remained the same, within 
experimental error, indicated that collision-induced dis- 
sociation made a negligible contribution to the in- 
tensity of metastable ions. 


RESULTS AND DISCUSSION 


The measured ratios of metastable and parent ions 
are shown in the second column of Table I. In the third 
column are listed the measured ratios of the parent 
ion intensities to the pressure in the ionization region 
of the mass spectrometer. The pressure read from the 
ionization gauge was corrected for the differing total 
ionization cross sections by assuming that each CH, 
CHs, or NHe2 group in the molecule had equal ionization 
cross sections which were additive.’ The values in this 
column have been normalized to unity for n-propyl- 
amine. Thus the departure from unity for other mole- 
cules is a measure of the difference between the two 


( 9 J. W. Otvos and D. P. Stevenson, J. Am. Chem. Soc. 78, 546 
1956). 
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methods of normalizing the metastable ion intensity as 
mentioned earlier. The pressure normalization is not 
used since it was felt to be less reliable than that employ- 
ing the parent ion intensity. In any case, the difference 
between the two methods is too small to affect the 
general conclusions reached from the data. 

The fourth column lists the values of ¢ for the dis- 
sociation being studied. The values for ethylamine and 
n-propylamine are determined from the photoionization 
data in the manner described previously. The others 
are estimated from the values for ethylamine and n- 
propylamine and cannot be in error enough to affect 
significantly the calculations in which they are used, 
since the dissociation is so similar in all cases. 

In the sixth column of Table I are given theoretical 
values of the ratio of metastable to parent ion intensi- 
ties calculated in the following manner. Equation (1) 
is assumed to hold, v is given the value 10" sec“, and e 
is taken from column four of the table. The value of 
AE, the energy increment necessary to change the rate 
constant from 10° to 10° sec~!, is then calculated for 
n-propylamine, for the value n=7, which was found to 
give the correct dependence in earlier work.’ Then AE 
was set equal to a constant times the observed ratio of 
metastable to parent ion intensities for m-propylamine 
and the constant was evaluated. The calculated ratios 
given in column six were then obtained by multiplying 
this constant by the values of AE obtained for each 
alkylamine on the assumption that »=3N—6. The cal- 
culations were repeated for smaller values of until 
agreement with the observed values of column two 
was obtained. The values of m which gave this agree- 
ment are listed in column seven and may be termed the 
effective number of oscillators. Column eight then gives 
the ratios of effective to theoretical values of n. 

The major errors involved in these measurements 
are now considered. The assumptions regarding con- 
stancy of the relative areas under parent and fragment 
derivative curves holds well for ethyl- and n-propyl- 
amine, as seen from Fig. 1. For the higher members of 
the series, two effects are expected. The energy differ- 
ence (E—e) which determines the position at which the 
parent derivative curve drops and the fragment deriva- 
tive curve rises will increase with the number of oscilla- 
tors. However, this increase will be compensated by an 
increase of similar magnitude in the original thermal 
energy of the molecule as seen from Table II of refer- 
ence 5. The assumptibn that the undissociated parent 
ions observed were formed in the ground electronic 
state was checked experimentally by taking ionization 
efficiency curves for the parent ions. Though detection 
of a second break in such a curve is quite difficult, there 
appeared to be some evidence for one. However, this 
higher energy process was less intense than that in- 
volving the formation of the ground state and further- 
more seemed to be of roughly similar intensity in all 
cases. Since the normalization constant was determined 
by reference to m-propylamine, no error would be en- 
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countered if higher energy processes contributed pro- 
portionately the same in all cases. The heavier mole- 
cules will spend longer times and hence decompose 
more in the ionization chamber than the lighter ones. 
However, this effect is largely compensated by the 
longer residence and increased dissociation of the 
heavier molecules in the field-free region. The net effect 
is a shift of the range of rate constants giving rise to 
metastable ion formation and only a negligible change 
in the width of this range. Finally the transmission of 
the mass spectrometer for metastable ions must be 
considered. A theoretical analysis of metastable ion 
peak shapes indicates that this factor is nearly unity, 
compared to the parent ion, for ethylamine, »-propyl- 
amine and probably m-butylamine, but may begin to 
drop significantly for the higher members of the series. 
The probable error, considered as a deviation of the 
values of column two from quantities proportional to 
the correct area under the normalized derivative curve 
of the metastable ion, is estimated to be about 30% for 
n-propylamine, 40% for ethylamine and -butylamine, 
and rises through the higher members of the series to 
about 70% for n-heptylamine. However, most of the 
error should be systematic and should vary mono- 
tonically through the series of compounds. Thus the 
general trends shown by the data should be little 
affected. 

The general trend of the values of the effective num- 
ber of oscillators is such that the disagreement with the 
theoretical number diminishes as the number of oscilla- 
tors in the molecule increases. For the three highest 
members of the series the effective number of oscilla- 
tors is approximately one-half the theoretical number. 
The slight decrease from one-half in going from n- 
amylamine to m-heptylamine is quite likely due to the 
error caused by decreasing transmission of their re- 
spective metastable ions. This correction cannot be 
made very quantitatively at present. Hence it is not 
certain from these data whether the ratio of the effec- 
tive to the theoretical number of oscillators levels off 
at a value of about one-half or continues to approach 
unity. 

There is obviously a certain degree of arbitrariness in 
the choice of the value of v, the frequency factor. How- 
ever, in order to make a significant increase in the cal- 
culated effective number of oscillators, the value for v 
would have to be made much larger. There is no justifi- 
cation in any of the statistical theories for much larger 
values of vy than the one chosen, except by recourse to 
the effects of nonrandomization of energy or, in Slater’s 
theory, formation of the excited molecular ion with a 
particularly favorable set of amplitudes and phases of 
the normal vibrational modes. If the value of v were 
made smaller, the calculated effective number of 
oscillators would become still smaller and thus deviate 
more from the theoretical number. 


10 W. A. Chupka (to be published). 
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Perhaps the most striking results listed in Table I 
are the low values of the effective number of oscillators 
for n-propylamine (obtained previously®) and ethyl- 
amine. In the case of the latter, it can easily be shown 
that the actual number of oscillators participating in 
some way in the dissociation process is larger than four 
(the effective number). This follows from the fact that 
all or nearly all the original thermal energy of the 
molecule is available for the dissociation as shown 
previously (see Fig. 12 of reference 5). If dissociation 
is to occur, at least one of the participating vibrational 
modes must involve stretching of the bond to be 
broken. Also several normal modes which involve bend- 
ing of the hydrogen atoms of the NH group are excited 
in the ionization act. More than one such mode must be 
excited since the bending motion of these hydrogen 
atoms is not by itself a normal mode and must be a 
combination of several normal modes of appropriate 
phases and amplitudes. Even the two stretching modes 
and the two torsional modes of lowest frequency (an 
unlikely combination) account for little more than half 
the thermal energy of the molecule. Thus the low num- 
ber of oscillators very probably has no direct physical 
significance in the theories of Kassel and of Rosenstock 
et al., but must rather be attributed to inadequacies of 
the approximations used by these workers in obtaining 
Eq. (1). 

In the present case, perhaps one of the more drastic 
approximations made by Rosenstock ef al. is their use 
of integrations over state density functions rather than 
summations over discrete quantum states. It is proba- 
bly significant that the calculations of Marcus," in 
which he used summations for the higher vibrational 
frequencies and integrals for the lower frequencies, 
give a much larger value for the rate constant of the 
reaction C3;Hs*—>C:H;+CH; than would be obtained 
by the use of Eq. (1). Thus, for v=10", m must be 
given a value of about 10 (about one-third the theoreti- 
cal number) in order for the value of the rate constant 
from Eq. (1) to agree with that calculated by Marcus. 
It would be of great interest, though very tedious, to 
apply to the reactions studied here a calculation such 
as done by Marcus, but with no semiclassical approxi- 
mations. 

Before attempting to compare Slater’s theory with the 
present data, it is necessary to discuss one of the essen- 
tial differences between it and the theories of Kassel 
and of Rosenstock ef al. One of the basic assumptions 
of the latter theories is that complete intramolecular 
vibrational relaxation occurs while Slater assumes it 
to be completely absent. The theories of Slater, Kassel, 
and Rosenstock ef al. all give expressions of the form of 
Eq. (1) for the specific rate constant kg of an assembly 
of molecules, each containing total internal energy £. 
According to Kassel and Rosenstock, all molecules of 
the assembly have equal a priori probabilities of discus- 


41 R. A. Marcus, J. Chem, Phys. 20, 355 (1952). 
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sion given by kg. However, according to Slater, each 
molecule in the assembly has a different, exact lifetime ' 
which is completely determined by its vibrational con- 
figuration immediately after the last collision, and kg 
represents a particular kind of average of these lifetimes. 
If the assembly of molecules were suddenly isolated 
from all collisions, according to Kassel and Rosenstock 
et al. they would decompose exponentially while accord- 
ing to Slater they would decompose in a more compli- 
cated manner and in fact many would never decompose 
at all. This is a direct consequence of the different 
assumptions regarding intramolecular vibrational re- 
laxation. 

Earlier work (see Fig. 12 and accompanying discus- 
sion in reference 5) indicates strongly that vibrational 
energy put into specific modes of the molecular ion in 
the ionization process is indistinguishable in effect 
from the original random thermal energy of the mole- 
cule, and that, within experimental error, all the 
thermal energy is effective in producing dissociation. 
Expecially significant is the fact that most of this 
thermal energy is contained in modes such as torsions 
and bendings of the carbon-nitrogen skeleton, which 
would not be most effective, according to Slater, in the 
process of dissociation. Thus the evidence points 
strongly to a large degree of intramolecular vibrational 
relaxation in less than about 10~ sec for at least ethyl- 
and n-propylamine ions with total vibrational energies 
of about 0.8 ev. Since Slater’s assumption of no vibra- 
tional relaxation apparently does not hold in this case, 
the original formulation of the theory cannot be ap- 
plied. 

Two extreme cases are possible in this instance. The 
rate-controlling process may be either (1) the flow of 
energy into the effective vibrational modes or (2) the 
dissociation of a molecular ion containing sufficient 
energy in the effective vibrational modes. In case (1) 
the appropriate model is then similar to that of Kassel 
with one important difference, namely that the criterion 
of reaction is not the presence of sufficient energy in 
only one vibrational mode but rather in the several 
effective modes in such amounts as to satisfy Slater’s 
condition of reactivity [see Eq. (25) of reference 8(a) ]. 
This change in Kassel’s model would result in a larger 
specific rate constant for a given internal energy and 
thus is in such a direction as to lower the value of the 
exponent in Eq. (1) in qualitative agreement with 
experiment. A more detailed analysis of this case will 
not be attempted here. 

In case (2) vibrational relaxation is complete in a 
time which is very short compared to dissociation. 
Hence, such relaxation rather than collision can be con- 
sidered to be the mechanism for maintaining a vibra- 
tional energy distribution and Slater’s theory then 
becomes formally identical with Kassel’s and kg (but 
not some of the other symbols) of Eq. (1) then has the 
same meaning as in the theories of Kassel and of Rosen- 
stock et al. Slater’s theory has the advantage that the 
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value of » is particularly easy to calculate for the simple 
dissociation studied here. According to Slater, “where 
dissociation is due to the breaking of an isolated bond 
between two atoms, v is equal to the vibration frequency 
of an imaginary diatomic molecule consisting of these 
two atoms connected by the same bond force as in the 
polyatomic molecule.” For the carbon-carbon bond 
rupture considered here, v is easily calculated to be 
3.510% sec~'. Use of this value of v rather than 10“ 
in the calculation of the effective number of oscillators 
from the experimental data results in very slightly 
smaller values than those given in Table I. According 
to Slater’s theory, » is the number of normal modes 
effectively contributing to the coordinate whose 
stretching leads to dissociation. Thus m is expected to 
be equal to or less than the total number of normal 
modes, in agreement with experiment. However the 
determination of the number of modes which are 
effective, in Slater’s sense, isnosimple matter. Slater’s 
theory is properly applicable only to molecules of which 
the vibrational structure is completely known, and this 
is not the case with the molecular ions studied here. 
While on cursory examination there appears to be no 
simple class or classes of vibrations, such as stretching 
vibrations or skeletal vibrations, which would explain 
the experimental number of oscillators, it cannot be said 
with certainty that Slater’s theory, as applied in the 
foregoing, is inadequate. 

In the only careful application of the theory to date, 
Slater” found that, in the isomerization of cyclopropane, 
all but one of the distinct modes were effective. How- 
ever, the critical coordinate in this case was a nonbonded 
CH distance. In the same paper, Slater determined that 
if the primary process occurred by excessive stretching 
of a C—C bond, the number of effective oscillators 
would be three. The latter process is related to the 
primary process investigated here, and the number of 
efiective oscillators might be expected to be of roughly 
the same magnitude for ethylamine, and to increase 
somewhat for the larger molecules. A generous estimate 
would probably be given by the number of skeletal 
vibrations (i.e., normal modes of a hypothetical non- 
linear molecule made up of the carbon and nitrogen 
atoms of the actual molecule). Only a fraction of these 
modes would be very effective but this might be com- 
pensated for by some other modes of the actual mole- 
cule which might be effective. The number of skeletal 
modes is 3N—6 where WN is the number of skeletal 
atoms. Thus, a simple application of Slater’s theory 
might explain the results for ethylamine and propyl- 
amine. However, for the larger molecules the effective 
numbers of oscillators found experimentally are much 
too large to be explained by Slater’s theory in terms of a 
simple stretching of a C—C bond as the reaction co- 
ordinate. The results for the larger molecules are in 
accord with some results of conventional investiga- 


2.N. B. Slater, Proc. Roy. Soc. (London) A218, 224 (1953). 
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tions of quasi-unimolecular reactions’*—* which indicate 
that the number of effective oscillators is in the range 
of one-half to one times the total number of normal 
modes (less degeneracies). The values of m determined 
from conventional data are very sensitive to the ac- 
curacy of the data and to the method of calculation 
used. Thus, Rabinowitch and Michel” and Powell,” 
using the same experimental data, calculate values of 
which differ by a factor of two for the cases of cyclo- 
butane and trioxymethylene. The latter results are 
further subject to errors arising from certain of Slater’s 
approximations which become worse with higher values 
of n. Rabinowitch and Michel conclude that the large 
experimental values of m indicate a more complex 
reaction coordinate than generally assumed. Such a 
complex reaction coordinate for a C—C bond scission 
might involve motions of all atoms attached to the two 
carbon atoms being split apart. This would result from 
the fact that in the resulting fragments each of these 
two carbon atoms would be coplanar, or very nearly so, 
with the atoms directly attached to it. The reaction 
coordinate might then consist of stretching of the C—C 
bond together with movement of the attached atoms to 
coplanar positions. The process of bond dissociation in 
the alkylamine ions may be complicated further by the 
fact that the resulting charged fragment is isoelectronic 
with ethylene and very probably has the analogous 
double-bonded structure H,C=NH;* in which all 
atoms are coplanar. If this double bond is formed as 
the C—C bond is broken, various motions of the NH» 
group and a shortening of the C—N bond may also be 
included in the reaction coordinate. Perhaps the most 
disturbing result of attempting to explain the data in 
terms of Slater’s theory is that the large range of experi- 
mental values of » would seem to indicate that the form 
of the reaction coordinate varies greatly for similar 
reactions within a homologous series. A careful analysis 
of vibrational structure and more accurate photoioniza- 
tion studies should be made before such a conclusion 
could be drawn reliably. If true, such behavior would 
be difficult to explain. 

The hypothesis that the critical coordinate is complex 
in the sense described above can be supported by the 
following considerations. The energy of reaction for the 
dissociation process studied here may be calculated 
roughly as the difference in energy of one C=C double 
bond and two C—C single bonds. The approximation is 
justified since the nitrogen atom with one nonbonding 
electron removed is isoelectronic with a carbon atom 
and thus the CH2NH,* fragment is isoelectronic with 
ethylene. The values of bond energy given by Pitzer” 
yield AE=2X80—145=15 kcal or 0.65 ev which is 


13 B. S. Rabinovitch and K. W. Michel, J. Am. Chem. Soc. 81, 
5065 (1959). 


4 R. E. Powell, J. Chem. Phys. 30, 724 (1959). 
6 FE. Thiele and D. J. Wilson, Can. J. Chem. 37, 1035 (1959). 


16 EF. K. Gill and K. J. Laidler, Proc. Roy. Soc. (London) A250, 
121 (1959). 


1K. S. Pitzer, J. Am. Chem. Soc. 70, 2140 (1948). 
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in good agreement with the experimental activation 
energies for ethyl and n-propylamine given in Table 
I. If tetrahedral bond angles were maintained on the 
average in the dissociation, the activation energy would 
be expected to be higher by about 2X0.5=1.0 ev. 
This value is obtained by comparison with the data on 
the positive ions of ammonia and the alkylamines which 
are isoelectronic with methyl and substituted methyl 
radicals. These data’ indicate that the difference in 
energy between planar and pyramidal configurations 
is about 0.6 ev. Since the tetrahedral angle (109.3°) 
is slightly smaller than the angle in NH;(106.8°), a 
better estimate for the energy difference is 0.5 ev. While 
the CH.NH;* ion probably cannot be considered a 
substituted methyl radical, the difference in energy 
between the planar and tetrahedral positions of the 
hydrogen atoms attached to the carbon atom must also 
be very nearly the same as for RNH,+ and NHs3t. This 
conclusion follows from the fact that the analogous 
hydrogen bending frequencies (and thus force con- 
stants) for ethylene (Herzberg’s'® »;,=950 cm™) and 
and for NH;*+ (~1000 cm~') are very nearly the same. 
While the foregoing estimates, particularly of AZ, are 
not very precise, they are probably accurate enough 
to provide support for the proposed complex reaction 
coordinate. 

The same argument can be made to support a similar 
complex reaction coordinate for the general case of 
C—C or C—X bond scission, where X is a monovalent 
atom such as H or Cl. Although the data are often 
unreliable, it is generally accepted that the activation 
energy for such bond scission is very nearly equal to the 
bond energy. If the tetrahedral configuration about each 
carbon atom were preserved in the dissociation, the 
activation energy would be greater than the bond 
energy by about 1.0 ev for C—C bond scission and 0.5 
ev for C—X bond scission. The proposed complex 
reaction coordinate would greatly increase the number 
of effective oscillators and might easily account for the 
large values obtained experimentally."—-” 

Since Slater’s assumption of the absence of intra- 
molecular vibrational relaxation apparently does not 
hold under our conditions and with the molecular ions 
studied here, it is of interest to compare these conditions 
with those encountered in the more conventional studies 
of unimolecular decompositions. We conclude here that 
intramolecular vibrational relaxation is essentially 
complete in about 10~ sec. The time between collisions 
will be of this magnitude at a pressure of about 10~* 
atm for the gases considered here. Since it is by no 
means certain that every collision results in the transfer 
of vibrational energy, we may conclude that with the 
systems studied here intramolecular relaxation would be 


18 G. Herzberg, Infrared and Raman Spectra (D. Van Nostrand 
Company, Inc., Princeton, New Jersey, 1945). 

19 B. S. Rabinovitch, E. W. Schlag, and K. B. Wiberg, J. Chem. 
Phys. 28, 504 (1959). 
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competitive with collisional relaxation at some pres- 
sures above about 10~ atm and would predominate at 
lower pressures. Since studies® of quasi-unimolecular 
decomposition have been carried out at pressures as 
low as 10> atm, we may reasonably expect that there 
will be at least some cases in which Slater’s assumption 
will be invalid at experimentally accessible pressures. 
Slater® has dicussed this possibility. 

The evidence for intramolecular vibrational relaxa- 
tion cited before applied only to ethyl- and -propyl- 
amine molecular ions. The photoionization data on 
n-propanol®.* exhibit apparently thermal tails, very 
similar to those observed for the two alkylamines, at 
the thresholds of the differential ionization efficiency 
curves for the fragments, a fact which indicates a large 
degree of relaxation. Since the fragmentation process of 
highest energy probably occurred in a time several 
orders of magnitude less than 10~ sec, appreciable 
relaxation in such short times is suggested. It may be 
noted further that the above evidence for vibrational 
relaxation in less than 10~ sec applies to molecules 
containing about 0.8 ev of vibrational energy. The acti- 
vation energies of quasi-unimolecular reactions of 
molecules of similar complexity which have been 
studied by conventional techniques are about three 
times larger than this amount. In these cases the 
activated molecules have much more closely spaced 
vibrational levels and the vibrations, being more highly 
excited, are more anharmonic and thus more strongly 
coupled. Vibrational relaxation is then expected to be 
much more efficient (except possibly where restricted 
by symmetry) than for the alkylamines. These con- 
siderations suggest that Slater’s assumption may often 
be invalid over the entire pressure range of conventional 
experiments. 

Relaxation times are expected to vary from molecule 
to molecule and, in fact, a spectrum of relaxation times 
would be expected for a complex molecule. More de- 
tailed phonionization studies may make it possible to 
determine for a large number of molecular ions whether 
relaxation occurs in times as short as 10~™ sec. Since 
there seems to be no reason why such relaxation 
phenomena should be fundamentally different for 
molecular ions and neutral molecules, such studies 
should provide further evidence regarding the validity 
(or lack thereof) of Slater’s assumption. 

The mass spectrometric technique, particularly using 
photoionization, promises to be a powerful new tool 
for the study of unimolecular decomposition of isolated 
systems. It has a great advantage in that at the low 
pressures usually employed there is practically an 
infinite number of such decompositions amenable to 
such study while the number of clean unimolecular 
reactions occurring under more standard conditions is 
very small. It is capable of yielding information on such 
details as intramolecular relaxation times. From the 
study of metastable ion intensities (or, more directly, 
normalized differential ionization efficiency curves as a 
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function of residence time in the ionization chamber), 
it is possible to determine the variation of the rate 
constant with internal energy of the molecule. While 
the systems studied are, of necessity, molecular ions 
rather than the neutral molecules of interest to most 
chemical kineticists, the same theory should apply to 
both. A slight qualification might be added to the latter 
statement. Because one of the separating fragments is 
electrically charged in the case of decomposition of a 
molecular ion, there will be an induced dipole (and 
sometimes a permanent one also) so the potential energy 
as a function of the distance of separation will contain 
an ion-dipole term which is absent in the case of the 
neutral molecule.This term leads to a slower asymptotic 
approach of the potential to the dissociation limit and 
hence to an adverse effect on the applicability of a 
theory, such as Slater’s, that employs the harmonic 
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oscillator approximation up to the point of dissociation. 
We shall not attempt to determine the seriousness of 
this factor at present. Another complicating factor 
which must be considered in many cases is the efficiency 
of radiationless electronic transitions. Frequently the 
excitation necessary to produce the desired dissociation 
appears initially as electronic energy in the ionization 
process. The rate constant for dissociation will depend 
greatly on whether dissociation occurs directly from 
the excited state or whether the system first goes to 
lower states by radiationless transitions, since both E 
and ¢ will be quite different in these cases. A further 
complication is introduced if the system makes radiative 
transitions with half-lives shorter than 10~ sec. For- 
tunately, the dissociations of n-alkylamines investigated 
in this experiment have no such complications caused 
by excited electronic states. 
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As a check on the assignments of the fundamentals of ketene (H,C—C=0), a normal coordinate analysis 
has been carried out and the constants for the general quadratic potential energy function for this molecule 
have been obtained. Using these constants, the fundamental vibrational wave numbers for the deutero- 
ketene have been calculated, and compared with the observed bands reported for this molecule. The moments 
of inertia tensor derivatives for the general X.YXW molecule have been obtained. The rotational distortion 
constants for HxC—=C=O and Dx,C=C=0 have been determined. The molar thermodynamic properties— 
heat content, free energy, entropy, and heat capacity—have been calculated for both molecules for various 
temperatures from 100° to 1000°K at atmospheric pressure for the rigid-rotor, harmonic-oscillator approxi- 


mation. 





INTRODUCTION 


HE Raman spectrum of ketene (HxC—=C=0O) in 

the liquid state has been observed by Kopper,! 
and the infrared spectrum of the vapor has been ob- 
tained under low resolution by Gershinowitz and 
Wilson.? Halverson and Williams,* and Harp and 
Rasmussen,‘ have studied the infrared spectrum of the 
vapor under high resolution. Drayton and Thompson® 
have reported the infrared spectrum above 1000 c/cm 
(cycles/em), and Bak and Anderson® also have in- 
vestigated the infrared spectrum in the 500-1200 
c/cm region. Recently, analysis of the infrared spectrum 
of ketene and deuteroketene has been made by Aren- 
dale and Fletcher.’ 

It may be seen that while there is a general agreement 
as to the assignments of the fundamentals in the 
region 1100-3500 c/cm, there is considerable difficulty 
and therefore differences in the interpretations of the 
spectrum and the assignments by the various authors, 
particularly in the region of 500-1100 c/cm. The normal 
coordinate analyses have been done by Halverson and 
Williams,’ and by Arendale and Fletcher.’ However, 
in order to provide a check on the assignments of the 
fundamentals and to obtain better values for the 
potential energy constants, using also the improved 
microwave data®® for the molecular parameters, it was 
felt that a revision of the normal coordinate treatment 


* Publication No. 132. 
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was necessary. This is therefore one of the aims of the 
present investigation. 


NORMAL COORDINATE TREATMENT 


There are 10 internal coordinates which would 
account for the in-plane and out-of-plane motions of 
the atoms of the ketene molecule. The orthonormal set 
of symmetry coordinates used in this investigation is 
that given by Arendale and Fletcher.; The symmetry 
coordinate used by Halverson and Williams’ for the 
symmetrical H—C—H bending mode is not orthogonal 
to the redundant coordinate, 


So= (Aa+A6i+ Ape) /3#=0, 


since a is not independent of 8. Using the theory given 
by Gold et al. for the molecules with redundant 
coordinates, analytical expressions relating the valence 
force constants f to the symmetry force constants F 
have been derived. The elements of the kinetic energy 
matrices G were obtained by the method of the si: 
vectors as described by Meister and Cleveland," 
Ferigle and Meister,” and by Wilson e¢ al.” 

In the determination of the potential energy con- 
stants, a suitable choice of the matrix elements, corre- 
sponding to the bond stretchings, was made after a 
number of trials. The other elements were then ad- 
justed to give satisfactory agreement between the 
calculated and observed wave numbers. From these 
symmetry force constants, the valence force constants 
have been calculated by using the analytical expres- 
sions mentioned earlier. 

The quadratic potential energy constants obtained in 
this investigation are given in Table I. The descriptive 


1°R. Gold, J. M. Dowling, and A. G. Meister, J. Mol. Spec- 
— 2, 9 (1958). 


on; G. Meister and F. F. Cleveland, Am. J. Phys. 14, 13 
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(19513 M. Ferigle and A. G. Meister, J. Chem. Phys. 19, 982 
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phage eg (McGraw-Hill Book Company, Inc., New York, 1955), 
pp. 9. 
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MOLECULAR PROPERTIES OF KETENES 


Taste I. Potential energy constants for ketene (H,C=C=0O).* 











Bond stretchin Angle bending and 
and bond-bon Bond-angle angle-angle 

interaction constants interaction constants interaction constants 
(md/A) (md/rad) (md A/rad?) 





14.8500 
10.0500 
5.2850 
1.3306 
0.0035 
0.0707 
0.0400 


0.0008 Shr 
—0.0004 Sen 
0.0024 fu» 
-0.012 f 
0.0866 


0.2317 
0.2329 
0.8776 
0.2200 
‘fuc® —0.1158 
0.0067 fac® —0.1171 
—0.0933 face 0.0354 
0.0707 foX 0.2226 
—0.0707 





® All other constants are zero; x is the angle made by the CH: plane with the 
equilibrium plane of the molecule. 


notation used here is the same as that given by Davis 
et al.* It may be seen that the C=O stretching con- 
stant is 14.85 md/A, which is almost as large as for 
CO2. This is to be expected as the C=O distance of 
1.16A is considerably shorter than the normal C=O 
distance. The C=C stretching constant is 10.05 md/A 
which is also reasonable. The constant for the out-of- 
plane motion of the CH: group is 0.2200 md A/rad? 
which is very close to the value of 0.23077 md A/rad? 
for ethylene obtained by Dowling.” 

Comparing some of the constants obtained in this 
investigation with those given by Arendale and Flet- 
cher,’ particularly the stretching constants, one notices 
the value of 19.5 md/A for the C=O stretching con- 
stant given by them seems very large, especially since 
they. have used a larger C=O distance than in the pres- 
ent study. They have obtained a low value of 7.6 md/A 
for the C=C stretching constant which may perhaps 
be due to their having assumed a larger C=C distance 
of 1.35 A. For the out-of-plane motion of the CH: 
group, the value of 0.071 md/A is very low compared 
to the present value. These differences and others are 
also due to the differences in the assignments of the 
fundamentals of ketene. 


TABLE II. Calculated and observed wave numbers (in c/cm) for 
ketene (H,C=C=0). 








Species Designation Calc Obs 





a 2126 
1113 
3056 
1418 


3148 
950 
543 


588 
916 


2150 
1120 
3060 
1391 


3162 
942 
545 


588 
916 








4 A. Davis, F. F. Cleveland, and A. G. Meister, J. Chem. Phys. 
20, 454 (1952). 


J. M. Dowling, J. Chem. Phys. 25, 284 (1956). 
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TABLE III. Calculated and observed wave numbers (in c/cm) for 
deuteroketene (DzC=C=0O). 





Species Designation Calc Obs* 





a v1 2079 
02 844 
o3 2253 
% 1323 


os 2349 
os 847 
o7 451 


os 585 
G9 709 


2117 
862 
2268 

(1293) 


2375 
(815) 
450 


712 





® Reference 7. 


b The numbers in parentheses are those reported for HDC=C=O (reference 
7) but which might well be those of deuteroketene. 


Table II lists the wave numbers calculated for the 
fundamental vibrations of ketene compared with those 
proposed by Bak and Anderson® from the observed 
bands. It may be seen that the agreement is very satis- 
factory. 

Using the same potential energy constants, the fun- 
damental vibrational wave numbers for deuteroketene 
have been calculated. These are given in Table III. 
The bands assigned by Arendale and Fletcher’ as fun- 
damentals are also included for comparison. There is 
very good agreement for most of the bands reported 
by them. The bands at 1229 and 798 c/cm, described by 
them as fundamentals of D,C=C=O, might be due 
to absorption by HDC=C=0O, which according to 
them was inevitable in their sample. Also, some of 
the bands assigned by them for HDC=C=O may 
belong to the DxkC=C=O molecule. These differences 
might perhaps be unambiguously settled if further work 
is done on Dx,C=C=0O, particularly in the low-fre- 
quency region. Also, there still remain some uncer- 
tainties in the perpendicular fundamentals of D,C= 
C=O as stated by Arendale and Fletcher.’ 

The very close agreement between the calculated and 
observed wave numbers together with the very reason- 
able values of the force constants indicate that the 
potential energy constants reported here form de- 
cidedly an improved set. 


TABLE IV. Rotational distortion constants for ketene and 
deuteroketene in Mc.* 








Constants H.C=C=O D.C=C=O 





Ds 0.0032 
Dsx 0.2920 
Dr 21.7848 
Rs —0.0882 
Rs —2.2080X 10-* 
by 0.0002 


0.0027 
0.2015 
5.3117 
0.0608 
—9.7400X 10-* 
0.0002 








® This number of significant figures is not necessary except to have internal 
consistency in calculations. 
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TABLE V. Heat content, free energy, entropy, and heat capacity for 
H:C=C=0 for the ideal gaseous state at 1 atm pressure.* 
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TABLE VI. Heat content, free energy, entropy, and heat capacity 
for DxC=C=O for the ideal gaseous state at 1 atm pressure.*:> 








T(°K) (H°—Eo)/T —(F°—E,°)/T S° Cc, 





47.02 


56.06 
57.03 
57.11 


8.02 

9.38 
10.92 
11.46 
11.49 
13.46 
15.09 
16.43 
17.55 
18.51 
19.34 
20.05 


100 : 39.06 
200 : . 
273. 
298. 
300 
400 
500 
600 
700 
800 
900 
1000 








® The values are in cal deg™ mole“. 


ROTATIONAL DISTORTION CONSTANTS 


Having obtained a valid set of potential energy 
constants, one may proceed to calculate the-rotational 
distortion constants for these asymmetric rotor mole- 
cules by use of the first-order perturbation theory 
given by Kivelson and Wilson.” In the case of these 
molecules of the type X2YZW, one needs to determine 
all the moment of inertia tensor derivatives of the form 
[ Jas’ lo, Where a and 8 may be x, y, or z, based on a 
center-of-mass principal-axes system. These derivatives 
with respect to the internal coordinates, and therefore 
with respect to the symmetry coordinates, were obtained 
in the present study, assuming arbitrary displacements 
of the atoms of the molecule. There are 6 distortion 
constants in the energy expression for the asymmetric 
rotors. These have been calculated for ketene and 
deuteroketene, and are listed in Table IV. Although 
D,; and Dyx are of the same order of magnitude as 
those given by Johnson and Strandberg,® no rigorous 
comparison is possible, since their investigation has 
been handicapped by the lack of definite assignments 
for the fundamentals of ketene. The values of Dy and 
6; reported here compare extremely well with the 
values obtained by Sheridan.” 

16 ED). Kivelson and E. B. Wilson, Jr., J. Chem. Phys. 20, 1575 


(1952); 21, 1229 (1953). 
17 J. Sheridan (private communication, July 30, 1959). 


T(°K) (H°—E,°)/T —(F°—E,°)/T S° C;° 





100 7.97 
200 8.45 
273. 9.13 


9.39 
300 9.41 
400 10.46 
500 11.46 
600 12.37 
700 13.20 
800 13.96 
900 


14.65 
1000 15.28 


40.15 
45.79 
48.52 
49,33 
49.39 


48.12 
54.24 
56.65 
58.72 
58.80 
62.70 
66.14 
69.22 
72.02 
74.60 
76.97 
79.18 


8.12 
10.04 
11.90 
12.50 
12.54 
14.59 
16.24 
17.61 
18.77 
19.75 
20.57 
21.26 








® The values are in cal deg™ mole“. 
Calculated wave numbers reported in Table IV, reliable to about 2%, were 
used to obtain the results in this table. 


THERMODYNAMIC PROPERTIES 


Though Drayton and Thompson have calculated 
the thermodynamic properties of ketene, it seems 
desirable to do such a calculation in the present investi- 
gation with the revised values of the fundamental 
vibrational wave numbers and the new molecular 
structural parameters. Bak and Anderson® have cal- 
culated only the free energy for ketene for some temper- 
atures. In the present study, the heat content, free 
energy, entropy, and heat capacity have been cal- 
culated for ketene and deuteroketene for temperatures 
from 100° to 1000°K. These are listed in Tables V and 
VI, respectively, for the two molecules. For ketene, 
the observed wave numbers of Table II have been used 
and for deuteroketene, the calculated wave numbers 
of Table III have been used. 
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The characteristics of the two-phase exchange system: 
N2O;(liq) +N“O(gas)=2N“N0,(liq)+N“O(gas) have been 
studied in laboratory exchange columns to evaluate its usefulness 
for concentrating nitrogen-15. The effective single stage separa- 
tion factor a has been determined both by direct equilibration of 
liquid and gas phases, and by measuring the over-all separation 
in an exchange column as a function of the rate of product with- 
drawal. The factor a varies from 1.035+0.005 at —14°C to 
1.016+0.004 at +14°C. The system is complicated by the 
presence of additional oxides of nitrogen in both phases, and it 
is not yet possible to evaluate the contributions of each of the 
individual molecular species to the effective separation factor. 
The over-all separations achieved at total reflux in a 40-stage 


bubble plate column corresponded to a maximum plate efficiency 
of 60% at an interstage flow of —50 mM N/min cm’. Simi- 
larly, the separations obtained in a 95-cm column packed with 
stainless steel wire helices corresponded to stage heights of 1.1 
and 1.2 cm for interstage flows of 23 and 31 mM N/min cm’, 
respectively. A comparison of the present system with the nitric 
acid-nitric oxide exchange system indicates that approximately 
equal volumes of column would be required for the same isotope 
separation task in spite of a considerably lower a for the NOs 
system. This is due to the higher rate of exchange as evidenced 
by lower stage height. The favorable stage height for this process 
makes it possible to prepare highly concentrated nitrogen-15 in 
shorter columns than those used for the nitric acid exchange. 





INTRODUCTION 


REY and Greiff' first suggested the possibility of 

concentrating nitrogen-15 by exchange of NO 
and NO:. That the exchange is rapid was demon- 
strated by Leifer. The gas phase reaction was used for 
concentrating nitrogen-15 by chemical exchange in 
thermal diffusion columns.’ At lower temperatures, 
a two-phase exchange system results, which may be 
represented as 


NO; (liq) +N¥0(gas)=2NN0;(liq) +N“O(gas). 
(1) 


Preliminary results on the use of this exchange reaction 
have been reported previously.5 This paper reports the 
results of an investigation of the characteristics of this 
exchange system and a study of those factors that are 
important in evaluating its use in concentrating 
nitrogen-15. 


EXPERIMENTAL METHOD 


Many of the characteristics of an isotope exchange 
system are conveniently studied in an exchange column 
by determining the behavior of the system as the 
operating conditions are varied. The experimental 
system used for most of the experiments is illustrated 
schematically in Fig. 1. It is essentially similar to the 
apparatus used for studying the exchange of N® 
between NO and HNO;,>* except for several modifica- 


* Supported in part by a grant from the U. S. Atomic Energy 
Commission. 

+ Present address: Rutgers, The State University, Newark, 
New Jersey. ' 

1H. C. Urey and L. J. Greiff J. Am. Chem. Soc. 5, 321 (1935). 

2 E. Leifer, J. Chem. Phys. 8, 301 (1940). 

3T I. Taylor and W. — J. Chem. Phys. 16, 635 (1948). 

4W. Spindel and T. I. Taylor, J. Chem. Phys. 23, 1318 (1955). 

5 W. Spindel and T. I. Taylor, J. Chem. Phys. 23, 981 (1955). 

6 W. Spindel and T. I. Taylor, J. Chem. Phys. 24, 626 (1956). 

7 W. Spindel and T. I. Taylor, Trans. New York Acad. Sci. 19, 
3 (1956). 


tions required because of the low boiling point of the 
compounds. Since two different exchange columns were 
used detailed characteristics are not indicated in Fig. 1. 
One column was a bubble plate type containing 40 
actual plates 1.6 cm in diam, spaced 2 cm apart. The 
other column was of the packed type, 95 cm long by 
2.5 cm i.d., filled with Helipak No. 3013 stainless steel 
helices (Podbielniak, Inc., Chicago, Illinois). 

In operation, liquid N2O, in a tank (Allied Chemical 
Corporation, Hopewell, Virginia, technical grade) is 
vaporized and fed to the system as gaseous NO; through 
a rotameter type flow meter F. At the top of the ex- 
change column, the NO; is liquified in a cooled Fried- 
richs condenser. The liquid then passes through a short 
(20-cm) column S packed with stainless steel helices, 
where it reacts with an ascending stream of NO to form 
an equilibrium amount of N2O3. From the equilibrating 
section, the liquid NxO;—N.0, mixture flows into a 
rotatable graduated cylinder CY which is used to 
measure the liquid flow rate; and from there, it flows 
to the top of the exchange column, E. The liquid drain- 
ing from the column enters the product refluxer P 
through a cooled U tube. In the product refluxer (80 
cm long and 5 cm i.d., packed with glass helices), the 
liquid is warmed to vaporize and dissociate it into NO 
and NO:. The NO gas ascends and passes into the 
exchange column, while the NO, reacts with the water 
in a descending stream of dilute sulfuric acid, and with 
an ascending stream of SO. to form NO according to 
the following equations: 


3NO.+H,0@2HNO;+ NO 


2HNO;+ 3SO2+ 2H,0@3H2S0,4+ 2NO. (2) 


8T. I. Taylor and W. Spindel, Proceedings International Sym- 
posium on Isotope Separation (North-Holland Publishing Com- 
pany, Amsterdam, 1958), p. 158. 

9C. N. Kauder, T. I. Taylor, and W. Spindel, J. Chem. Phys. 
31, 232 (1959). 
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Fic. 1. System for the exchange between N,O; and N@. C= 
coolant; CY=calibrated cylinder; E=exchange column; F= 
flowmeter; Gi, G2=gas sample take-off; P=product refluxer; 


S=packed section; V=check valve, which was opened by ro-. 


tating a rod through a ground joint. 


Dilute sulfuric acid was used instead of water because 
the increased acidity speeds up the reflux reaction, as 
evidenced by a sharper and darker reaction zone. 

The system is provided with stopcocks (G, and Gz, 
Fig. 1) to permit sampling of the gas phase at either end 
of the column for isotopic or chemical analysis. An 
opening at the bottom of the column permits the with- 
drawal of enriched product material at a measured rate 
(see also Fig. 3). The main exchange column, as well as 
the small packed column and the condensers, are 
jacketed and maintained at low temperature by circu- 
lating a refrigerated coolant. A waste refluxer identical 
with the unit used to absorb waste nitrogen oxides in 
the NO—HNO,; system*-* was operated for the present 
system, but is not shown in Fig. 1. The waste gas from 
the top of the column is passed through a cooled con- 
denser which removes excess NO, and returns it to the 
column before the gas passes into the waste refluxer. 


CHEMICAL COMPOSITION AND MOLAR FLOWS 


The system has been described in Eq. (1) as in- 
volving the exchange between liquid N.O; and gaseous 
NO. However, at atmospheric pressure and at operating 
temperatures from — 13° to +14°C, a number of other 
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chemical components are formed in appreciable quan- 
tities. The liquid contains N2O4, N2O3, and NO; the gas 
phase contains N2O,, N2O3, NOs, and NO. Figure 2 
shows the amounts of the principal components in the 
two phases (calculated from vapor pressure data of 
Purcell and Cheesman”) as a function of temperature at 
atmospheric pressure. The abscissa indicates the mole 
fraction of total nitrogen in the +4 oxidation state, 
the remainder being the mole fraction of nitrogen in the 
+2 state. The +4 nitrogen is NO2, N2O, plus half the 
number of moles of N2O3; the +2 nitrogen is NO plus 
half the number of moles of N2Os. 

In order to maintain the liquid interstage flow con- 
stant along the length of the column, and to keep 
the chemical composition of the two phases constant, it 
is necessary to equilibrate liquid N2O, with NO at 
the operating temperature before introducing the liquid 
into the exchange column. It is also important that 
the gas phase entering the column from the product 
refluxer contain about the equilibrium amounts in the 
corresponding oxidation states as shown in Fig. 2. The 
equilibrium gas phase composition is maintained by 
suitably adjusting the flow of cooling water and of 
dilute sulfuric acid into the product refluxer. Cooling 
the gas leaving the product refluxer to the column 
temperature condenses excess NO, and N2O,, and helps 
to maintain the equilibrium composition. The relative 
amounts of NO and NO.+N,0, in the gas phase were 
determined with a Cary spectrophotometer by com- 
parison with standards containing known amounts of 
the two components. 

The liquid interstage flow L (in mM N/min) was 
obtained in three different ways by direct and indirect 
determinations: 

1. The flow, \ (in ml/min), of the liquid was directly 
measured by noting the time required to fill the small 
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Fic..2. System NO—NO.(N20,) at 1 atm pressure. X, x= mole 
fraction of N in the +4 oxidation state in liquid and gas phase, 
respectively. The remaining nitrogen, 1—X and 1—x, is the mole 
fraction of N in the +2 oxidation state in liquid and gas phase, 
respectively. 


10 R. H. Purcell and G. H. Cheesman, J. Chem. Soc. 1932, 826. 
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TaBLeE I. Comparison of the measurements of the interstage flow L at —9°C. 








L; AL soe- 
mM N/min mM SO?-/min 


(1) (2) (3) 
L L L 
from Ly from ALgo2- 


mM N/min 





48 37 
60 47 
60 51 


87 90 91 90 
115 116 114 
124 125 119 








cylinder (3.30.1 ml) at the top of the column (CY, 
Fig. 1). The interstage flow L was then calculated from 
d by the relationship 


L=1000\d/[G:+ X (Gi—Gz) J, (3) 
where X is the mole fraction of N in the +4 state in the 
liquid (the remainder 1— X being the mole fraction of 
N in the +2 state), d is the density of the liquid 
(g/ml), G, is the gram-molecular weight of NOs, and 
G is the gram-molecular weight of NO. 

2. The interstage flow LZ can also be determined 
from the N2O, feed flow Ly and the chemical composi- 
tion of the two phases. The flow L; was measured with 
a flow meter (Fig. 1), which was calibrated by deter- 
mining the weight loss from a vessel of N2O, over a 
fixed time interval. The interstage flow, feed flow, and 
chemical compositions are related at total reflux by the 
equation 


L=L,[{(1—x)/(X—x)], (4) 
where x and X are the mole fractions of N in the +4 
state in the gas and liquid phases, respectively. The 
remaining nitrogen in the two phases, (1—~) or (1—X), 
is the mole fraction of N in the +2 state. 

Equation (4) follows from a consideration of ma- 
terial balance. At steady state and total reflux, the 
number of moles of NO2(N20,) reduced to NO, at the 
bottom of the column per unit time is (X—~x) L. This is 
equal to the number of moles of NO leaving the system 
per unit time, namely, L;(1—~). 

It may be noted that if the column were operated at 
a considerably lower temperature, the liquid phase 
would consist essentially of NsO;(X =0.5) and the gas 
phase would be essentially NO (x=0). The interstage 
flow L under these conditions would obviously be 
twice the feed flow Ly of N2Ox. 

3. Finally, the interstage flow can be determined 
at total reflux from the number of moles of H:SO, 
formed in the product refluxer per unit time, during the 
reduction of NO, to NO with SO». From the over-all 
stoichiometry of reactions (2), it may be noted that 
one mole of H2SO, is produced for each mole of NO2 
reduced to NO. 


From the previous consideration of material balance, 
it follows that 


L= ALso7-/X— x, 


(S) 


where AL go, is the number of moles of H2SO, formed 
in the refluxer per unit time. ALso0,2- was determined by 
measuring the molarity and flow rate of the sulfuric 
acid entering and leaving the product refluxer. The 
concentration of the waste sulfuric acid was corrected 
for dissolved SO, by titrating with a standard iodine 
solution. 

Intercomparison of the flow rates as measured by 
the three methods outlined permits an estimate of the 
constancy of the interstage flow along the column, 
since method 3 measures the interstage flow at the 
bottom of the column, while methods 1 and 2 yield 
values for the flow at the upper end. Several interstage 
flow measurements are shown in Table I. It may be 
noted that the values obtained by the three different 
methods agree within +4%. 

The isotopic analyses were carried out in a single 
collector Nier-type mass spectrometer.!' Gas samples 
were withdrawn at the top and at the bottom of the 
column (G; and G2 in Fig. 1), and reduced to elemental 
nitrogen for analysis in the mass spectrometer. Reduc- 
tion was accomplished by passing the samples through 
a fused silica tube filled with a mixture of copper and 
copper oxide at about 750°C. Some of the samples 
were reduced by an electric arc (7500-v neon sign 
transformer) in a small discharge tube.” The residual 
nitrogen oxides ‘were frozen out in a trap cooled with 
liquid nitrogen before introducing the sample into the 
mass spectrometer. Reduction of gas samples in an 
electrical discharge tube provided a rapid and con- 
venient means for handling routine samples, since the 
sampling, reduction, and isotopic analysis were carried 
out in the same tube without any additional transfer 
of gas. 


EFFECTIVE SINGLE STAGE FACTOR a 


The effective single stage factor a was determined 
both by single stage equilibrations of gas and liquid 


11 A, O. C. Nier, Rev. Sci. Instr. 11, 212 (1940). 
2 T. I. Taylor (to be published). 
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Fic. 3. System for measuring the product rate. B=jacketed 
burette; C=coolant; CP=capillaries; CD=condenser; M= 
metering pump; P=pressure regulator; R=reaction vessel. 


phase, and by measuring the over-all separation as a 
function of the product withdrawal rate. 

The single stage equilibrations were carried out in 
a 150-cc reaction vessel, which was jacketed to allow 
precise temperature control by circulating a refrig- 
erated coolant. Measured volumes of NO were trans- 
ferred from a gas burette into the vessel at the equi- 
librium temperature (either —14° or +10°C), con- 
taining about 0.04 moles of NO, which was continuously 
stirred. The absorption of NO was continued until a 
vapor pressure of 1 atm was reached. The liquid was 
stirred for at least 24 hr before gaseous and liquid 
samples were taken for analysis. The NO used in these 
experiments was prepared by reaction of nitric acid 
with mercury in the presence of a large excess of 
sulfuric acid."* The NO: was obtained by reacting 
equimolar amounts of this NO with oxygen, freezing 
with liquid nitrogen, and evacuating to remove the 
excess oxygen. The effective single stage factor a, 
defined as the ratio of the concentrations of N® and 
N™ in the liquid, divided by the ratio of N® and N¥ 
in the gas phase, was determined by directly measuring 
the isotopic composition in both phases or by analyzing 
the gas phase alone, before and after equilibration.® 
The separation factor a@ is related to the isotopic com- 


positions in the gas before and after equilibrium by the 
relation: 


a=a+(m/M)(a—1) (6) 


where a is the quotient of N%/N* ratios in the gas 
phase before and after equilibration, m is the number 
of moles of nitrogen in the gas phase, and M is the 
number of moles of nitrogen in the liquid. This equa- 
tion applies when both phases originally have the 
same isotopic composition. 


13 Friedel, Sharkey, Shultz, and Humbert, Anal. Chem. 25, 
1314 (1953). 
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The method of determining a from the over-all sepa- 
ration in a column at different product withdrawal 
rates has been employed by a number of authors.®*—® 
The theory of isotope separation” relates the number ” 
of theoretical plates in a column to the product flow 
P (in mM N/min), the interstage flow L, the single 
stage factor a, and the mole fractions, No and N,, of 
N*® at the feed and product ends of a column by the 
following equation: 


AS P/L 
we (a—1)+-P/L 


1 
X10 Ne/Nr) —LP/L(a—1) (1—Ne/ Nr) 





(7) 


Equation (7) is an approximation of a more general 
equation, and is valid for a—1, Np and No<1. 
From Eq. (7) the following relation can be derived: 
(1/So) 9/0») =[(1—Sp)/Spl0+(1/Sp), (8) 
where So=a"=over-all separation at total reflux 
(Np/No) po, Sp= over-all separation during production 
=(Np/No) p>0, p= P/L, 0=[P/L(a—1) J=p/(a—1). 
The variables So, Sp, and p in Eq. (8) are experi- 
mentally determined, while 6 (and consequently a) 
can be evaluated graphically by plotting the functions 


F (0) = (1/ So) 9+#)/4-») 


g(0) =[(1— Sp) / Sp 0+ (1/Sp) (9) 
for various assumed values of @ and determining the 
point of intersection of the two curves. 

Since it is difficult to keep the interstage flow con- 
stant over extended periods of time, it is necessary 
to measure S,=(Np/No)»>0 for several different 
product rates p, and determine an average value of a 
from the intersection of several curves. 

In practice, for each flow rate, the column was 
operated until a steady state separation S, was ob- 
tained at a fixed product rate, then product withdrawal 
was stopped and operation was continued until a 
steady state separation So at total reflux was reached. 

Enriched product may be withdrawn at measured 
rates either as liquid or gas. In the present experiments, 
gas was withdrawn because this appeared to be more 
convenient. The gas withdrawn consisted of a mixture 


4 Thode, Smith, and Walkling, Can. J. Research 22B, 127 
1944), 
16 Dostrovsky, Gillis, Llewellyn, and Vromen, J. Chem. Soc. 
1952, 3517. 

16 Begun, Palko, and Brown, J. Phys. Chem. 60, 48 (1956). 

17K, Cohen, J. Chem. Phys. 8, 588 (1940); The Theory of 
Isotope Separation (McGraw-Hill Book Company, Inc., New 
York, 1951). 





ENRICHMENT OF NITROGEN-15 


of NO, NOz, N2O3, and N2O,, and it was necessary to 
convert this mixture into a well-defined compound, 
such as N2O,, in order to measure the product flow in 
mM N/min. Figure 3 shows the apparatus used for 
withdrawing constant quantities of product gases, 
converting these completely to NO, and measuring the 
equivalent amount of N20, withdrawn (i.e., mM 
N/unit time). Enriched gas was pumped from the 
bottom of the column by a microbellows metering 
pump M into a vessel R where it reacted with oxygen 
to form N20, (and NO,). Oxygen was admitted to the 
reaction vessel at constant pressure as required for 
reaction with NO, and entered from two directions to 
provide satisfactory mixing. Capillary tubes in the 
lines prevented back diffusion of N.O, and NO; into 
the oxygen supply. The reaction vessel was kept at a 
temperature of about —5°C because the rate of the 
NO-O; reaction increases at lower temperatures. The 
liquid N2,O, produced was collected in ‘the jacketed 


TABLE II. Single stage factor a measured by single stage 
equilibrations. 








Temp °C Xs 





—15 
—14.5 
—13.5 
—14.5 
—14.0 
—7.0 
—7.5 
+8.8 
+8.8 


034 
-044 
-032 
.028 
.036 
021 
029 
.009 
015 


oosssssss 

mun 
SSSARKGAA 
— ee et et et pt et 








® See Fig. 2. X is the mole fraction of nitrogen in the +4 oxidation state in the 
liquid, the remaining nitrogen (1—X) being the mole fraction of nitrogen in the 
+2 oxidation state. 


burette shown, and the quantity collected was meas- 
ured volumetrically. The flow of liquid NO, was 
fairly constant, fluctuations being less than +3%. 


RESULTS 


The single state separation factor a obtained by 
two independent methods at various temperatures, and 
the over-all separation achieved in two different types of 
laboratory exchange columns at various temperatures 
and flow rates are summarized in Tables II-VI. 

Table II shows the separation factor a obtained 
by single stage equilibrations. The precision of the 
separation factor obtained by this method is limited by 
the mass spectrometric error in measuring isotopic 
ratios. The magnitude of this error in the present 
instrument is indicated by the scatter of the measured 
a at a given temperature, +0.003-0.005. The mole 
fractions X in the table were determined from the 
moles of NO:+N:0, (+4N) and NO (+2N) intro- 
duced into the equilibration flask. It may be noted 
that the measured compositions agree quite well with 
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TaBLE III. Single stage factor a from product withdrawal 
experiments. 








Over-all 
separation 


Product 
rate p 


(P/L) Sp So 


Product 
flow P 


Interstage 
flow L 


Temp °C mM N/min 





0.0319 
0.0186 
0.0539 
0.0566 
0.1062 


—8.5 90 
—8.5 114 
—9 119 
+14 83 
+13.5 72 











the values reported by Purcell and Cheesman,” as 
shown in Fig. 2. 

In Table III, the data from several product with- 
drawal experiments are listed. The last column shows 
the single stage factor a as determined from the over-all 
separation S», at zero withdrawal, and the separation 
Sp, at a given product rate p. All these product with- 
drawal experiments were carried out using the bubble 
plate exchange column. The experimental error in @ is 
mainly determined by the fluctuations of the over-all 
separation at steady state, which was about +2%. 
This results in an error of about +0.005 in a. 

The average values of the effective single stage 
factor a, as determined by both methods, are sum- 
marized in Table IV. These values are in fairly good 
agreement with each other. Their dependence on com- 
position and temperature will be discussed later. 

Tables V and VI show the over-all separation So, at 
total reflux in the bubble plate and packed columns at 
various temperatures and interstage flow rates, and also 
indicate several column parameters derived from the 
overall separation. In the experiments with the bubble 
plate column, a steady state separation was reached 
within 8-12 hr. The equilibrium time for the packed 
column, which contained many more separating stages, 
was between 100 and 150 hr. Figure 4 shows the ap- 
proach to equilibrium in one of the experiments done 
with the packed column. The solid curve represents the 
theoretical time dependence of the over-all separation 


TABLE IV. Average effective single stage factor a between 
about —14° and +14° C. 








Composition 


Temp 


Single stage 
°C > ee 


factor a Method 





0.57 
0.61 


—14+1 
—9+1 


0.15 
0.20 


1.035+0.005 Single stage equilibration 
1.031+0.005 Product withdrawal ex- 
periment 
1.025+0.004 Single stage equilibration 
1.012+0.003 Single stage equilihration 


1.016+0.004 Product withdrawal ex- 
periment 


0.64 
0.83 
0.91 


0.24 
0.68 
0.74 


—7+1 
+9+1 
+14+1 











® X, x mole fraction of nitrogen in the +4 oxidation state in liquid and gas, 
the remaining nitrogen, 1—X or 1—x, being the mole fraction of nitrogen in the 
+2 state in liquid and gas, respectively. 
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Tarze V. Over-all separation So at total reflux in bubble 
plate column.* 








Over-all 
separation So 


Temp Interstage flow 


Plate 
5 L mM N/min 


efficiency % 





107 
90 
114 
119 
108 
158 
205 
83 
72 


— i ee DD DR 








® Number of actual plates, 40; i.d., 1.6 cm. 


> Minimum values assuming a@=1,.031, since @ for this temperature was not 
determined. 


calculated from the following parameters: the over-all 
separation So at steady state; the single stage factor a; 
the interstage flow L; and the holdup of enriched 
material in the column and in the product refluxer.!” 
The slow approach to steady state separation is largely 
caused by the holdup in the product refluxer, which 
was about 20% of the holdup in the column. 


DISCUSSION 
Effective Single Stage Factor a 


In a system such as the present one, where several 
exchangeable species are present in the exchanging 
phases, all of the chemical species in the liquid and gas 
phases contribute, each according to its quantity and 
individual molecular structure, to the total exchange, 
and the effective single stage separation factor a@ is a 
weighted average of all the equilibrium constants for 
exchange. 

In the N2,O;-NO system, there are four different 
molecular species (N2O3, N2O,, NO, and NOs) in the 
gas phase, and three (N203, N.O,, and NO) in the 
liquid, allowing for twelve possible independent ex- 
change reactions. For further consideration, we shall 
neglect the structural difference of one and the same 
molecule in the liquid and gas phase. This restricts the 


number of independent exchange reactions to three, for 
example: 


N40;+N"02N¥N¥O,+N4O, 
N:40,-+N"02N¥N#O,-+N4O, 
N¥0,+N“02N¥0,+N¥O, 


Kis, 
Kos, 
Ky. 


(10) 
(11) 
(12) 


With the further assumption that the concentration of 
N® is always small compared to the concentration of 
N", the effective single stage factor a may be expressed 
in terms of the individual equilibrium constants in the 
form 


qe Kit MK Ms 
mK 33+ m2K 3+ m+ mKag 





(13) 
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Here M; and m; are the mole fractions of total nitrogen 
in the species 7 in the liquid and gas phase, respectively ; 
the subscript 1 refers to N2O3, 2 to N2Ox, 3 to NO, and 4 
to NOs. Kis, Kes, and K4; are the individual equilibrium 
constants of the exchange reactions (10), (11), and 
(12), respectively. 

Kirshenbaum and co-workers have used a similar 
mathematical treatment to evaluate individual ex- 
change constants from the effective separation factor 
in the NH;*—NH; system, but since a@ has been 
determined for the present system at only one com- 
position of liquid and gas for each temperature (Table 
IV), it is not possible to evaluate the three unknown 
individual equilibrium constants, Ki3, Ko3, and Ka 
directly from Eq. (13). Only in those cases where the 
concentrations of one compound in the liquid and 
another compound in the gas are much larger than the 
concentrations of the remaining components, can the 
equilibrium constant for exchange between those 
highly concentrated compounds be estimated from the 
experimental value of a. 

Table VII shows the chemical composition of the gas 
and liquid at 1 atm pressure for three experimental 
temperatures, as calculated from data on the dissocia- 
tion of N,O;'® and NO,” in the gas phase, together 
with vapor pressure data of Purcell and Cheesman® 
(see Fig. 2). The composition of the liquid phase is 
shown in the table consisting either of N:O; and 
N20, only (M;=90), or consisting of N20, and NO only 
(primed letters M,’, M3’, where M,;’=0). The true 
composition of the liquid will probably be somewhere 








) 20 40 60 °. 100 120 140 160 


Fic. 4. Typical approach to equilibrium in packed column (see 
Table VI). © =experimental point. The solid curve is a theo- 
retical curve calculated from the single stage factor a; the steady 
state separation S,; the flow rate L; the holdups H in column 
and H’ in product refluxer; a=1.031; S,=12.0; L=150 mM of 
N/min; H =2.20 moles of N; H’=0.41 moles of N. 


18 Kirshenbaum, Smith, Crowell, Graff, and McKee, J. Chem. 
Phys. 15, 440 (1947). 

19 FE, Abel and J. Proisl, Z. Elektrochem. 35, 712 (1929). 

” M. Bodenstein, Z. physik. Chem. 100, 75 (1922). 





ENRICHMENT OF NITROGEN-15 


TaBLE VI. Over-all separation So at total reflux in packed column at —9°C.* 











Flow rate 


Feed Ly Interstage L Liquid rate 


mM N/min 


ml/cm? min Over-all separation cm 


Average process 


Holdup time per stage 


mM/cm 





60 112 


0.62 13.5 
80 150 0. 


83 12.0 


1.13 
1.19 


18.6 
23.1 








* 95 cm long by 2.5 cm i.d. (4.9 cm? area) packed with stainless steel helices, Helipak No. 3013, Podbielniak, Inc., Chicago, Illinois. 


TABLE VII. Individual equilibrium constants for exchange. 











Liquid phase 


N:0;+N2Q, 


Equilibrium constants 
Kes’ (min) 


(M,’=0) 


N:0,+NO Kis (max) 


(M3=0) 





1.044+0.006 1.072+0.011 
1.044+0.008 1.065+0.010 
‘<me 1.051+0.016 


1.084 
1.082 
1.072 








® From spectroscopic data. 


between these two extremes.”) At —14° and —9°C, 
the NO in the gas phase (ms) and the N,O; in the 
liquid (M,) (if the liquid is treated as an N2O3-N2O, 
mixture) predominates over other components in 
the two phases. In this case, the equilibrium constant 
Ky; for the exchange between NO; and NO can be 
estimated from the experimental data using Eq. (13). 
This result is shown in the column labeled Ki; (max) 
in Table VII. Kis is a maximum value because the 
minimum value of Ke, namely, K2;=1.00, was in- 
serted into Eq. (13). For simplicity, a value of Kg= 
1.00 was used here. The value of K43 does not influence 
the result, since NO, in the gas phase (m,) is only 
about 2% of the total nitrogen at these temperatures. 
Similarly, K2;’ (min), as shown in Table VII was 
calculated (using Kis=1= Ky), whereby the liquid is 
treated as an N,O,-NO mixture. 

The magnitudes of Ko,’ are in reasonable agreement 
with values of K23 shown in the last column of Table 
VII, as calculated from spectroscopic data for N2O,.” 

A similar calculation of Ki; is not now possible, 
since the necessary spectroscopic data for the NOs 
molecule are still incomplete. The estimated values 
of Kis; and K23;’ may not be compared with each other, 
since they are based on two different hypothetical 
compositions of the liquid. 

Apart from a better understanding of the liquid 
composition, further investigations are necessary to 

1 For numerous references see Gmelin, Handbuch der Anorgan- 
tate Cee (Verlag Chemie, G.m.b.H., Berlin, 1936), 8th ed., 
P's'We are indebted to Dr. I. C. Hisatsune of Kansas State 
College, Manhattan, Kansas, for furnishing us his unpublished 
set of fundamental vibration frequencies for the N20, molecule. 
Details of the calculations of the equilibrium constants are to be 
published separately. 

23 L. d’Or and P. Tarte, Bull. soc. roy. sci. Liége 22 , 276 (1953). 


evaluate exactly the individual equilibrium constants 
Ky; and Ko; (and K43). This could be done by measuring 
the effective single stage factor a at a constant tem- 
perature, but different compositions, the change in 
composition being accomplished by varying total pres- 
sure of the system. 


Rate of Exchange 


The results of the experiments with the bubble 
plate column listed in Table V show a high column 
efficiency, approaching a value of 60% at —2°C. This 
magnitude of efficiency is about that usually obtained 
by distillation of organic compounds in the same type 
of column. Thus, the high separation efficiency indi- 
cates that the rate of phase transfer for the N:0;-NO 
or NO-NO exchange is probably very high. The same 
behavior is even more evident in the results obtained 
with the packed column (Table VI), where over-all 
separations of 12-13.5 and stage heights of about 1.2 
cm were realized at interstage flows of 112-150 mM 
N/min. Similar experiments with the HNO;-NO 
system using 10 M acid in the same column gave a 
maximum separation of about 7, and a stage height of 
2.7-2.8 cm at a lower flow rate of 80 mM N/min. The 
lower stage height and therefore higher reaction rate of 
the N.O;-NO system may be due to the higher molar 
density of nitrogen in the liquid N2O3-N2O, mixture. 

From the theory of isotope separation,!” one would 
expect the efficiency to vary inversely with L, the 
liquid interstage flow. This, however, corresponds to 
a greater decrease in over-all separation with increasing 
flow rate than was observed experimentally. In some 
cases, (Table V), the over-all separation even in- 
creased with increasing flow rate. The experimental 
results may be due to the fact that maximal wetting of 





1564 MONSE, 


SPINDEL, KAUDER, AND TAYLOR 


TaBLE VIII. Comparative data on several processes for producing 1 g per day of 99 atom % nitrogen-15; over-all separation, S=27 100. 








Process HNO;-NO exchange 


N20;-NO exchange 


NO distillation NH,*-NH; exchange 





. Feed material 10M HNO; 
- Product reflux material 

. Operating temperature (°C) 

. Operating pressure (atm) 

. Single stage factor a 

. Minimum number of stages min 


. Minimum interstage flow, Luin 
(mM N/min) 


8. Leste/P 
9. Minimum feed flow, Ly (mM N/min) 


.-Minimum flow of product reflux 


265 
material 


mM SO,/min 


Liquid N.O, 
SO, NaOH 
-~9 —161 25 

1 0.3 0.24 
1.0315 1.023 
329 449 
399 546 


Liquid NO 60% NH.NO; 


Heat energy 


405 


8800 
206 


166 
mM SO.,/min 


8600 
399 


1.314 
kcal/min 


12,000 
546 


546 
mM OH~/min 








the plates or packing was not achieved at the lower 
flow rates. 


Comparison of Processes for Concentrating 
Nitrogen-15 


Chemical exchange of N® between NO and HNO; 
has proven to be a particularly efficient and economical 
process for concentrating nitrogen isotopes because of 
the favorable single stage factor a, the inexpensive 
chemicals used for reflux at both ends of the system, 
and the production of a useful by-product, sulfuric 
acid, in the product reflux reaction. Since the present 
N2O3-NO exchange process is chemically similar, and 
utilizes the same product reflux reaction, it seems of 
interest to compare these two systems. Further, 
Clusius and Schleich*t have recently described a very 
promising new process for separating nitrogen isotopes 
by the distillation of nitric oxide, and it appears worth- 
while to compare the characteristics of this process with 
the exchange processes. 

In Tables VIII and IX, significant comparative data 
on the several isotope separation processes are sum- 
marized. For completeness, available data on the 
NH,*+-NHs; exchange system, developed by Urey and 
co-workers* and extensively used during the past 
twenty years by others”*-” for the separation of nitrogen 
isotopes, have been included in this table. As a basis 
for comparison, the operating requirements for a plant 
to produce 1 g per day of 99 atom % N® were calcu- 


* K. Clusius and K. Schleich, Helv. Chim. Acta 42, 232 (1959). 
published separately. 

* Urey, Huffman, Thode, and Fox, J. Chem. Phys. 5, 856 
(1937); H. G. Thode and H. C. Urey, ibid. 7, 34 (1939). 

26 T). W. Stewart, Nucleonics 1, No. 2, 25 (1947). 
(1946) W. Becker and H. Baumgartel, Z. Naturforch. 1, 514 

*8 Sugimoto, Nakane, and Watanabe, Bull. Chem. Soc. Japan 
24, 153 (1951). 

29 Panchenkov, Semiokhin, Reuzaera, Molchanov, and Kalash- 
nikova, Zhur. fiz. khim. 31, 1352 (1957). 


lated for each of the processes. For simplicity, a square 
cascade, consisting of a single exchange column packed 
with stainless steel wire helices (Helipak) was assumed. 
The entire column functions as a rectifier, with no 
stripping section provided. 

The feed materials required and the product reflux 
reagents for each process are indicated in the row 1 of 
Table VIII. For the distillation process, heat, which 
must be supplied to the boiler, is required in the place 
of a reflux reagent. The minimum number of stages 
Mmin and the minimum interstage flows min were 
calculated from the experimental single stage factor a 
for the required product flow P, of 1 g per day of 99 
atom % N", using the following equations: 


Nnin >= In So/ (a— 1) ’ 


a on 1) (1—No)+1]—No 
mpi (a—1)No(1— No) 


(14) 





. (15) 


Here, So=Np(1—No)/(1—Np)No, where Np is the 
mole fraction of N® in the product, i.e., 0.99, and N» is 
the mole fraction in the feed material, 0.00365. Any 
actual system designed to produce N® at the required 
rate and product concentration would, of course, need 
to contain a larger number of stages than mmin, and 
would require an interstage flow greater than Lmin, but 
the relative magnitudes of these parameters for the 
several processes would remain unchanged. 

Although Eqs. (14) and (15) indicate that mmin 
and interstage flow Zmin are directly proportional 
to 1/(a—1), the minimum feed flow Ly and the mini- 
mum amount of reflux reagent required are dependent 
in some cases upon other factors as well. For example, 
in the N2O;-NO system, as indicated in Eq. (4), the 
feed flow of NoO, in mM N per unit time is considerably 
less than the interstage flow, and depends on the rela- 
tive amounts of +4 and +2 nitrogen in the two 
phases. Similarly, the required molar flow of SO; is less 
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TABLE IX. Further comparison of the exchange systems and nitric oxide distillation for concentrating nitrogen-15. 





Process 


NO-HNO; 


NO-N20; NO distillation 





. Interstage flow per unit area (mM N/cm? min) 32 

3.0 
4.0 
764 161 
7.1 
5400 4800 


. Liquid flow (ml/cm? min) 
. HETP (cm) 


1.6 
2.8 
. Minimum length of column (cm) 

. Minimum volume of column (cm?) 7200 
- Holdup per stage (mM N) 17 

. Average process time per stage / (min) 


1 
2 
3 
4 
5. Minimum area of column (cm?) 13 
6 
7 
8 
9 


. Relative equil. time* t=h/(a—1)*? (min) 66 


53 23 31 
5.0 0.83 
5.8 


1.89 
0.045 
0.49 


6.25 
0.15 
0.78 
256 
211 64 

34 000 16 000 


4.3 18 13 
6700 5200 
21 28 
0.19 0.18 
198 187 








® The actual equilibrium time is equal to ¢ times a constant which depends only upon the feed and product concentrations. 


than the interstage flow as indicated by Eq. (5), 
Fig. 2, and Table I. In the HNO;-NO system, the feed 
flow of HNO; is slightly smaller than the interstage 
flow because the liquid flowing in the exchange column 
is saturated with dissolved nitrogen oxides.’ The 
number of moles of SO. per unit time required for 
reflux is determined by the feed flow of HNO; and the 
relative amounts of NO, and NO in the equilibrium 
gas phase. Thus, it may be noted that although the 
separation factor is considerably smaller for the N2O3 
system than for the HNO; system, only 63% as much 
SO» is required for reflux. 

For the nitric oxide distillation system, where no 
reflux chemicals are used, the minimum number of 
calories for the required boil-up rate are indicated in 
row 10 of Table VIII. London® has shown that power 
consumption for distillation processes can be kept very 
small by vapor recompression. This technique could 
considerably reduce the power required for the nitric 
oxide reflux. The NH,*-NH; system, which has the 
smallest separation factor, requires the largest number 
of stages, and the highest material flow rates. 

The size of a column or cascade, i.e., its length 
area, and volume, needed to accomplish a given task of 
isotope separation, is determined by the stage heights 
observed at particular interstage flows per unit area, 
as well as by the a for the process. As indicated before, 
the magnitude of a establishes only the number of 
stages and the interstage flow for a given production 
rate. In Table [X, the experimental values for the 
height equivalent to a theoretical plate (HETP) at 
various flows per unit area are listed for the HNOs, 
N20s;, and NO distillation systems. All of these HETP 
values have been measured in similar columns packed 
with stainless steel wire helices. Unfortunately, data on 
stage heights for the NH,* system using this type of 
packing are not available to us, and so this system has 
been omitted from the comparison in Table IX. As 


% H. London in reference 8, p. 319. 


indicated earlier, because of the higher rate of exchange, 
the stage height, for the NO; system, at a comparable 
flow rate, is considerably smaller than in the HNO; 
system. For NO distillation, the HETP is less than that 
observed in the N2O; system, but the NO flow per unit 
area, as calculated from the applied power for reflux*! 
is considerably smaller. At comparable flow rates of 
about 30 mM N/min cm’, the HETP for the N2O; 
system is only 1/3 of the value for the HNO; system. 

In calculating the minimum cascade size (length 
and cross-sectional area of column) to produce 1 g/day 
of 99% nitrogen-15, we have used experimental values 
of HETP and flow per unit area. It may be noted that 
for each process the length of column required increases 
as the flow per unit area (and hence the HETP) is 
increased, but the volume of the column needed is 
smallest at the highest flow rate listed. It is difficult to 
compare the processes directly as to sizes of columns re- 
quired, since the variations of HETP with flow per 
unit area is known only for a relatively narrow range 
for each process. Further, the flow rate observed for 
the NO distillation process is lower than that measured 
for the other two systems. At a flow rate of about 30 
mM N/min cm’, where comparable data exist for HNO; 
and N,O;, it may be noted that although the N2O3 
system requires about twice as large a cross-sectional 
area as the HNO; system, the required column length 
is only about half as great. The actual minimum square 
cascade volume is slightly smaller for the N2O; process, 
5200 cm’, as opposed to 5400 cm’ for HNO;. Although 
the minimum cascade volume for NO distillation 
(Table IX, line 6) is much larger than for the exchange 
processes, it should be emphasized that these values 
were calculated from data at lower flow rates. It may 
be expected that the volume will approach that for the 
exchange systems at higher flows per unit area. 

The equilibrium time for a cascade can be estimated 
from the average process time per stage by the relation- 


31K. Clusius and M. Vecchi, Helv. Chim. Acta (to be pub- 
lished). 
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ship ‘= K-+h/(a—1)*, where the constant K depends 
only on mole fractions of the product and feed ma- 
terials,” and h, the process time, is the ratio of holdup 
(moles/stage) to interstage flow (moles/unit time). 
The relative equilibrium times, h/(a—1)*, for the 
HNO; and N,O; processes are shown in row 9 of Table 
IX. The N:O; process takes about 3 times longer to 
reach steady state. Actual equilibrium times are not 
shown for these cascades, because naturally, a much 
faster approach to equilibrium would be achieved in a 
tapered cascade.” As stated earlier, the square cascade 
was used as a basis of comparison, only because of its 
simplicity. The relative magnitudes of the parameters 
for the various processes would not change in other 
types of cascades. ° 

The N:20;-NO process has‘some advantages as com- 
pared to the HNO; process in spite of an appreciably 
smaller a. About equal column volumes are required for 
the two processes, but a shorter column can be. used 
with N2O;. About, equal quantities of feed material are 
required for the two processes, but a smaller amount of 
SO: is needed for reflux in the N2O; system. The longer 
time required to attain steady state and the power 
costs for refrigerating the liquid NO; column to a 
temperature of 0°C or lower are disadvantageous as 
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compared to the HNO; system. Any conclusions re- 
garding the NO distillation process for concentrating 
nitrogen-15 must await further data on the efficiency of 
this process at higher flow rates and pressures. Cer- 
tainly, the possibility of simultaneously concentrating 
oxygen and nitrogen isotopes by NO distillation is a 
very attractive one. It is possible also to use the waste 
stream of NO from the NO-HNOs, or the NO-N.O; 
process to concentrate oxygen-18 by a chemical ex- 
change process.* 

Since the HETP for N2O; exchange is so favorable, 
a relatively short, tapered cascade for producing 99% 
N® appears feasible. Two packed columns, each about 
250 cm long, operating at interstage flows between 20 
and 30 mM/min cm? should provide the required 
number of stages. 
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Communications 


Tracer Experiments on the Reaction of UH; 
with Aqueous Acid 


Umesh AGARWALA, J. B. Hunt, AND H. TAUBE 
George Herbert Jones Laboratory, University of Chicago 
Chicago, Illinois 
(Received March 11, 1960) 


ALTLIKE hydrides such as NaH react in H,O 

so that in each molecule of hydrogen which forms, 

one atom is derived from the hydride and one from the 

solvent. The equation for the reaction in the tracer 

experiment which provides the basis for this conclusion 
may be represented as 


CH+DA=HD+Ct+A-. 


It seemed of interest to learn whether a similar mechan- 
ism operates when a metallike hydride such as UH; 
reacts in an acid solution. Interest in these experiments 
derives also from the consideration that the results 
obtained from them may be relevant to the mechanism 
of oxidation in water of certain metals which appear to 
involve hydride formation in the course of the reac- 
tion.!? 

The reaction of UH; in solutions of ordinary acidity 
is quite slow. One of our experiments was done using 
very concentrated DCl in D,O, ca 16M. When this 
solution is added to UHs, there is an initial violent reac- 
tion, in the course of which much gas is formed, and a 
red solution is produced. This phase is followed by a 
much slower reaction, resulting in the formation of more 
gas and the transformation of the red solution, which 
presumably contains U+++, to green-olive, a color 
characteristic of U*t. The gas formed in the initial 
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phase of the reaction (this comprised ca 80% of the 
total) was collected separately from that formed later, 
and both samples were analyzed for the relative amounts 
of H,, HD, and Dz. These were found to be 0.11:1:0.20 
and 0.26:1:0.44 for the two fractions, respectively. 
Substantially all of the hydrogen in the UH; appears 
in the gas, and it appears largely as HD. The increase 
in the relative amount of D, in the second sample com- 


pared to the first can be attributed to the reaction 
U++Ht=U"+ 7H, 


which takes place largely in the second stage. 

When the acidity of the reaction medium is lowered 
only slightly, the course of the reaction is dramatically 
altered. With the DCI concentration at 11M, at no 
stage is the reaction violent, and a slow evolution of gas 
continues over a period of weeks. The reaction leaves 
as products U** in solution, and a residue of material 
which has been reported by others who have studied the 
dissolution of UH; in acid to have a composition ap- 
proximating U;0,.* In our experiment, gas was col- 
lected after 5 days, then after 3 more days, and finally 
after 13 more, at the end of which time gas evolution 
had practically ceased. The bulk of the gas (ca 90%) 
is contained in the first two samples. For the first sample 
the relative abundances of H,:HD:D: were found to be 
9.6:1:9.0, and for the second, the relative abundance of 
HD was increased perhaps 5%. For the third sample, 
the relative abundances of H,:HD:D:2 were observed 
as 3.6:1:2.6. 

The striking result is that at low acid, very little 
mixing of the isotopes occurs, and again, the delivery 
of the hydrogen from the solid to the gas phase is 
substantially complete. We attribute the course of the 
reaction at low acid to the formation and maintenance 
of an oxide film, which prevents direct attack of Dt 
on UHs;. Marker experiments‘ on the oxidation of 
U by O, have shown that in this system, film growth 
takes place at the metal-oxide rather than at the oxide- 
gas interface. If in our system also O- ~ rather than the 
metal cation is the diffusing species, we must consider 
as the complementary processes D+ moving in the same 
direction or electrons moving in the opposite direction. 
It seems quite reasonable that the electron mobility 
in the (black) oxide formed will be greater than that of 
D+. Thus, D* is discharged as D2 at the oxide-water 
interface, and, as uranium cations are transferred from 
the metal to the oxide phase, H, is formed. We infer 
that in the more acidic solutions, at least during the 
major part of the reaction, the oxide film does not de- 
velop, and D* attacks the metal hydride directly. Con- 
sistent with this view is the fact that in the more acidic 
solution, a much smaller fraction of the uranium is left 
as the inert oxide. 

It is surprising that even for a metallike hydride, the 
reaction with acid takes place with so little exchange of 
hydride-hydrogen with solvent. Thus, when the oxide 
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film is prevented from developing, attack of D+ must 
be specifically at sites on the surface occupied by hydro- 
gen. There is no evidence from these experiments for 
the formation of a film of atomic hydrogen, which 
would of necessity lead to much mixing of the forms of 
hydrogen, even if not to exchange with solvent. 

The water used in these experiments contained at 
least 99.5% D2O. DCI was prepared by the reaction of 
DO with PCl;. The sample of UH; was prepared by H. 
Flotow and supplied through courtesy of B. Abraham 
of the Argonne National Laboratory. We are happy to 
acknowledge their cooperation, the cooperation of Dr. 
H. S. Anker in making available to us the use of the 
mass spectrometer, and the assistance of the Office of 
Naval Research in providing financial support for this 
investigation. 


asso” and W. E. Ruther, J. Electrochem. Soc. 104, 329 

2H. W. Salzberg, J. Electrochem. Soc. 100, 146 (1953). 

7R. C. Young, J. Inorg. & Nuclear Chem. 7, 418 (1958). 

4J. G. Schnizlein, J. D. Woods, J. D. Bingle, and R. C. Vogel, 
experiments done at Argonne National Laboratory, to be pub- 
lished in J. Electrochem. Soc. 





A New Phototropic Substance and Its ESR 
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(Received March 7, 1960) 


LTHOUGH a considerable number of organic 
substances which exhibit phototropy in solid and 

in solution are known, the mechanisms of only a few 
have been clarified. Especially in phototropic solids, the 
reversible changes of colors of which is usually assumed 
to be due to the formation of free radicals or triplet 
states, the paramagnetism characteristic of these states 
has been demonstrated only for tetrachloro-a-ketonaph- 
thalene by susceptibility measurement.' Gutowsky et al.? 
investigated several phototropic solids by the ESR 
method, but failed to detect any absorption except 
for a sidonone derivative; and even for this compound 
it is doubtful whether the absorption detected is really 
due to the phototropic species itself. Recently Hayashi 
and Maeda* found, in the course of investigation of 
chemiluminescence appearing in oxidation of lophine 
(2, 4, 5-triphenylimidazole) with potassium ferri- 
cyanide, a new phototropic substance [mp 198-201°C, 
a light lemon-yellow prism (recrystallized from 
ethanol) |, which is considered to be the oxidation 
product of lophine. The molecular weight is determined 
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to be ca 300 by the cryoscopic method and does not 
change under the irradiation of ultraviolet light. This 
compound is soluble in ordinary organic solvents, giving 
colorless or pale yellow solutions. The ultraviolet ab- 
sorption spectrum in ethanol has a Amax at 265 my. The 
empirical formula of this compound is C2Hj5Ne2 (found: 
C 85.20, H 5.50, N 9.41. CoHisNe requires C 85.38, 
H 5.11, N 9.49), but the chemical structure has not yet 
been established. 

This substance shows a marked phototropy; on 
irradiation with sunlight or a quartz mercury lamp, 
both in air and in vacuo at room temperature, the color 
changes rapidly into reddish purple. On irradiation, the 
absorption spectrum of benzene solution, for example, 
gives rise to two new absorption bands of Amax at 350 
and 550 my, while the ultraviolet absorption mentioned 
above weakens. On shutting off the light the color fades 
to recover the original one in about one day in the case 
of solids, and fades rapidly in benzene or dioxane solu- 
tions even at room temperature. This reversible pheno- 
menon can be observed repeatedly, especially in nitro- 
gen atmosphere or im vacuo. 

ESR absorption was measured on the first derivative 
curve recorded by an instrument of Japan Electron 
Optics Laboratory of the JEP-1 type (9420 Mc) 
and detected for solutions as well as for the solid state, 
irrespectively in air or im vacuo, its intensity being far 
stronger in solution than in solid. The pattern has a 
single peak with no structure with the width of 7.5 
gauss and a g factor of 2.003 close to that of DPPH. 
The spin concentration observed for the benzene solu- 
tion (0.1%) was about 10" spin/cc immediately after 
irradiation by direct sunrays. 

In addition to phototropy this compound also shows 
thermochromism at temperatures higher than room 
temperature. After taking this into account the rate of 
phototropic decay reaction in solution is expressed by 
the first-order kinetics, the half-life period being a few 
minutes at room temperature (25°C), as measured by 
visible absorption spectrophotometry and ESR experi- 
ments. Measurements of the rate of decay in benzene 
solution at several temperatures between 15° and 60°C 
gives 14 kcal/mole as the activation energy of the reac- 
tion. The AH of the reaction is determined to be —5 
kcal/mole from thermochromic coloration and ESR 
absorption of benzene solutions in equilibrium state at 
each temperature. 

This seems to be the first case of a phototropic com- 
pound for which ESR has been detected in solution 
and/or in crystalline state. Thanks are due to Dr. 
S. Sato and Dr. H. Yamazaki for their spectrophoto- 
metric measurements. 


( 1F. Dorr and F. Engelmann, Naturwissenschaften 39, 397 
1952). 

2H. S. Gutowsky, R. L. Rutlage, and I. M. Hunsberger, J. 
Chem. Phys. 29, 1183 (1958). 

’The preparation of the new phototropic substance from 
lophine will be shortly published in Bull. Chem. Soc. Japan. 
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Comments and Errata 


On the Structure of Trimethylamine- 
Trimethylboron 


S. GELLER 


Bell Telephone Laboratories, Inc., 
Murray Hill, New Jersey 


(Received December 1, 1959) 


ECENTLY, Lide et al.’ reported on the microwave 

absorption in (H;C);N-B(CHs;)s3, the trimethyl- 
amine-trimethylboron addition complex. They found a 
value of By =1573.7+3 Mc from which the moment of 
inertia, 73=321.2+0.6 amu A? is obtained. Lide e¢ al. 
assume certain distances and angles in this molecule 
and then conclude that B—N distance lies between 
1.70 and 1.95 A. 

To date, seven accurately determined molecular 
structures have been reported (Table I) in which boron 
is bonded to four atoms at least one of which is nitrogen. 
The limits of B—N distance in these compounds are 
1.53—1.635 A. The longest of these distances occurs in 
H;CC=N—BF; which is virtually completely dis- 
sociated in the vapor state at 50°C.? An electron diffrac- 
tion investigation of (H;C);N—BH; by Bauer’ led to a 
B—N distance of 1.62+0.15 A in this molecule. The 
(CH;);N—BH,; crystal, however, is isostructural with 
(H;C);N—BF;‘ and it is very probable that the B—N 
distances in the two compounds are very similar‘ 
(Table I); that is, the value obtained for the B—N 
distance in (H;C)s;N—BH; is very likely correct to 
within much narrower limits than those imposed on it 
by the electron diffraction analysis. In ammonia- 
borane, a distance of 1.6 A for B—N has been found to 
be consistent with the powder diffraction data.® 


TABLE I. B-N distances in accurately determined crystal 
structures. 








Molecule B—N distance Reference 





H;N—BF; 
H;CH.N—BF; 
(H;C);N—BF; 
H;CC=N—BF; 
CsHsN—BF; 
[(NHs)2BH2 JCI 
H;NB;H; 


1.€0A 
1.57 
1.585 
1.635 
1.53 
1.57, 1.60 
1.581 








® Hoard, Geller, and Cashin, Acta Cryst. 4, 396 (1951). 
b See reference 10. 
eS. Geller and J. L. Hoard, Acta Cryst. 3, 121 (1950). 
4 See reference 5. 
* Hoard, Owen, Buzzell, and Salmon, Acta Cryst. 3, 130 (1950). 
‘ZV. Zvonkova, Kristallograffiia 1, 73 (1956). 

dosh Nordman and C. R. Peters, J. Am. Chem. Soc. 81, 3551 
959). 

a9 =) E. Nordman and C. Reimann, J. Am. Chem. Soc. 81, 3538 
959). 
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In a recent note’ by the present author, it has been 
pointed out that the B—N distance 1.57 A in the cubic 
form of boron nitride* may be considered as the ideal 
tetrahedral single B—N bond length. It was also in- 
dicated in that note that the energy of this bond, ap- 
proximately 35 kcal/mole, is less than half that of a 
tetrahedral covalent C—C bond. Further, a rough 
estimate of the energy required to lengthen a B—N 
bond by 0.01 A is about 4 kcal/mole.’ 

At this point the evidence is rather overwhelmingly 
in favor of the conclusion that it is extremely unlikely 
that the B—N bond in (H;C);N—B(CHs); is as long 
as 1.70 A which is only the lower limit of the “best 
estimate for rxx”’ given by Lide et al. In fact it is very 
probable that the B—N bond distance in this com- 
pound is very close to 1.60 A. 

In their assumptions regarding the geometry of the 
adducts, Lide e¢ al. have taken the B—C distance in 
the compound to be 1.56 A, the same as that in the 
free (CH3)3B molecule. However, they have also as- 
sumed tetrahedral C—B—C angles in the adduct. The 
two assumptions are incompatible; there is little doubt 
that there is a significant lengthening of the B—C bond 
as it changes from sp? type to essentially sp* type. 

As to the trimethylamine part of the molecule, large 
changes in bond length are not expected. However 
large charges in angle and small changes in distance 
do occur as indicated by the structure of (CH;)s;N— 
BF;.5.° 

It is recognized that changes in angle do not ordinarily 
involve much energy (i.e., per degree). The C—N—C 
angle reported" for trimethylamine is 108°40’+1°; 
in (H;C);N—BFs, this angle is 114°. However, in 
(H;C);N—B(CH3)3; the mutual repulsion of the 
neighboring hydrogens of the adducts, as described by 


H H 


\ ri 
(H:C)sN —B(C—H) 3, 





would result in smaller C—N—C angles than in the BF; 
compound. 

In view of the foregoing analysis, it is reasonable to 
estimate a maximum of 1.62 A for the B—N bond dis- 
tance in (H;C);N—B(CHs)3. In the BF; compounds 
in which the F—B—F angle is approximately tetra- 
hedral the B—F distance is lengthened 0.09 A” over its 
value in BF; itself. Therefore, it seems reasonable to 
assume a B—C distance of 1.65 A in (H;C);N— 
B(CHs);3. Also a lengthening of the C—N distance to 
1.50 A as in (H;C);N—BF;>-” is a valid assumption. 
We may further assume, as did Lide et al.,. C—H 
distances of 1.09 A and H—C—H angles of 108.5° in 
all of the methyl groups. With these assumptions we 
may try to estimate the C—N—C and C—B—C 
angles: When both of these angles are equal to 107° 
the calculated value of Jp is 312 amu A’; when, Z C— 
N—C=107° and ZC—B—C=106°, Jp=315 amu A?; 
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when both angles are equal to 106°, J3=317 amu A. 
Thus we may estimate that when these angles are simul- 
taneously between 105 and 106°, a calculated value 
equal to that observed for J, will be obtained. 

Therefore, contrary to the conclusion reached by 
Lide ef al., the microwave absorption in (H;C)s;N— 
B(CHs)3 does not show an inconsistency with the well- 
established pattern for such compounds. 


1D. R. Lide, Jr., R. W. Taft, Jr., and P. Love, J. Chem. Phys. 
31, 561 (1959). 

A. W. Laubengayer and D. S. Sears, J. Am. Chem. Soc. 67, 
164 (1945). 

3S. H. Bauer, J. Am. Chem. Soc. 59, 1804 (1937). 
Arcee E. W. Hughes, and J. L. Hoard, Acta Cryst. 4, 380 
1951). 

5S. Geller and J. L. Hoard, Acta Cryst. 4, 399 (1951). 

SE. L. Lippert and W. N. Lipscomb, J. Am. Chem. Soc. 78, 
503 (1956); E. W. Hughes, ibid. 78, 502 (1956). 

7S. Geller, J. Phys. Chem. Solids 10, 340 (1959). 

®R. A. Wentorf, Jr., J. Chem. Phys. 26, 956 (1957). 

an A. Levy and L. O. Brockway, J. Am. Chem. Soc. 59, 2085 
(1 ’ 

0 Hoard, Geller, and Owen, Acta Cryst. 4, 405 (1951). 

uD. R. Lide, Jr., and D. E. Mann, J. Chem. Phys. 28, 572 
(1958). See also L. O. Brockway and H. O. Jenkins, J. Am. Chem. 
Soc. 58, 2036 (1936). 





Reply to “On the Structure of 
Trimethylamine-Trimethylboron”’ 


Davw R. Ling, Jr.* 


» ,William Ramsay and Ralph Forster Laboratories, 
University College, London W.C.1 


(Received February 1, 1960) 


na molecule such as (CH;)3N:B(CHs)3, with at least 
9 independent structural parameters, it is obvi- 
ously impossible to make meaningful quantitative 
deductions from a single observed moment of inertia. 
Our purpose was only to point out that if one makes the 
most naive assumptions for the remaining distances and 
angles, the N—B distance turns out to be appreciably 
longer than similar distances observed in crystalline 
addition compounds. Specifically, we stated that the 
N—B distance becomes 1.80+0.15 A if the CNC and 
CBC angles are both assumed to be 109.5+4°; there- 
fore, one possible structure involves an N—B distance 
of 1.65 Aand ZCBC= Z CNC=105.5°. This statement 
is clearly consistent with Geller’s calculation that the 
observed moment of inertia may be satisfied by an 
N—B distance of 1.62 A, with the CNC and CBC angles 
between 105 and 106°. (As Geller points out, the B—C 
distance is likely to be longer than in free B(CHs)3; 
however, this has a very minor effect on the calculation, 
and one can certainly draw no conclusions whatsoever 
concerning the B—C and N—C distances from the 
present data.) 
There is complete agreement, then, that one must 
accept either a long N—B bond or unusually small 
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CBC and CNC angles. There is no further experimental 
information on this compound to suggest which ab- 
normality is to be preferred, and any choice at this 
stage must be based on inferential evidence. It still 
appears to the present author that the small angles 
would be at least as surprising as a long N—B bond. 
In all known compounds in which two or more CH; 
groups are attached to a second-period element the 
CXC angle is equal to or greater than tetrahedral (with 
the possible exception of (CH3)3N, where ZCNC= 
108.7+1°). Furthermore, in the most directly com- 
parable molecule for which a structure is available, 
crystalline (CH;)sN:BF;, the CNC angle is 114°. It 
would be indeed surprising if the replacement of F 
atoms by CH; groups were to cause a decrease of 9° in 
angles at the other end of the molecule. The arguments 
based on mutual repulsion between CH; groups are 
not very convincing. Reasoning of this type would 
predict, for example, ZCNC in (CHs)3N to be larger 
than ZCNH in CH;NHp, and the CCC angle in iso- 
butane to be greater than that in propane, while the 
reverse is found in both cases. 

This is all in the realm of speculation, and the answer 
can come only from further experiments, which we hope 
will be forthcoming. However, it should be remembered 
that all previous structure determinations on B—N 
addition compounds, with the exception of the early 
electron diffraction study of (CH;);N:BH; (and here, 
in spite of Geller’s arguments, we prefer to retain the 
original investigator’s estimate of his experimental 
uncertainty) , were carried out on the solid phase. Where 
a bond as weak as the B—N bond is involved, it is 
conceivable that measurable differences exist between 
the structure in the crystalline and vapor phases. 

* National Science Foundation Senior Postdoctoral Fellow, 


1959-1960. Permanent address: National Bureau of Standards, 
Washington 25, D.C. 





Notes 


Organic Semiconductors. I. Some Charac- 
teristics of the p-Phenylenediamine- 
Chloranil Complex 


MortTIMER M. LABEs, ROBERT SEHR, AND MONISHA BosE 


The Franklin Institute, Laboratories for Research and Development, 
Philadelphia 3, Pennsylvania 


(Received December 30, 1959) 


ELATIVELY high conductivities have been re- 
ported for organic molecular complexes in several 
cases: complexes between polycyclic aromatic hydro- 
carbons and halogens,! tetrahalogen-p-benzoquinones 
and dimethylaniline,? -phenylenediamine-chloranil,‘ 
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Fic. 1. Log elec- 
trical conductivity _ 
as a function of tem- 7 
perature between 
—23° and +57°C. 7 
Filled circles: rec- 
tangular sample 1;— 
squares: rectangular © 
sample 2; crosses: 
sample 3; triangles: 
sample 4; open cir- 
cles: sample 5. 
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and aromatic hydrocarbons with halogens or alkali 


metals.>~? 

There are only two references to our knowledge con- 
cerning measurement of Seebeck coefficients on organic 
materials, excluding carbons and pyrolized polymers 
on which more extensive work has been done.® Fielding 
and Gutman’ report a value of 5X10-° v deg™ for 
metal-free phthalocyanine. Nelson” cites the work of 
Schroeder" on the Seebeck coefficient of crystal violet, 
giving a value of —3X10~ v deg". 

We have studied the electronic properties of a wide 
variety of molecular complexes in the. solid state, 
measuring the electrical conductivities and Seebeck 
coefficients as functions of temperature.” The present 
communication deals only with the -phenylene- 
diamine-chloranil complex which has been examined 
in part by Bijl e¢ al.‘ We find a Seebeck coefficient which 
is the highest thus far reported for organic materials. 

Microcrystalline samples of complex were pressed at 
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2900 atm; further increase of pressure gives only a 
slight increase in electrical conductivity. The measure- 
ments were made on samples of two different shapes. 
Rectangular samples had the dimensions 2X0.5X0.2 
cm; either two or four platinum electrodes were em- 
bedded during pressing, allowing the electrical conduc- 
tivity to be measured by both a two- and four-probe 
method. The contact resistance of the current electrodes 
was thus found to be neglible. Round samples had the 
dimensions, 1.3 cm diamX0.3 cm, with embedded 
perforated copper foil electrodes. Samples were mounted 
in evacuable glass holders with provision for heating 
one end of the sample. A Keithley Model 610 electrom- 
eter was used, and all the apparatus was contained in a 
steel Faraday cage which provided capacitative and 
inductive shielding. 

The complex was prepared by mixing 1:1 molar ratios 
of the two components separately dissolved in hot 
benzene; however multicomplexing can and does occur. 
The microcrystalline complex which separates could 
not be recrystallized from the common solvents. 
Microanalyses do not agree with any simple stoichio- 
metric ratio of amine-quinone, but an attempt is made 
in Table I to indicate the approximate ratio. Schlenk’s 
analytical data® on the same complex are included in 
Table I; he performed only nitrogen analysis on this 
complex. No analytical data are reported by Bijl 
et al. 

Figure 1 gives the measured electrical conductivity 
as a function of temperature involving two separate 
preparations of complex on both round and rectangular 
samples. The average activation energy [from o= 
oo exp(— E/kT) ] determined from these data is 0.57 
ev. which does not agree with that reported by Bijl e¢ al.‘ 
However, their conductivity values are considerably 
higher than ours (2X10-* ohm™ cm~). The nonstoi- 
chiometry of this complex and variations in composition 
from preparation to preparation discussed in the fore- 
going may easily explain this difference. 

The Seebeck coefficient was measured on one round 
and one rectangular sample. Thirty-two readings were 
taken in the temperature range +49° to —36°C. The 
cold end was always positive indicating hole conduction. 
Deviations from a straight temperature independent 
line lie within the experimental scatter. The mean value 
is 1.1X10-* v deg *+20%. 


TaBLeE I. Microanalytical data on p-phenylenediamine-chloranil complex. 








%C 
Calc for ratio 
amine :quinone 


Sample found 


%H 





3: , 44.2 
5: 4 45.4 
Schlenke 1: ki ary 








® Rectangular samples. 
> Round samples. 
© Footnote 13. 
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We also measured the thermal conductivity on two 
round samples by the Joffe method." It was found to 
be 2.0 10-* w cm™ deg with an accuracy of about 
15%. With these values, a figure of merit of Z= 
S*a/x=10~" is calculated. It should be noted, however, 
that this poor value is solely caused by the low con- 


ductivity o while S and « are better than inorganic 
thermoelectric materials. 


The technical assistance of P. J. Hackett and Mrs. 
F. R. Taylor is gratefully acknowledged. 


1H. Akamatu, H. Inokuchi, and Y. Matsunaga, Bull. Chem. 
Soc. Japan 29, 213 (1956). 

?H. Akamatu, Y. Matsunaga, and H. Kuroda, Bull. Chem. 
Soc. Japan 30, 618 (1957). 

*D. D. Eley and H. Inokuchi, Proceedings of the Third Con- 
ference‘on Carbon (Pergamon Press, New York, 1959), p. 91. 
. ‘D. Bijl, H. Kainer, and A. C. Rose-Innes, J. Chem. Phys. 30, 
756 (1959). 


aa P. V. Gracey and A. R. Ubbelohde, J. Chem. Soc. 1955, 


®*W. A. Holmes-Walker and A. R. Ubbelohde, J. Chem. Soc. 
1954, 720. 

7™F. R. M. McDonnell, R. C. Pink, and A. R. Ubbelohde, J. 
Chem. Soc. 1951, 191. 

5 See, for example, E. E. Loebner, Phys. Rev. 102, 46 (1956); 
and F. H. Winslow, W. O. Baker, and W. A. Yager, J. Am. Chem. 
Soc. 77, 4751 (1955). 

* Pp. E. Fielding and F. Gutman, J. Chem. Phys. 26, 411 (1957). 

1 R. C. Nelson, J. Chem. Phys. 22, 890 (1954). 

1 C,. Schroeder, M.S. thesis, Ohio State University, 1952 
(unpublished). 

2 We will ax wale in the near future studies of these properties 
on several molecular complexes, as well as details of electrical 
apparatus, sample holder designs, and the problems involved in 
measurements on organic materials in general. 

13 W. Schlenk, Ann. 368, 281 (1909). 

4 A. F. Joffe, Can. J. Phys. 34, 1342 (1956). 





Alpha Radiolysis of CO with and without Xe 


P. S. Rupowpu aAnp S. C. Linp 
Oak Ridge National Laboratory,* Oak Ridge, Tennessee 
(Received January 14, 1960) 


HE influence of chemically inert gases on the alpha 

radiolysis of gases has been extensively studied by 
Lind and Bardwell. They found that the inert gases 
accelerated the rate of reaction and explained this 
effect as due to charge transfer. However, they observed 
two cases of acceleration where the inert gas had a 
lower ionization potential than the reactant gas (viz., 
HCN and C.Ne with Xe). This latter effect may be 
explained on the basis that Xe* forms an active addition 
complex with the reactant molecule.’ The first reported 
retardation of a radiolytic gaseous reaction by a foreign 
gas was the retardation of the polymerization of C:H2 
by CsH¢.* The retardant in this case had the lower 
ionization potential and retardation was explained on 
the basis of charge transfer from C2H:*+ to CsHs. This 
charge transfer reaction was subsequently confirmed 
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Fic. 1. Log of CO 
pressure at 25° as a 
function of fraction 
of radon decayed. 
Triangles: CO; cir- 
cles CO+Xe. 
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by studies in the alpha mass spectrometer.‘ Schaeffer 
and Thompson’ observed the retardation of the H:-D2 
exchange by the rare gases. They postulated ion-mole- 
cule reactions between H,+ (chain initiator), H;* 
(chain carrier) and a rare gas atom, to form a rare 
gas-hydride ion, which retard the reaction. To our 
knowledge no case has been reported wherein the 
chemically inert additive had no effect on the rate of 
reaction. Such a case is reported herein. 

Since Xe has a lower ionization potential than CO 
(12.13 ev and 14.01 ev, respectively), it was deemed 
possible that Xe would retard the radiolytic condensa- 
tion of CO. Hence, we studied the effect of Xe on the 
alpha induced radiolysis of CO. To simplify the com- 
parison of the rates of reaction of CO with and without 
Xe, the mixture and the pure gas were studied con- 
currently in two small spheres of approximately equal 
volumes with about the same initial charges of radon 
(see Fig. 1). 

During the course of the reactions, the total pressures 
were read at increasing time inervals. From the total 
pressures, the pressures of CO and CO, were calculated 
on the basis of the equation, 3CO*#CO,+solids.® 
When about half of the radon was decayed, cryogenic 
separations of the gases were made im situ using liquid 
oxygen. These measured pressures agreed with the cal- 
culated pressures to within 1.5%. 

In Fig. 1, the pressure of CO (calculated) is plotted 
against the fraction of the radon decayed. The paral- 





LETTERS TO 


lelism of the two curves indicates that the Xe neither 
accelerates nor retards the reaction. Xenon has the 
lower ionization potential, hence cannot accelerate the 
reaction by transferring charge to CO. However, it 
could deactivate CO* by the reverse charge transfer 
thus retarding the reaction. Recent mass-spectrometric 
studies’ in this laboratory of the CO-Xe system indicate 
that charge is transferred from CO* to Xe on every 
collision. The observed absence of retardation might 
be explained on the basis of a compensating transfer 
of excitation energy from Xe* to CO to form CO* 
which can dissociate into reactive species. 


* Operated for the U.S. Atomic Energy Commission by the 
Union Carbide Corporation. 
asa.” Lind and D. C. Bardwell, J. Am. Chem. Soc. 48, 1575 
6). 
? Henry Eyring (private communication). 
3S. C. Lind and P. S. Rudolph, J. Chem. Phys. 26, 1768 (1957). 
(1966 S. Rudolph and C. E. Melton, J. Chem. Phy: 32, 586 
). 
5Q. A. Schaeffer and S. O. Thompson, Radiation Research 10, 
671 (1959). 
97s)” Lind and D. C. Bardwell, J. Am. Chem. Soc. 47, 2675 
7C. E. Melton and P. S. Rudolph (unpublished work). 





Influence of Dipole-Dipole Coupling on 
Specific Heat of a Paramagnetic Salt 


R. I. JosepH anp J. H. VAN VLECK 
Harvard University, Cambridge, Massachusetts 
(Received January 27, 1960) 


N the evaluation of the zero field partition function 

and from it the specific heat as a series in powers of 
T-, Van Vleck! has omitted certain contributions to 
the cofficient of T-*. The method of Rushbrooke and 
Wood? is used here to revaluate this coefficient. We 
only treat the case of a simple cubic lattice. 

Consider a Hamiltonian of the form 


H= P—aQ, (1) 


where 
P= Dwi, Q= dD Jes 
ji i 
wig= POPE (1+) J I 5-37 ?(I eri) (Ij 855) ]. 
(2) 


It then follows that for a simple cubic lattice in zero 
field 


a= gBHo 


Co/Nh=[C/(RT) NA+ LC./ (ATID, (3) 


where 
Ci=(—) "Tw (P*?)/n!C, 

C= (2.8+0*) g84J?(J+1)%*. (4) 
T'y(A ) means that part of (A ) proportional to NV, (A) 


THE EDITOR 1573 
=(2J+1)-* Tr A and v is the value of v4; connecting 
adjacent atoms. Exchange is neglected except between 
nearest neighbors. 

From Van Vleck! we obtain (P), (P?), and (P*) 
corresponding to his Eqs. (15), (17), and (27), re- 
spectively. Five kinds of terms contribute to (P*): 


(a) wis, (b) wiPwy’, 
(c) wiPwe®, (d) wiPwpwes, 
(e) W if jxeWeWii- 


Equations (29), (32), and (28) of Van Vleck’ corre- 
spond to (a), (b), and (c), respectively. A rough 
allowance of the interaction between nonneighbors 
can be made by multiplying the dipole-dipole parts 
(i.e., parts independent of v) of (b) and (c) by (1.4)*. 
The contributions to (P*) from (d) and (e) have been 
calculated and are 


(d) = (64/15) Ng*6r-? J*(J+1)3(1+%), 
m= — (0/8) (v—7) 
(e) = (244/25) Ng%p°r—2 J4( J+-1)4(1+205), 
v5= (0/183) (50*+ 160+354). (5) 


The coefficient of 7~* in C, is then determined. Our 
results may be compared with the results of Rushbrooke 
and Wood? for pure exchange coupling by considering 
limg 0g"6’°r*v= —2J. The two are found to agree 
exactly. 

If we set »=0 and assume J is large, we then find for 
the specific heat 


C,= Nk[2.8(73T)?—3.7(7/T)*+0.9(7/T)*+--+], (6) 
where 7 is a characteristic temperature defined by 
r= g°PN J (J+1)/k. (7) 


Equation (6) corresponds to (35) of Van Vleck! but 
with the coefficient of (7/T)‘ 0.9 instead of —4.0. 
Equation (6) is valid only for a simple cubic lattice 
but may be adapted to face-centered and body-centered 
cubic lattices by replacing the coefficient of 7-* by 
2.4 and of T~* by 3.4 and 3.5, respectively. If the 
temperature is high enough to give good convergence 
of (6) we may use the coefficient of 7 for a simple 
cubic lattice without too much error. For temperatures 
on the order of 7 (6) cannot be used since higher order 
terms come into play. 

We now compare the results with experiment. We 
specialize to the case of a face-centered lattice for which 
J = S=}. Then the specific heat is 


Cy= R[2.4(1/T)*—4.4(1/T)®§—5.8(7/T)*++++], (8) 


which corresponds to (13) of Hebb and Purcell*® but 
with the coefficient of (7/T)4—5.8 instead of —13.5. 
This means that the plot of C, vs T of Hebb and Purcell? 
(their Fig. 3) is of the same shape but shifted upward 
slightly. Thus their conclusion that better agreement 
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between theory and experiment is achieved if only the 
first term of (8) is used is still valid. 
One of us (JHVV) wishes to thank Professor 
Opechowski for originally pointing out this error to him. 
1J. H. Van Vleck, J. Chem. Phys. 5, 322 (1937). 


* G. S. Rushbrooke and P. J. Wood, Mol. Phys. 1, 257 (1958). 
3M. H. Hebb and E. M. Purcell, J. Chem. Phys. 5, 338 (1937). 





Difference of Upper and Lower State Rota- 
tional Constants of Symmetrical-Top 
Molecules from Infrared Intensity 

Measurement 


TSUNEO YOSHINO 
Tokyo Institute of Technology, Ohokayama, Meguro, Tokyo, Japan 
(Received December 14, 1959) 


HE difference of the rotational constants of the 

upper and lower levels of a vibrational transition a 
can be a kind of fingerprint for the assignment of the 
band, because a is related to the normal coordinate 
of the vibration,! and the a’s of a fundamental band 
and its harmonics are in a ratio of integral numbers. 
a is generally very small and has not been measured in 
infrared spectroscopy except for very light molecules 
and some linear molecules. By the following method, 
however, relative values of a are obtainable from the 
infrared intensity measurement for a large number of 
fairly heavy symmetrical-top. molecules. Here and 
hereafter a means B’— B” or A’—B’'—A"’+B”, where 
A” and B” are the lower state rotational constants 
with axes parallel and perpendicular to the top axis, 
respectively, and A’ and B’ the upper state rotational 
constants. 

An absorption band of a symmetrical-top molecule 
can be divided into groups of lines, in each of which 
line separations are linear functions of one of the a’s 
of the band. The absorption of an infrared beam by a 
single line & in the jth group of the ith band is expressed 
by Eq. (1) when overlaps with other lines are in the 
linear absorption range, 


+c0 
Aw= | [1—exp(— Kjaij) Jdv= (y ij/2) 


x : [1—exp{ —f ije(x ijn) wig S sin/ ind isk} 1d iin, (1) 


where x; is the absorption coefficient, u;; the reduced 
path length, v the frequency, yi. the line width, Si the 
line intensity, S ijx/Y ein isk ‘the peak height, Xin 
2(v—v isc) /Y ijk, Vijx the frequency at the line center, and 
S iix(Xijxe) the function of x; determining the line shape 
as Lorentzian or Gaussian. The absorption of an infra- 


\ 
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red beam by lines of the jth group A; is equal to or 
smaller than > -,A «x, depending on whether the 
overlaps of the lines are in the linear absorption range. 

If the ratios Syi/Sinxn and yrx/vinx between the 
corresponding fth lines in the jth groups of the 7’th 
and the ith bands are expressed by 6; and yj, respec- 
tively, which are independent of &, and if f¢j(xvjx) 
and fis(xijn) are the same between these corre- 
sponding lines, Eq. (2) is satisfied, as can be seen from 
Eq. (1), when yj=aij/aij and uirj/ug=yi/b;, 

Ai/Ai= LAvn/ LA sk = OC gr j/ 04; (2) 
where aj; is one of the a’s determining the line separa- 
tion in the jth group of the ith band. When 4 ¥;/A i 
is measured for varying ¥ «jx. or y ij under the condition 
of ui ;/uij= y;/b; and plotted against y;, the intersection 
of the obtained curve with the straight line for 
A v;/Auw=y; gives the value of ay;/as provided ); 
and y; are known. The angle 6 between the straight line 
and the tangent of the curve at yj;=ay;/a;; has a value 
between zero and tan (A »;a4;/A iav;) depending on 
the values of u;; and yi. Better accuracy of aj;/a;; is 
obtainable for larger 8, so far as the absorption by the 
jth group does not overlap with those of other groups 
in both the ith and 7’th bands. 

The line width 7, can be most easily changed for a 
Lorentzian shape due to molecular collision by changing 
the gas pressure. Especially when the ratio of the partial 
pressures of all the component gases is unchanged the 
measurement of Aj;/A4; is facilitated by the auto- 
matic satisfaction of the condition u};/uij=~y;/b; 
for varying y; without changing the optical path length. 
From the requirement of invariant fij(xij) in going 
from vii. to Yirjx, both yi and ys; must be several 
ten times larger than the Doppler broadening, which is 
around 10-* cm™ at room temperature. The collision 
width for a gas with total pressure of several tens of 
mm Hg generally has a sufficient magnitude. 

The present method is most easily applicable to a 
group of lines for which absorption measurement can 
be made almost separately from other groups of lines, 
as for the Q branch of a linear or a spherical-top mole- 
cule. But in the Q, P, or R branch of a parallel band or 
the Q branch of a perpendicular band of a symmetrical 
top molecule, several groups of lines may appear in the 
interval of a measuring spectral slit width. However, 
for line groups in ith and 7’th bands satisfying the 
conditions that @,;/a;; and 5; are independent of j and 
overlaps between the groups are in the linear absorp- 
tion range, we have a relation similar to Eq. (2), in 
which A #j, Ai; A i ik and Dor sp in Eq. (2) are 
replaced by iA i’j) > 5A ify > KA i! jky and 
SA ijk, Tespectively. The latter condition gives 
the upper limits to the line width and the number of 
lines with appreciable intensities in each of the 
groups. The latter limitation can be roughly estimated 
from relative intensities of lines? in the group. The 
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effect of the overlapping of line groups on the observed 
value of ay;/ai is revealed as the dependency of 
ay ;/a4; on frequencies. 

The value of S¥j:/Sijx is not exactly independent of 
k and 7 when the bands compared belong to molecules 
with different values of rotational constants, which 
appear in the Bolzmann factors in the intensity expres- 
sions of lines.2 There are many cases, however, where 
the Bolzmann factor remains almost constant for the 
change of rotational constants. In these cases ajj/a4; is 
obtainable from the measurement of Ay;/Ai or 
>>;A+;/>.;A qj between the ith and i’th bands be- 
longing to molecules with different values for the 
rotational constants. 


1H. H. O coat) Phys. Rev. 60, 794 (1941); Revs. Modern 
Phys. 23, 90 (1951). 


2G. Herzberg, Infrared and Raman s gs (D. Van Nostrand 
Company, Inc., New York, 1950), p. 





Substitutional Incorporation of Divalent Iron 
in Yttrium Iron Garnet 


R. A. LEFEVER AND A. B. CHASE 
Hughes Research Laboratories, Culver City, California 
(Received February 3, 1960) 


RECENT theoretical paper on ferrimagnetic 

resonance in rare earth iron garnets' and low 
temperature line width measurements on high purity 
yttrium iron garnet (YIG)* have emphasized the fact 
that incorporation of certain rare earth ions as im- 
purities in the YIG structure leads to an increase in 
resonance line widths. Certain transition metal ions, 
including divalent iron, may also contribute to line 
widths exhibited by ferrimagnetic materials.1* The 
suggestion has been made that divalent iron may be 
incorporated in YIG samples as a result of silicon 
contamination in materials normally employed for 
synthesis.‘ The ability of silicon to provide a mechanism 
for incorporation of divalent iron in the YIG structure 
is illustrated by the following observations. 

In an absorption spectroscopic study of the silicate 
ion in the garnet structure, the concentration of silicon 
substitutionally incorporated in YIG samples was found 
to be approximately proportional to silicon concentra- 
tions in the melts from which the crystals were grown.‘ 
On the other hand, silicon concentrations in yttrium 
gallium garnet (YGaG) crystals were much lower than 
anticipated on the basis of experience with YIG 
and silicon contents of the materials employed for 
synthesis. The addition of silicon (as SiO.) to YGaG 
melts did not result in an increase in substitutionally 
incorporated silicon unless calcium oxide was also added, 
indicating that silicon incorporation was limited by the 
availability of suitable charge-compensating ions. The 
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mechanism involved is probably the substitution of a 
pair of trivalent cations by a divalent calcium ion and a 
tetravalent silicon ion, thereby maintaining the garnet 
cation-to-anion ratio of 2/3. The substitution of one 
divalent ion and one tetravalent ion for two of the 
trivalent ions in a garnet has been demonstrated in 
several reports in the literature.® 

In order to determine whether divalent iron was 
responsible for the ability of YIG samples to incorporate 
higher concentrations of silicon, crystals were grown 
under an atmosphere of oxygen rather than air (pre- 
viously employed). When an oxygen atmosphere was 
employed, YIG crystals grown from reagent grade 
materials contained less silicon than normally en- 
countered and the color of 25-u sections (by white 
light) was altered from reddish orange to yellow. The 
change in color was most pronounced in crystals 
occurring near the melt surfaces. 

In a paper on the optical and magnetic properties of 
ferrimagnetic garnets, the color of a 25-u thick piece of 
YIG was reported to be reddish orange by transmitted 
light, and a 125-u piece a very deep red.* We have ob- 
tained essentially the same results with thin sections of 
YIG crystals grown from melts containing reagent grade 
PbO and Fe,03. However, 25-u sections of YIG crystals 
grown from spectroscopically pure PbO and FeO; and 
triple-purification (Lindsay Grade 3A) YO; are yellow 
by transmitted white light, with no indication of a 
reddish trend with increasing thickness (to 70 u). The 
addition of as little as 0.005 wt % SiO: to the high purity 
melts introduced a distinct reddish tinge to the color 
of YIG sections. As the silicon concentrations in the 
melts were increased, the thin-section color became 
increasingly red. At silicon concentrations approximat- 
ing those encountered (approx 0.05 wt %) in melts pre- 
pared from reagent grade materials, the color of 25-p 
sections was identical with that observed in equivalent 
sections of YIG crystals grown from reagent grade 
materials. The yellow sections are more transparent 
than reddish orange sections of equivalent thickness. 
In view of the high purity of the melts employed for 
synthesis and the fact that silicate frequencies fall 
outside of the visible spectrum, the reddish orange 
color and decreased transparency are attributed to the 
incorporation of divalent iron in the structure through a 
mechanism involving silicon. 

The color of YIG thin sections was also altered from 
reddish orange to yellow by the addition of calcium 
oxide (50 mole % of the PbO replaced by CaO) to 
melts prepared from reagent grade materials. The 
effect is interpreted as resulting from a reduction in 
divalent iron in the structure due to greater availability 
of divalent calcium during growth. 

A recent report by Dillon’ and work in these labora- 
tories indicate that the addition of small concentrations 
of silicon to melts prepared from materials of excep- 
tionally high purity produces a low temperature peak 
in ferrimagnetic line widths exhibited by YIG crystals. 
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The effect is most likely the result of divalent iron in 
the structure, present as a result of cooperative incorpor- 
tion with silicon. 


1 P, G. de Gennes, C. Kittel, and A. M. Portis, Phys. Rev. 116, 
323 (1959). 

2 J. F. Dillon, Jr., and J. W. Nielsen, Phys. Rev. Letters 3, 30 
(1959); E. G. Spencer, R. C. LeCraw, and A. M. Clogston, ibid. 
3, 32 (1959). 

3R. L. White, Phys. Rev. Letters 2, 465 (1959). ; 

4K. A. Wickersheim, R. A. Lefever, and B. M. Hanking, J. 
Chem. Phys. 32, 271 (1960). ‘ 

5 See for example, H. S. Yoder, Jr., and M. L. Keith, Am. Min. 
36, 519 (1951); S. Geller and C. E. Miller, ibid. 44, 1115 (1959); 
R. M. Bozorth and S. Geller, J. Phys. Chem. Solids 11, 263 (1959). 

6 J. F. Dillon, Jr., J. Appl. Phys. 29, 1286 (1958). : 

7J. F. Dillon, Jr., presented at the Detroit Magnetics Con- 
ference, November, 1959, J. Appl. Phys. Supplement 32, 43S 
(1960). 





-Chemisorption of CO on Ni Using a 
Radioactive Tracer* 
A. D. CROWELL 
Department of Physics, University of Vermont, Burlington, Vermont 
(Received January 25, 1960) 


[I previous studies of radioactively tagged gases 


adsorbed on small metal surfaces, either the metal 
specimen was removed from the adsorption chamber 
and placed before a counter’ or the adsorption chamber 
contained an internal counter? which was designed to 
operate at low pressures.* This note reports some pre- 
liminary studies using a new technique in which a 
metal specimen with an area of about one square centi- 
meter was exposed to a gas tagged with C™ and then 
moved by magnetic controls in front of a mica window 
which was thin enough to pass a measurable amount of 
the 6 radiation but thick enough to withstand atmos- 
pheric pressure. A commercial GM counter was 
located on the other side of this window as shown in 
Fig. 1. This method has the advantage over the tech- 
nique of Crowell and Farnsworth! of not breaking the 
vacuum and exposing the surface to contamination 
between measurements and the advantage over the 
technique of Dillon and Farnsworth? of using a commer- 
cial counter. It has the disadvantage of a low counting 
efficiency. 

A mica window 4 mg/cm? thick was sealed to the all- 
glass adsorption chamber by the method of Wu et al.‘ 
The counting efficiency was determined by depositing 
carefully measured amounts of a calibrated Na2C™“O; 
solution obtained from Tracerlab, Inc., on a nickel sur- 
face and was found to be 1.25+0.01%. 

In order to determine the feasibility of the method, a 
preliminary investigation of the adsorption of CO on a 
polycrystalline nickel disk 1.1 cm in diam was made. 
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Fic. 1. Diagram of relative 
positions of metal sample, 
mica window, and GM counter 
during counting. During out- 
gassing, adsorption, and back- 
ground determinations, sample 
is lowered magnetically by 
about 8 cm. 


MICA 


METAL 
SAMPLE 


The specimen was etched in dilute aqua regia, rinsed 
many times in distilled water and placed in the adsorp- 
tion chamber which was evacuated through an all- 
metal valve (Granville Phillips Type C) and a dry 
ice trap by an oil diffusion pump (CVC GF-25) to a 
pressure of about 5X10-* mm Hg. After the specimen 
was outgassed by induction heating at a dull orange 
heat for several hours and allowed to cool for 20 to 30 
min, CO (obtained from New England Nuclear Corpor- 
ation with a specific activity of 2.00 mC/mm) was 
admitted at room temperature through a dry ice trap 
and a second all-metal valve to pressures in the 10 
to 10-' mm Hg range. After exposures of 5 to 30 min, 
the CO was withdrawn and the specimen was raised 
to the position shown in Fig. 1. Counting rates were 
then taken for 5 to 30 min periods in between which the 
specimen was lowered for the determination of back- 
ground. The mica window acquired a small irreversible 
contamination which was included in the background 
count. 

The results of these studies showed that the gas 
adsorbed on small surfaces can be quantitatively 
studied by the method described. In the case of CO 
adsorbed on the nickel surface, total adsorption varied 
in several trials from 2 to 3X10" adsorbed molecules 
per square centimeter of geometric area. The CO was 
observed to desorb at a rate proportional to the amount 
still adsorbed with a half-life of about 165 min in all 
cases. 

Since the total number of nickel surface atoms was 
probably of the order of 10" only a small fraction of the 
potential adsorption sites were occupied. This result is 
consistent with the earlier studies! and is probably due 
to surface contamination, only a small part of which was 
removed by the outgassing procedure. 

While little can be said of the character of the nickel 
surface, it is of some interest to estimate the activation 
energy of desorption at room temperature as an example 
of the type of information which can be obtained by 
this method. Assuming the adsorption to be unacti- 
vated, this energy is also the heat of adsorption. Using 
the Polanyi-Wigner equation as given by Garner’ 
and assuming a normal vibration frequency of ad- 
molecules on the surface of 10% sec—!, one finds an 
activation energy of about 25 000 cal/mole, which is 
somewhat less than the 35 000 cal/mole reported by 
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Beeck’ for calorimetric studies of the adsorption of CO 
on evaporated nickel films. 


* Supported by the National Science Foundation. 
1A, Db. Crowell and H. E. Farnsworth, J. Chem. Phys. 19, 
1206 (1951). 

2J. A. Dillon, Jr., and H. E. Farnsworth, J. Chem. Phys. 22, 
1601 (1954). 

ie Dillon and H. E. Farnsworth, Rev. Sci. Instr. 25, 96 
(1954). 

‘Wu, Meaker, and Glassford, Rev. Sci. Instr. 18, 693 (1947). 

5B. M. W. Trapnell, Chemisorption (Academic Press, Inc., 
New York, 1955). 

6 W. E. Garner, J. Chem. Soc. 1947, 1239. 

7. Beeck, Advances in Catalysis 2, 151 (1950). 





Microwave Spectra and Structure 
of H;SiCN and D,SiCN* 


NORBERT MULLER AND RONALD C. BRACKEN 
Department of Chemistry, Purdue University, Lafayette, Indiana 
(Received January 5, 1960) 


OR a number of compounds of the types X—CN 

and X—C=CH it has been observed! that the 
X—C bond length, r(X—C), is quite appreciably less 
than the corresponding length in X—CHs. This differ- 
ence is about 0.04 A for the H—C bond, 0.08 A for 
C—C bonds, and about 0.15 A when X is Cl, Br, or 
I. Several explanations have been proposed to account 
for these differences, including the change in the co- 
valent radius of carbon with changing hybridization, 
hyperconjugation, and, for the cyanogen halides, 
resonance contributions of the type 


+ 
Cl=C=N-. 


In the hope of contributing to the understanding of this 
phenomenon we have examined the microwave spectra 
of H;SiCN and D;SiCN and derived a value for ro(Si-C) 
which may be compared with the value? of 1.8668 A 
in H;SiCHs. 

The compounds were prepared by the reaction’ of 
H,Sil or D;SiI with AgCN and purified by bulb-to-bulb 
distillation until the infrared spectra showed only small 
traces of the strong bands of the major impurities, 
(H;Si)2O and HCN. Since H;SiCN decomposed fairly 
rapidly in the waveguide, we observed the microwave 
spectra with the guide cooled with dry ice, using a 
spectrometer with 100 kc Stark modulation.* For each 
isotopic species we measured the J=1—2 and J=2-—3 
transitions and derived Bo values of 4972.7+0.5 Mc 
for H;SiCN and 4535.0+0.5 Mc for D;SiCN. The tran- 
sitions were broadened by the nuclear quadrupole 
fine structure, which we were not able to resolve. 

Recently, Dr. J. Sheridan’ has communicated to us 
microwave data on normal H;SiCN and the species 
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containing Si? and Si® which indicate that the Si 
nucleus must lie 1.103 A from the center of gravity of 
the Si*-containing species. To use our data with this 
additional condition to derive a structure, it is still 
necessary to assume a value for one structural param- 
eter® and to postulate some relation between the geome- 
tries of the normal and the deuterated silyl groups. We 
chose, first, to assume r9(C—N) =1.58 A, since this 
parameter lies within a few thousandths of an angstrom 
of this value for all other X—CN compounds investi- 
gated.’ This assumption is supported by the fact that 
the C—N stretching band’ of DSiCN is at 2212 cm™, 
as compared with 2249 cm“ for acetonitrile* and 2201 
cm for cyanogen chloride.? We further assumed” 
that ro(Si—H) =ro(Si—D)+0.010 A and ZH—Si—H 
= ZD—Si—D. The Si—H parameters are very sensi- 
tive to a change in the latter assumption, but neither 
assumption strongly influences the value of ro(Si—C). 
The structure obtained is 


ro(Si—H) = 1.49+0.05 A 
ZC—Si—H= 107.5°+2° 
ro(Si—C) = 1.847+0.005 A. 


Very similar values were proposed independently by 
Sheridan and Turner.’ 

It is rather surprising that ro(Si—C) is only 0.02 A 
less in H;SiCN than in H;SiCH;. Both values are con- 
siderably smaller than the sum of the Pauling covalent 
radii," 1.94 A. It might be inferred that both Si—C 
bonds acquire nearly the same amount of double bond 
character through resonance. In the methyl com- 
pound this would imply a significant contribution by 
hyperconjugative structures such as I in which the 3d 
orbitals of Si participate in the bonding. Because of 
the much lower electron releasing tendency of —CN 
as compared to —CH; it would be expected that the 
analogous forms II for the cyanide would contribute 
little, perhaps less than the alternative hypercon- 
jugative structures, ITI: 


H H H 


| 
H—Si-—=C 

Pas. | 

H H H 


Ht H—Si=C=N* 


H 


| 
H*+Si=C=N- 


| 
H 


Iil. 


We cannot at present decide between this interpreta- 
tion and the possibility that the Si—C bond in methyl 
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silane is made with a carbon orbital of unusually high s 
character and is therefore shortened nearly as much as 
the bond in the cyanide. A study of the C*—H coupling 
in the proton magnetic resonance spectrum of H;SiCHs 
would be desirable, since such data may be used” to 
estimate the state of hybridization of the carbon atom. 

We wish to thank Mr. William E. Baitinger for help 
with the preparation of H;SiCN. One of us (RCB) 
thanks the Purdue Research Foundation for financial 
support during a part of this work. 


* Supported by the U.S. Atomic Energy Commission under 
contract with the Purdue Research Foundation. 

1 For relevant data see W. Gordy, W. V. Smith, and R. F. 
Trambarulo, Microwave Spectroscopy (John Wiley & Sons, Inc., 
New York, 1953), p. 371. 

2R. W. Kilb and L. Pierce, J. Chem. Phys. 27, 108 (1957). 

3 A..G. MacDiarmid, J. Inorg. & Nuclear Chem. 2, 88 (1956). 
See, however, references 5 and 7 which show that the normal 
cyanide is indeed obtained and not the isocyanide. 

4 We are indebted to Professor Walter Edgell for the use of 
this instrument. 

5 J. Sheridan and A. G. Turner, Proc. Chem. Soc. 1960, 21. 

6 In collaboration with Professor R. L. Livingston and Dr. 
C. N. R. Rao, one of us (RCB) is attempting to obtain the 
necessary value using the electron diffraction technique. 

( a R. Linton and E. R. Nixon, Spectrochim. Acta 10, 299 
1958). 

8G. Herzberg, Infrared and Raman Spectra (D. Van Nostrand 
Company, Inc., Princeton, New Jersey, 1945), p. 333. 

®W. West and M. Farnsworth, J. Chem. Phys. 1, 402 (1933). 
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equilibrium Si—H distance differs significantly from the Si—D 
distance, but a ray only to the “effective” parameters derived 
oe I° values. See C. C. Costain, J. Chem. Phys. 29, 864 

1958). 

uD, Pauling, The Nature of the Chemical Bond (Cornell Uni- 
versity Press, Ithaca, New York, 1945), p. 164. 

755). Muller and D. E. Pritchard, J..Chem. Phys. 31, 1471 
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Appearance Potential Study of 
Tetrafluorohydrazine* 


E. Dan LouGHRAN AND CHARLES MADER 
Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
(Received January 11, 1960) 


HE preparation and properties of tetrafluoro- 

hydrazine (N2F,) have been reported by Colburn 
and Kennedy.! A recent study of the microwave spec- 
trum of the compound has given further information as 
to the structure of tetrafluorohydrazine.2 We wish to 
report an estimate of the bond dissociation energy of 
the N—N bond in tetrafluorohydrazine as derived from 
appearance potential measurements. 

A sample of tetrafluorohydrazine was obtained from 
Rohm and Haas Company, Redstone Arsenal Research 
Division, Huntsville, Alabama. The purity was quoted 
at 95+% and was found to be 97% by mass spectral 
analysis. The major impurities of air and nitrous oxide 
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Tasue I. Mass spectrum of tetrafluorohydrazine. 





Species Relative abundance (70v) AP (v) 





NF;* 
NFt 
Nt 
Ft 
NF*+ 
Nt 


11.8+0.2 
15.0+0.2 








were removed by standard low temperature distillation 
techniques, increasing the purity to 99%. 

The mass spectrum of tetrafluorohydrazine and the 
observed appearance potentials are presented in Table 
I. The data were obtained using a Consolidated Elec- 
trodynamics Corporation Model 21-103C mass spec- 
trometer modified for appearance potential and excess - 
kinetic energy studies.’ The appearance potentials were 
determined by the method of initial breaks. Excess 
kinetic energies were measured by using the metastable 
ion suppressor as a retarding potential device. Both 
procedures have been described previously.* Krypton 
and argon were added as calibration standards for the 
appearance potential and excess kinetic energy meas- 
urements, respectively. 

Since the fragmentation process producing NF;* is 
probably complex, several mechanisms resulting in its 
formation may be postulated. However, reasonable 
arguments can be made for the preference of a single 
possibility, which is presented in Table IT. A value for 
the bond dissociation energy, D(F:N-NF:), may be 
calculated using the observed appearance potential 
(AP) for NF;* if one knows the ionization potential 
(IP) of NF, and the bond dissociation energy, D(FN- 
F). From our measured value of 14.6 v for the AP- 
(NF,+) from NF;, and Reese and Dibeler’s estimate of 
3.2 v for D(F2N—F),‘ a value of 11.4 v for the 7 P(NF») 
was estimated. The value for D(FN—F) was taken to 


TABLE II. Fragmentation mechanisms postulated. 





m/e 52 AP(NF;*) =11.840.2 


e+N2FioNF.*+ +NF+F-+e 
D(F:N—NF;) = A P(NF;*) —I P(NF:) -D(FN—F)+£A (F)* 
=11.8 —11.4 —2.7 +3.6 
=1.3+40.3 v (30 kcal) 
or=1.7 using 11.0 for 7 P(NF2) 


m/e 33 AP(NF*) =15.040.2 

e+N2:F,>NF*+NF+F-+F +e 

D(F:N—NF;) = A P(NF*) —1 P(NF) —2D(FN—F) + EA (F)* 
=15.0 —12.0 —5.4 +3.6 


=1.2+0.3 v (28 kcal) 





® Excess kinetic measurements indicated that both NF:* and NF* are formed 
with less than 0.2 v excess kinetic energy. 
> Footnote 4. 
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be 2.7 v.4 The proposed mechanism appears to be sup- 
ported by the shape of the ionization efficiency curve, 
which exhibits a rather long tail in the appearance 
potential region. This would suggest, in the absence of 
excess kinetic energy of the ion, that the NF;*+ frag- 
ment is being formed by a multiple fragmentation 
process.® 

Table II also contains the most probable fragmenta- 
tion mechanism for the formation of the NF* species. 
It can be seen that the mechanism is comparable to 
that written for the formation of NF,*+ and gives a 
value for D(F:.N—NF?) in good agreement with the 
number calculated from the A P(NF;*). The value for 
IP(NF) was taken to be 12.0 v‘ and for EA(F) 3.6 v.4 

From this study and the known physical properties 
of the compound, it has been concluded that the bond 
dissociation energy of the F,N—NF; bond in tetra- 
fluorohydrazine undergoing electron bombardment is 
1.30.3 ev. 


s . ee potecned under the auspices of the U.S. Atomic 

ner; ‘ommissi 

ans * Colburn. at A. Kennedy, J. Am. Chem. Soc. 80, 5004 

(1955). R. Lide, Jr., and D. E. Mann, J. Chem. Phys. 31, 1129 
3R. J. Kandel, J. x — 22, 1496 (1954). 

(1950). M. Reese and ibeler, J. Chem. Phys. 24, 1175 
SF. H. Field and J. L. Franklin, Electron Impact Phenomena 

(Academic Press, Inc., New York, 1957), p. 12. 





Spin Distribution in Naphthalene Negative 
Ion 


T. R. Tutte, Jr. 
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(Received December 18, 1959) 


HE ESR absorption spectrum of naphthalene 

negative ion with 53 atom percent C® in one 8 
position has been observed in dilute 1,2-dimethoxy- 
ethane solution at room temperature. This spectrum is 
well represented by a superposition on the spectrum of 
ordinary naphthalene negative ion of a spectrum in 
which each line has been doubled with a splitting of 
1.2 gauss. One may relate this 8 C™ splitting and the 
previously determined a C® splitting! with unpaired 
m-electron densities through an empirical equation 
suggested by the application of simple valence bond? or 
molecular orbital theory* to a C—C fragment. This 
relationship may be written as follows: 


Sn=3hipn the) pi, 


where S, is the hyperfine splitting from a C® at posi- 
tion m, p, is the unpaired z-electron density at this 
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position, p,’s are w densities on adjacent carbon atoms 
or more generally the corresponding diagonal elements 
of the spin density matrix.‘ This is an approximate 
expression which neglects contributions from unpaired 
mw density on noncontiguous atoms and from terms 
corresponding to off-diagonal elements of the spin 
density matrix. The data for C™ splittings in naph- 
thalene negative ion combined with values of p. and 
ps calculated from proton hyperfine splittings®* yield 
ki =13.5 gauss, ke= —5.9 gauss. These constants are in 
agreement with C® splittings® and w spin densities’’* in 
triphenylmethyl-C" and methyl*-C™. In the case of 
triphenylmethyl-C" the best agreement is obtained 
if the three rings are considered coplanar.® 

I wish to acknowledge encouragement and inspira- 
tion given me by Professor S. I. Wiessman. 


* This research was supported in part by the U. S. Air Force 
under contract monitored by the Air Force Office of Scientific 
Research of the Air Rideoaéeh and Development Command. 

1T, R. Tuttle, Jr., and S. I. Weissman, J. Chem. Phys. 25, 
189-190 (1956). 

2H. M. McConnell, J. Chem. Phys. 24, 764 (1956). 

3S. I. Weissman, J. Chem. Phys. 25, 890-891 (1956). 

4H. M. McConnell, J. Chem. Phys. 28, 1188 (1958). 

5T. R. Tuttle, Jr., R. L. Ward, and S. I. Weissman, J. Chem. 
Phys. 25, 189 (1956). 

(as a. Weissman and J. C. Sowden, J. Am. Chem. Soc. 75, 503 

953). 

7 P. Brovetto and S. Ferroni, Nuovo Cimento 5, 142-153 (1957). 
( 958). Adam and S. I. Weissman, J. Am. Chem. Soc. 80, 2059 

1958). 

* T. Cole, H. O. Pritchard, N. R. Davidson, and H. M. McCon- 

nell, Mol. Phys. 1, 406 (1958). 





Some Observations on Atomic Exchange 
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ILUSIUS and Schleich! have recently found that the 
vapor pressure ratios of isotopic nitric oxides, 
N¥0!*/N40"* and N“O!*/N“O'8 are three to five times 
greater than the corresponding ratios for other diatomic 
molecules of comparable molecular weight and boiling 
point. They have used the strikingly high single-stage 
separation factor to enrich nitrogen-15 by distillation 
of nitric oxide, and have pointed out the attractive 
possibility of using this process to simultaneously con- 
centrate the heavy isotopes of nitrogen and oxygen.’ 
In order to obtain highly concentrated nitrogen-15 or 
oxygen-18 by distillaton of a mixture of N“O"*, N4O%, 
and N“O¥, it is necessary to establish the equilibrium: 
N¥0¥+-N“O8>N"“O¥+N45O8, In view of this it 
seemed of interest to measure the rate of exchange 
between isotopically labeled nitric oxide molecules. 
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TABLE I. Comparison of observed spectra* and predicted compositions of isotopic nitric oxides. 








(1) 


Nitric oxide enriched in 
O#8 and O” 
Contributing (9.13% 0%, 0.332% O) 
molecular 
species 


m/e calc obs 


Nitric oxide enriched in 
N*® (99.4% N#®) 


calc 


(2) (3) 


Mixture of equal amounts of (1) and (2) 


calc for 0% calc for 100% 
obs equil equil obs 





30» NNO 
31. N80", Nou 
32. N¥OI8, NBO” 
33. = N¥O# 


90.1 
0.66 
9.09 
0.03 


89.4 
0.68 
9.84 
0.03 


0.61 
99.2 

0.04 

0.20 


0.52 
98.9 

0.40 

0.21 


45.4 

49.9 
4.57 
0.12 


47.7 

47.6 
2.43 
2.33 


47.9 

46.7 
2.98 
2.41 








® The observed spectra have been corrected for the presence of secondary species, Nz, Oz, and CO, which are produced by reactions of NO in the mass spectrom- 


eter source, and normalized to make the sum of peaks 30-33 equal to 100. 
~. Y 


Leifer* showed that exchange between NO and NO; 
takes place rapidly in the gas phase at or below room 
temperature, and so the primary interest in the present 
study was to explore the rate of equilibration in nitric 
oxide samples purified to minimize the concentration of 
higher oxides, and to determine whether exchange in 
such samples could proceed through the formation of a 
dimer intermediate, (NO)s, of a square structure,‘ 
as well as by the known higher oxide mechanism. 

Nitrogen-15 labeled nitric oxide was prepared by re- 
ducing potassium nitrate containing 99 atom % N® 
with mercury in an excess of sulfuric acid. Oxygen-18 
labeled gas was prepared by equilibrating normal nitric 
oxide overnight with a large excess of acidified water 
containing about 10 atom % O. N»O,g and N2O; 
were removed from the samples by freezing the gas with 
liquid nitrogen and quickly replacing the nitrogen 
with dry ice to preferentially vaporize the NO. The 
frozen oxides were separated from the bulk of the gas, 
allowed to warm to room temperature, and then pumped 
off. This purification process was repeated several times. 

Exchange was observed by mixing equal volumes of 
the two labeled nitric oxides in the sample inlet system 
of a Consolidated-Nier mass spectrometer and measur- 
ing the intensity of the m/e=33 peak due to N¥O'**, 
This instrument utilizes a capillary leak into the ion 
source, and the inlet gas pressure required for sufficient 
ion beam intensity is about 1-4 cm Hg. Samples were 
mixed at a total pressure of ~2 cm Hg. Complete 
exchange occurred under these conditions in less than 
the time required for measurement, i.e., about 15-30 
sec. Spectra of the isotopic nitric oxide samples and the 
mixed sample are shown in Table I, together with the 
mole percents of the various NO species calculated 
from the isotopic abundances in the samples. For the 
sample of mixed nitric oxide the spectrum is compared 
to that calculated for zero and complete exchange. The 
m/e=33 peak expected for zero exchange is simply the 
average of this peak in the two enriched samples; for 
complete exchange the 33 peak corresponds to random 
distribution of N and O atoms among the various 
species. It may be noted that for the samples used, the 


33 peak expected for complete exchange is about twenty 
times larger than for zero exchange, and the observed 
peak agrees closely with that calculated for complete 
equilibration. 

These experiments indicated that equilibration of 
nitric oxide species should occur continuously in a 
distillation column without any added catalyst, but the 
rapidity of the exchange did not permit any conclusions 
as to mechanism. To decrease the rate of exchange and 
explore the mechanism, samples were mixed and ex- 
change was observed at much lower pressures of ~60- 
100 » Hg. This was done in the inlet system of a mass 
spectrometer equipped with a pinhole leak. Samples 
were introduced into a small metering volume (~11 
cm*) at pressures of 1-3 cm Hg and allowed to mix in an 
evacuated 3.5-liter vessel which connected to the ion 
source via the pinhole. At these low pressures the 
exchange rate was about 100-1000 times slower than 
at 2 cm Hg; the N“O"** peak only increased a total of 
about 3% in 10 min after mixing. The “catalytic” 
effect of oxygen on the exchange by a mechanism such 
as: O.+NO—-NOQ2, N*0O.+N“O—N"0.+NO, etc., 
was observed by adding ~ 20 yu of O; to the vessel which 
contained ~60 yu of nitric oxide. The exchange rate 
increased considerably; a fourfold increase in the N“O"* 
peak was observed in the first 5 min after the oxygen 
was added. 

The possibility that the exchange could also proceed 
through a dimer intermediate, of structure 


in the solid state* was explored in another low pressure 
experiment. Two samples, each at a partial pressure of 
~90 » Hg were mixed; about 30% of the mixture was 
frozen into a side tube with liquid nitrogen, kept solid 
for several minutes, and allowed to revaporize directly 
back into the low pressure reservoir. No increase in the 
33 peak was observed after this freezing and vaporiza- 
tion process, indicating that the dimer formed in solid 
nitric oxide does not have a square structure containing 
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N—O bridges, but is probably of a bent chain structure, 
N— 
Ff 
O 


N 
\ 
O 


’ 


such as that proposed by several authors from spec- 
troscopic data.® 

The exchange rate increased after cooling, perhaps 
due to the increased reaction rate of nitric oxide with 
traces of oxygen at low temperature. Further studies 
of the kinetics of the exchange at low pressures are 
planned. 

We are indebted to Professor T. I. Taylor of Columbia 
University for use of his mass spectrometer in the low 
pressure studies, and to Paul Tag for assistance with 
mass spectrometric analyses. 


* This work was supported in part by a grant from the U.S. 
Atomic Energy Commission. 
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Study of Infrared Reflection Spectrum 
of Liquid C,H, 
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ECENT measurements of absolute intensities of 

infrared absorption bands in condensed phases 
are of considerable potential value in the study of 
intermolecular interactions. Examples of recent work 
of this type are studies on benzene by Hisatsune and 
Jayadevappa,'! and Swenson and Person? and on the 
ammonium ion in various environments.’ It is well 
known that strong light absorption is accompanied 
by a region of anomalous dispersion and a reflection 
band. It seems desirable that absolute intensity meas- 
urements be corrected for any appreciable reflection 
effect, but it is not clear just how intense a transition 
must be to necessitate an important correction. 

We have measured the reflection spectrum of liquid 
benzene (at 20°C) behind a potassium bromide plate, 
the angle of incidence being 11° (close enough to normal 
incidence to allow neglect of any correction). The light 
beam traversed the KBr plate and was partially re- 
flected at the KBr-air and the KBr-benzene interfaces, 
and the unreflected portion was absorbed in the benzene 
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or removed from the optical path by the “light-trap” 
design of the cell. 

The reflection between 650 and 4000 cm consisted 
of a general background due primarily to the KBr- 
air surface, with only one detectable band, at 6751 
cm~!, This band was quite symmetrical, with a peak 
reflectance of 0.14+0.01 (the background was about 
0.03) and a width at 0.085 reflectance of 14 cm™. The 
frequency and width correspond closely to the observa- 
tions by Hisatsune and Jayadevappa! on the absorption 
band. 

In the study of absolute absorption intensities‘ it is 
the quantity A=Jadv which is required. With the 
assumption of Beer’s law connecting a, the absorption 
coefficient, with the concentration n, the path length 
l, and the ratio of incident to transmitted light intensity, 
A is obtained as the limit at low absorption of a quantity 
B, given by 


B=(1/nl) J In(To/T)dv. (1) 


Actually, if a reflectivity R exists at both surfaces of 
the sample, the relation between fraction transmission 
and absorption coefficient is (instead of Beer’s law) 


I/Ip= (1— R)}? exp(—anl). 
Thus A (in the limit) is given by 


(2) 


A=B+(2/nl) { in(1—R)ar. (3) 

It would appear from this formula (3) that a correc- 
tion to integrated band areas could easily be made, by 
integrating the term (1—R). This integration was 
carried out for the 675 cm™ benzene band, giving 
J in(i—R)dv=—2.84.1 cm. In integrating, the 
general background reflection was taken to be zero, 
and integration was performed over the frequency 
range 655-705 cm™', where R was above the back- 
ground. This corresponds to adjustment of the wings of 
an absorption band to the 100% line. The correction 
would be about 11-28% of Hisatsune and Jayade- 
vappa’s observed B values. 

There exists a complication, however, which makes 
the correction as derived in the preceding of ques- 
tionable validity. This is the interference phenomenon 
in liquid (or solid) phases in which the thickness is 
smaller than the wavelength of light. The benzene film 
thicknesses ranged from 0.6 to 6.93 u. As pointed out 
previously this interference, in very thin layers, may 
cancel the reflection. This cancellation can occur, 
however, only if the reflectivity and percent absorption 
are not too high. The calculation of an accurate reflec- 
tion correction to thin film absorption intensities, based 
on bulk reflectivity as measured in this work, is thus a 
considerably more complicated problem. 

In conclusion, from this brief study of benzene, it 
seems that only the very intense bands (the 671 cm7! 
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band is by far the most intense in the benzene spec- 
trum) produce measurable reflection. These bands can 
reflect enough light® to make consideration of a re- 
flection correction necessary, though treatment of the 
interference phenomena found in thin films will be a 
necessary complication. 

It. might be pointed out that measurements of the 
reflection spectra of liquids may themselves be used to 
determine absolute intensities. The relations are ana- 
logous to those discussed by Haas and Hornig* for solids, 
and are closely connected to the dispersion method 
recently used on benzene by Schatz.’ A study is now 
underway, in cooperation with Professor Schatz, of 
the reflection spectra of several liquids, the calculation 
of their reflection from dispersion data, and the meas- 
urement of absolute intensities by reflection studies. 
Preliminary results on benzene are encouraging, and 
the work will be forthcoming. 

We wish to thank Professor Hisatsune, Professor 
Hornig, and Professor Person for making available 
their results before publication. The Office of Ordnance 
Research has assisted in the support of this work. 


11. C. Hisatsune and E. S. Jayadevappa, J. Chem. Phys. 30, 
848 (1959). 

2 C. S. Swenson, thesis, State University of Iowa, 1959; C. S. 
Swenson and W. B. Person J. Chem. Phys. (to be published). 

3C. C. Ferriso and D. F. Hornig (private communication). 

4 E. B. Wilson and A. J. Wells, J. Chem. Phys. 14, 578 (1946). 

5 Reflection measurements on some other organic substances 
are reported by Cameo-Bosco [Compt. rend. 248, 1642 (1959) ], 
who uses a method similar to our own. 

6 C. Haas and D. F. Hornig, J. Chem. Phys. 26, 707 (1957). 

7P. N. Schatz, Ohio-State Symposium on Molecular Structure 
and Spectroscopy, 1959, paper M-4. 





Group Electronegativities from 
Bond Lengths 


Henry A. BENT 
School of Chemistry, Institute of Technology, 
University of Minnesota, Minneapolis, Minnesota 


(Received January 27, 1960) 


T has been pointed out by Mulliken! and Walsh? 
that the more s character in a carbon valency, the 
more electronegative is the carbon atom in that valency. 
Strong confirmation of the importance of atom hy- 
bridization on electronegativity has been given recently 
by Petro,’ who calculates from dipole moment and 
infrared dispersion data the following carbon-carbon 
moments: (sp*)+— (sp*)-=0.68 debye, (sp?)+— (sp)-= 
1.15 debyes, (sp*)+— (sp)~= 1.48 debyes (he finds, also, 
that chlorine constitutes the positive end of the C—Cl 
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bond moment in HC=CCl); and by Taft,‘ who lists 
the following inductive constants: 
O 


| 
H,C—=—0.100, CH;C—=+0.60, 
NC— =+1.300(CI— = +1.10). 


It is apparent, too, that atom hybridization also 
affects not only bond angles, as is well known, but 
bond lengths as well. Data concerning this point has 
been summarized recently by Brown.® Typically, the 
length (in A) of the carbon-carbon single bond for the 
two carbon atoms in the hybrid states sp*-sp*, sp*-sp’, 
Sp’-sp, sp’-sp*, sp’-sp, sp-sp, decreases as follows: 
1.54, 1.50, 1.46, 1.47 (?), 1.42. 1.38; ie., by about 0.04 
A each time a carbon atom changes its hybridization 
from sp* to sp” or from sp’ to sp. 

Since a change in hybridization ratio affects both the 
electronegativity of an atomic orbital and its effective 
radius, it should be possible to predict trends in bond 
lengths from inductive constants, or conversely, to 
infer from measured bond lengths trends in group 
electronegativities. For example, as the electronegativ- 
ity of A in the system A—X—B increases, or as X 
changes from sp*- to sp’- or sp-type hybridization, the 
s character in the orbital toward B increases. This 
tends to make the X—B bond shorter. However, coun- 
teracting this foreshortening of the X—B bond is an 
inductively induced rehybridization of B; for as the 
s character in the X-to-B orbital increases, X becomes 
effectively more electronegative with respect to B, 
making it advantageous for B to remove some of its 
s character from the B-to-X orbital. This tends to in- 
crease the length of the X—B bond. To preserve the 
full effect of the change in hybridization of X on the 
length of the X—B bond, B should be a group that uses 
most of its s character elsewhere than in its bond to X. 
Such an atom is fluorine with three lone pairs. 

The data listed in Table I illustrate the composite 
effect of inductive influences and nominal changes in 
states of hybridization of carbon on the C—F bond 
length. If a foreshortening of the C—F bond is taken 
to imply an increase in s content of the carbon-to- 
fluorine orbital, and an increase in s content is taken to 
mean an increase in electronegativity, the order from 
top to bottom is the order of increasing group electro- 
negativity. By and large, this order agrees well with 
chemical intuition and Taft’s inductive constants. Ad- 
ditional electronegativity sequences that can be in- 
ferred from sequences b-d-i and g-h are —F>—H> 
—CH; and =CF,.>—CH2. 

In a quantitative sense, one may ask whether it is 
reasonable, even as a first approximation, to attribute 
these changes in bond lengths entirely to changes in 
the hybridization ratio of the carbon orbital of the 
C—F bond. Although the state of hybridization of 
carbon in these compounds is not known with great 
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accuracy, it is known that the HCH angle in the methyl 
halides tends to be several degrees greater than the 
tetrahedral value.* This leads to the estimate that the 
carbon orbital toward fluorine in CH;—F contains 
15-20% s character.’ The relatively large uncertainty 
in this figure arises from the uncertainty in the position 
of the hydrogen atoms, owing to their smallness of 
mass, or scattering power, and the sharp dependence 
of pyramidal hybridization ratios on the interbond 
angle between equivalent groups when there are three 
such groups attached to the central atom. In FCO, 
the carbon orbital toward fluorine may be estimated 
to contain 27-29% s character. Thus the change in s 
content from compound (a) to (i) is perhaps 7-14%, 
the corresponding change in bond length being 0.09 A. 
This may be compared with the numbers cited earlier 
for carbon-carbon bonds. It was seen that the C(sp*)- 
C(sp) bond is typically 0.08 A or so shorter than the 
C(sp*)-C(sp*) bond, which corresponds to a nominal 
change in s content of 25%. The actual change in s 
content is probably much less than this figure, first, 
because the carbon orbitals of the C—C bond such as 
ethane are slightly richer in s character than the nota- 
tion sp* indicates, and second and more importantly, 
because the lone o orbital projecting from a triple bond 
is undoubtably significantly poorer in s character than 


TaBLE I. Nine fluorine-containing compounds in order of 
decreasing C—F bond length. 





Molecule C—F distance Reference 





. H,C—F 1.391 A ® 


| 
. CHsC—F 
. FH,C—F 


1.37 
1.358 


1 
. HC—F 


. FHC—F 
F,C—F 


1.351 
1.332 
1.323 


1.321 


1.313 


1.32 
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the notation sp indicates. How much poorer is, of course, 
a moot question. If one adopts, as we have here, the 
o—- description of multiple bonds and assumes that a 
triple bond preempts s character per + bond as effi- 
ciently as does a double bond, and while this is un- 
likely, it does afford some kind of a first approximation, 
the lone “sp” orbital might contain as little as 35-40% 
s character. While exceedingly rough, these estimates 
do give for the carbon-carbon case a change in hy- 
bridization ratio and concomitant change in bond 
length that is comparable to that found for the carbon- 
fluorine bond. This makes it seem not unreasonable to 
suppose that perhaps the same effects are operative 
in the two cases. 
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ALPERN and Harkness! have recently 

reported shifts in the absorption maxima in the 
solution spectra of transition metal ions between H,O 
and D.0O as solvents. They point out that the shifts are 
limited to those ions where the water enters the first 
coordination sphere of the cation. The shift between 
HO and D.0O as solvent is ascribed to the difference in 
ligand field splitting of the 3d electrons by virtue of 
the difference in dipole moments of H,O and D,0. 
In any complete theory such an effect would have to 
be considered. It is the purpose of this note to point 
out several additional effects which contribute to the 
spectral shifts and to the difference in chemical proper- 
ties, both rate and equilibrium processes, of transition 
metal ions in H,O and D.O solvents. 

If we consider the solvation of any solute in H,O 
and D0, we recognize that D.O will be a poorer solvent 
due to the greater strength of the hydrogen bonds in 
D.O. Anions, which are capable of forming hydrogen 
bonds with the solvent, are more strongly solvated in 
D.O than H;O as compared with neutral solutes. This 
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hydrogen bonding of the water by anions will serve to 
decrease the stability of complexes between anions 
and cations in D,O compared with H.O. Additional 
contributions to the difference in solvent properties 
of H,O and D.0O arise when a cation solute forms an 
inner sphere hydration complex. This interaction, which 
we will discuss in somewhat greater detail, will lead to 
a decreased stability of cations in D,O compared with 
H,0 and will enhance complex formation in the former 
solvent as compared with HO. It will also lead to a 
spectral shift. 

We restrict our attention to the first coordination 
sphere of the transition metal ions, where the formulas 
will be assumed to be M(H2O),.2+ and M(D.O),2+ 
at equilibrium in H,O and D.O, respectively. (It is not 
clear whether the measurements of Halpern and Hark- 
ness correspond to Cr(H,O).** or Cr(D.O),*+ in 
D.O.) A number of inner sphere complexes and solvates 
are sufficiently inert to exchange with the solvent that 
definite formulae of this type can be written.” If the 
lifetime of such a complex is long compared to 10-% 
sec, there is associated with each cation a zero point 
energy. To the extent that the normal modes of the 
water molecules are not appreciably perturbed in 
forming the inner sphere complex, there are three 
internal vibrations per water molecule. Thirty-three 
vibrational modes arise from the translational and 
librational modes of six water molecules. The zero 
point energies of complexes M(H2O),*+ and M(D.O) + 
will differ by some 7500 cm~. The characteristic large 
breadth of the absorption bands of the hydrated transi- 
tion metal ions, even in crystals at low temperatures, 
is indicative of coupling between the electronic motion 
and the ligands. The coupling and bonding of the 
ligands will be different in the various electronic states 
arising from the splitting of the d shell by the ligand 
field. A 1-4% change in the zero point energy will lead 
to a shift in the 0-0 transition sufficient to explain the 
spectral shifts observed by Halpern and Harkness. 
Additional shifts will result from changes in the vibra- 
tional quantum numbers accompanying the electronic 
transition. Small second order effects are to be expected 
when the solvent is in the outer coordination sphere, 
as in Cr(C20,)3;*- and MnO;-. 

The stretching vibrational frequencies associated 
with the individual water molecules of the inner sphere 
complex will be lower than that in the bulk liquid as a 
result of the electrostatic interaction of the cation with 
the water dipoles. A calculation of this effect by Sartori 
et al.’ for a cation of charge 3+ hydrated by one water 
molecule leads to a decrease of about 400 cm for each 
of the two stretching frequencies in the H,O molecule. 
Within the approximations of this calculation, the 
zero point energy difference associated with the internal 
vibrations between H,O and D.O is reduced by about 
120 cm between a water molecule in the solvent and 
in the first coordination sphere. On formation of a com- 
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plex between a cation and an anion, a water molecule 
from the first coordination sphere is presumably re- 
placed by an anion. This makes the complex more stable 
in DO by 340 cal mol“ from the change in the internal 
stretching vibrations. There will also be a contribution, 
presumably smaller, from the other vibrations. In any 
case, this is an appreciable fraction of the observed 
enchanced stability of FeCl? in the two solvents.‘ 
The introduction of the negative charge of the anion 
into the first coordination sphere will asymmetrically 
screen the charge of the cation and reduce the inter- 
action between the cation and the dipoles on the five 
other water molecules in the first coordination sphere. 
This will further increase the stability of complexes 
in D.O compared to H,O. A combination of some of 
these effects will also be involved in electron transfer 
reactions and could explain the reduced reaction rates 
observed‘~ in D.O compared with H,O in the absence 
of a proton or hydrogen atom transfer mechanism. 

A number of the points discussed here have been 
sharpened through helpful discussions with Dr. R. W. 
Dodson and Dr. N. Sutin. 


* Research performed under the auspices of the U.S. Atomic 
Energy Commission. 
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Proton Hyperfine Spectra of Diphenyl 
Picryl Hydrazyl* 
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ANY authors! have investigated the electron 
spin resonance spectra of diphenyl picryl hydrazyl 
(DPPH) either in the crystalline state or liquid solu- 
tion. In diluted benzene solution of DPPH, five lines 
have been observed. This structure has been interpreted 
by Hutchison ef al.? as arising from an equal coupling 
of the unpaired electron to the nuclei of the two central 
nitrogen atoms of DPPH. However, no hyperfine 
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Fig. 1. Electron spin resonance spectrum of DPPH in tetrahydrofuran. 


components arising from an interaction with the edge 
protons adjacent to the ring carbon atoms have been 
reported in DPPH solution. 

It has been suggested® that the unpaired electron is 
localized on the center two nitrogens of DPPH. On 
the other hand, Beljers ef al.’ have detected an Over- 
hauser effect for these protons, showing that there 
must be some small coupling to the unpaired electron. 

If we dissolve DPPH in unpurified solvents which are 
commercially available, such as diethyl ether, 1,2- 
dimethoxyethane, tetrahydrofuran, cyclohexane, or 
carbon disulfide, we can only resolve hyperfine spectra 
due to nitrogen nuclear moment and none from the 
protons. But when we use the solvents which have been 
prepared by the same process as that of Lewis et al.’, 
i.e., dried, degassed, and distilled in a vacuum line, 
we can observe well-resolved proton hyperfine lines. 
The broadening in the unpurified solvents is probably 
due to dissolved oxygen. 

We prepared the liquid solution of DPPH using the 
aforementioned solvents in vacuum and observed the 
electron spin resonance spectra. 

Figure 1 shows the resonance spectrum of DPPH in 
tetrahydrofuran in which the concentration of DPPH 
is less than 10~* mole/liter. We can see proton hyper- 
fine lines throughout the spectrum. The lines at the 
low-field side of the spectrum are sharper than those at 
the high-field side. This may be because of the aniso- 
tropic effect of the DPPH molecule.’ We have ob- 
tained this spectrum for all solvents mentioned earlier. 
Further observation is now going on. 

The author is much indebted to Professor S. I. 
Weissman for his helpful discussion and encourage- 
ment of the present work. He also wishes to express 
his heartful thanks to Professor J. Townsend for 
offering the opportunity to use the EPR apparatus 
which he constructed and supplying DPPH for the 
present work. 


* This work was supported by the U.S. Air Force through the 
AIR Force Office of Scientific Research of the Air Research and 
Development Command under contract. Reproduction in whole 
or in part is permitted for any purpose of the U.S. Government. 

+ On leave from Kyoto University, Kyoto, Japan, Fulbright 
Scholar, 1958-1959. 

1A. N. Holden, C. Kittel, F. R. Merritt, and W. A. Yager, 
Phys. Rev. 77, 147 (1950). 

2 C. A. Hutchison, R. C. Pastor, and A. G. Kowalsky, J. Chem. 
Phys. 20, 534 (1952). 

3V. N. Cohen, C. Kikuchi, and J. Turkevich, Phys. Rev. 85, 
379 (1952). 


4C. Kikuchi and V. N. Cohen, Phys. Rev. 93, 394 (1954). 

5G. E. Pake, S. I. Weissman, and J. Townsend, Discussions 
Faraday Soc. 19, 147 (1955). 

‘DP. J. E. Ingram, Free Radicals (Academic Press, Inc., New 
York, 1958), p. 142. 

7H. G. Beljers, Van der Kint, and J. S. Van Wieringen, Phys. 
Rev. 95, 1683 (1954). 

§ G. N. Lewis, D. Lipkin, and T. Magel, J. Am. Chem. Soc. 66, 
1579 (1944). 

*H. M. McConnell, J. Chem. Phys. 25, 709 (1956). 

10 T). Kivelson (to be published). 





Nuclear Quadrupole Coupling in the Alums 
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NUMBER of alums have been shown to be ferro- 

electric by Pepinsky and co-workers.! The nuclear 
quadrupole coupling constant, eQg/h, for Al” has been 
measured in several alums as part of a general program 
of studying nuclear quadrupole interactions in ferro- 
electrics. It is hoped that this will complement the large 
amount of work that has been done on the electron 
resonance in the alums? and the recent study of the 
préssure dependence of the paramagnetic resonance 
of Cr** in NH4Al(SO,)2*12H20 that has been done by 
Walsh.’ 

The temperature dependence of the Al” eQg/h for 
four cubic a alums‘ is reported. The crystals were 
grown by slow evaporation from a water solution at 
room temperature.’ They were mounted so that they 
could be rotated about a (100) direction which in turn 
was perpendicular to the magnetic field. In all cases the 
splittings were found to be proportional to sin2@ where 
6 is the angle between a (100) direction and Ho. Thus, 
the field gradient tensor is axially symmetric with the 
principal axis along a (111) direction. This is what one 
would have expected from the electron resonance re- 
results and is also in agreement with the results of 
Segleken and Torrey® who have measured eQg/h of Al 
in NH, and K alums at room temperature. 

The results of the measurements are shown in Fig. 1. 
As can be seen from the diagram, in all cases eQg/h 
increases with increasing temperature. This is unusual 
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TEMPERATURE (°C) 


Fic. 1. The quadrupole coupling constant, eQg/k, for AP’ vs 
temperature in M Al (SO,)2-12H,0 for several M’s. The circled 
points are for M=Rb. 


and has only been observed in several other cases.7~® 
The room temperature values for NH, and K alums 
are in good agreement with the previous measurements.® 

Assuming that the quadrupole interaction, v= 
eQq/h, depends only on the lattice frequencies, the 
volume and the temperature, then, for an isotropic 
crystal where the lattice frequencies depend only on 
the volume it can be shown”; 


(1/v) (dv/8T) p= — (B/x) (1/r) (dv/8P) 7 
+(1/v)(dv/8T)y. (1) 


The volume coefficient of thermal expansion 6 has 
been measured by Klug and Alexander" and the bulk 
compressibility x by Bridgman” for several alums. 
Values typical of all the alums are 3X10~° deg and 
6.3X 10~-* kg“ cm? for 8 and x, respectively. From Fig. 
1 (1/y) (dv/8T) p=+2.3X 10 deg at room tempera- 
ture is a typical value for all four alums. 

The first term on the right of Eq. (1) can be esti- 
mated by noting that the largest reported value of 
(1/v) (v/0P)7 is 7.7X 10 kg cm? for Na in NaClO;"” 
and that other values lie between this value and one 
that is an order of magnitude smaller,®:-%— Assuming 
this largest value is ot the order of magnitude to be 
expected for the alums, one arrives at a value for 
(8/x) (1/v) (dv/8P)7 which is two orders of magnitude 
smaller than the observed value of (1/v)(dv/08T) p= 
+2.3X10-* deg. Thus, it appears probable that (1/r) 
(dv/OT) v= 1/v(dv/OT)p= +2.3X10- deg at room 
temperature. Walsh! finds similar behavior for the zero 
field splitting 6 by directly measuring (05/0P)z, 
i (1/5) (06/0T)p = (1/8) (06/0T)y = +5.6X 10 
deg! at room temperature. 

Theoretical"® calculations on the basis of molecular 
torsional vibrations yield negative values for (1/v) 
(dv/dT)y. It is not clear what one would predict when 
the many low-frequency lattice vibrations” in this 


ionic crystal are considered. The often used expression 
for the field gradient gx V— in ionic crystals, which 
assumes all the internal coordinates of the ions scale 
homogeneously with volume, is not obeyed in the alums. 
Rather, g is proportional to some positive power of V. 

A previously unreported phase transition has been 
observed in KAI(SO,)2*12H,O at —175°C. The low 
temperature behavior of this and several other alums 
that have phase transitions is being studied. The elec- 
tron resonance of Cr**+ doped alums is also being 
studied. 
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ANY rare earth compounds are known to fluor- 
esce. However, promethium, element 61, has 

not been extensively studied, in fact, only the solution 
and emission spectra have been observed.’ The diffi- 
culties stem from the fact that promethium is intensely 
radioactive and is not available from natural sources. 
Promethium is available in large quantities as a fission 
product of uranium. The isotope of promethium that is 
available in quantities is Pm’ which has a 2.6-year - 
half-life and a 0.22-Mev @- ray. The decay product is 
stable Sm’, Carlson and Dieke have noted that most 
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rare earths fluoresce in a LaCl; matrix.® It is therefore 
very reasonable to expect that promethium would also 
fluoresce. 

Two crystals were prepared, one containing 1 g 
LaCl; and 20 mg PmCl; and the second, 1 g LaCls 
and 2 mg of PmC];. The crystals were prepared following 
the method outlined by Gruen ef al.” The promethium 
was purified by ion-exchange techniques before incor- 
poration into the crystal. 

These crystals exhibited several interesting features. 
(a) The crystals are self-luminescent. In this case the 
luminescence is activated by the energy given to the 
crystal by the radioactive decay. (b) As the crystal 
cools to room temperature, it gradually blackens. This 
darkening saturates in about } to 1 hr, depending on 
the concentration of promethium. The crystal is almost 
opaque at saturation time. The darkening may be 
bleached with heat or light. We believe the darkening 
is due to the trapping of free electrons into crystal 
defects (color centers). The source of the electrons is 
the soft 8-’s emitted by the decaying Pm. The 
B~’s are degraded in the crystal and finally captured in 
the defects. (c) The crystal fluoresces. In the 2% 
crystal, the multiplet at 8300 A is intensified by irradia- 
tion with ultraviolet light. This multiplet is more than 
10 times as intense under ultraviolet irradiation as in 
self-luminescence. This of course depends on the 
intensity of the incident ultraviolet radiation. The 
visible spectrum is not noticably enhanced by ultra- 
violet irradiation. In the 0.2% crystal, all lines were 
intensified by ultraviolet irradiation. 

Spectra were taken on a Hilger f/4 spectrograph with 
quartz optics. Under this low dispersion, 34 lines could 
be seen on the photographic plate. Most of the lines 
were in seven groupings. The groupings of the pro- 
methium luminescence lines were at 4610, 4980, 5410, 
5900, 6600, 7420, and 8300 A. Spectra of SmCl; in 
LaCl; were also taken to determine the extent to which 
this element had grown into the promethium crystal. 
The strong fluorescent lines of samarium, which appear 
in a region free of promethium lines, were not detected, 
and it is concluded that all the luminescence is due to 
promethium. 

The luminescence is due to transitions from excited 
levels to the ground-state multiplet which according 
to Hund’s rules is a 5J having J values of 4, 5, 6, 7, and 
8, with J=4 the lowest. The variation of intensity of 
the 8300-A multiplet should be an aid in analyzing this 
spectrum. The fluorescence and absorption spectrum 
are being investigated with higher-resolution instru- 
ments and at low temperatures. 


* This work was done under the auspices of the U.S. Atomic 
Energy Commission. 
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IHE photochemistry and luminescence of biacetyl 

have been interpreted in terms of excited singlet 
and triplet electronic states.'~* The only piece of in- 
formation still missing concerns the relative importance 
of internal conversion (intramolecular degradation) of 
these two states. Unambiguous evidence can only come 
from a comparison of natural and experimental life- 
times. The photooxidation studies reported here pro- 
vide evidence that internal conversion of the singlet 
state is negligible. 

Quenching of phosphorescence but not of fluorescence 
by oxygen shows that oxygen interacts only with the 
triplet state under normal experimental conditions. 
The photooxidation has been studied at a wavelength, 
4358 A, at which there is no photodissociation into 
radicals in the absence of oxygen. As in an earlier 
study of this system at shorter wavelength, quantum 
yields of products showed considerable irreproduci- 
bility. The major product was carbon dioxide and 
there was a correspondingly large consumption of 
oxygen (see Table I). Carbon monoxide and methanol 
quantum yields were about one-fourth of the carbon 
dioxide quantum yield. Formaldehyde, acetone, acetal- 
dehyde, and some high molecular weight substances 
were minor products, but were not analyzed quanti- 
tatively. 

Since there is no evidence for a chain reaction in this 
system at 30°C,‘ the relatively high quantum yields of 
products indicate triplet molecules are formed with 
almost unit efficiency. In this case, the measured life- 
time, 1.80X10-* sec,5 and the quantum efficiency, 
0.145, for phosphorescence can be combined to give 
1.2 10 sec for the natural lifetime of the triplet state. 


TABLE I. 


( tum yields in biacetyl photooxidation 
t= 


C, biacetyl=30 mm, \=4358 A). 





Po,(mm) —®o, 


0.10 
0.23 
0.20 
1.27 


Dco. co DPcnon 





0.95 1 
1.49 ; 
1.28 
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Further, since the natural lifetime of the singlet state is 
8.5X10-* sec,’ estimated from the integrated absorp- 
tion coefficient, and the fluorescence yield is 2.5X10- 
the rate constant for intersystem crossing (singlet to 
triplet) is ca 4X 10" sec. 

This research was supported in part by a grant from 
The Petroleum Research Fund administered by the 
American Chemical Society. Grateful acknowledgment 
is hereby made to the donors of said fund. The research 
was also sponsored in part by the National Research 
Council of Canada. 
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Microwave Spectrum of trans- 
Crotononitrile 
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S part of a program of study of molecules with 

hindered internal rotation the microwave spec- 

trum of crotononitrile, ‘rans-H;CCH=CHCN, has 
been investigated in the region from 13-36 kMc. 

The spectrograph was a conventional apparatus 
employing 80 kc Stark modulation and has been de- 
scribed elsewhere.! 

The spectrum is characteristic of a near-prolate sym- 
metric rotor and contains groups of broad overlapping 
absorption lines spaced at intervals of ~4500 Mc. These 
correspond to parallel transitions grouped about 
(6+c)(J+1) where J-~J+1. Most of the lines are 
essentially K degenerate and exhibit very rapid first 
order Stark effects. A number of lines have been meas- 
ured and assigned to the ground vibrational state on 
the basis of a slightly asymmetric rigid rotor with a 
small centrifugal distortion correction. The identified 
lines and their measured frequencies are given in Table 
I together with frequencies calculated from the rota- 
tional constants of Table II. The fit is within the esti- 
mated experimental uncertainty of <0.15 Mc. The 
spectrum also contains a number of bands attributable 
to excited vibrational states, but no detailed analysis 
of these has been carried out. Because of the smaller 
component of dipole moment, perpendicular transitions 
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TABLE I. Identified transitions of crotononitrile. 








J-J+1 K obs (Mc) calc 





13475.89 
13324.45 
13629 .06 
13477.2> 


13475.91 
13323 .97 
13629. 46 
13477.08 
13477 .97 


17966. 83 
17765.00 
18172.33 
17969. 23 
17970.34 
17971.48 


22456. 85 
22205.79 
22714.94 
22461.21 
22465. 56 
22463 .07 
22463 .69 


26945 .74 
26646. 26 
27257 .24 
26952.97 
26960. 57 
26955.89 
26956. 50 
26957 .48 


35919.24 
35526.07 
36340.61 
35935 .64 
35953.89 
35941.91 
35942 .24 
35943. 59 
35945 .57 
35948 .04 


NHK KO 


et 


17966. 75 
17765.04 
18172.15 


17970.0 


WNNF KF © 
eee 


22456.90 
22205.78 
22714.99 


22463 .68 


RmWwWNHNHK KE © 


—— 


26945 .74 
26646. 22 
27257.39 
26953. 3¢ 
26961. 1° 
26956. 48 


26957 .60 


35919. 24 
35526.03 
36340.65 
35936. 2¢ 
25954. 3¢ 
35942. 6° 


35943. 5° 
35945. 6° 
35948. 4¢ 


— 


ba eat 


0 
1 
1 
2 
2 
3 
4 
5 
0 
1 
1 
2 
2 
3 
4 
5 
6 
7 








® No allowance has been made for possible hyperfine or internal rotation 
effects on the position of the peak intensities. 

b Broad unresolved clump undoubtedly containing hyperfine and internal 
rotation splittings. 

© Measurement interfered with by Stark components of nearby lines. 


are considerably reduced in intensity and none have 
been identified. 

None of the lines studied showed fine structure arising 
from the quadrupole moment of the N™ nucleus or 
splitting from the internal rotation of the methyl 
group although all of the lines were rather broad. It is 
probable, however, that the K=2 lines would exhibit 
such splittings if they could be clearly resolved from 
the other K components. Of the cleanly resolved transi- 
tions the most sensitive to internal rotation effects are 


TABLE II. Rotational constants* and moments of inertia> for 
ground vibrational state of crotomonitrile. 








a 38.2108 

b 2297.05 

c 2195.22 

Ds 0.34X10- 


1.3, 
220.078 
230.287 

—12.6X10-% 








® In Mc. 
b In amu A? with a conversion factor of 5.05531105 Mc amu A? used. 
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those where J/=2-—3, K=1. If a minimum possible 
resolution of 0.5 Mc is assumed, failure to observe any 
splitting implies a lower limit for the internal barrier of 
2.1 kcal/mole. This may be compared with values of 
1.98, 2.20, 2.21, and 2.44 kcal/mole found in propene,? 
trans-fluoropropene,’ isobutene,* and 2-fluoropropene,® 
respectively. 

The present data are insufficient for a complete 
structural determination, but it might be pointed out 
that the observed moments of inertia are consistent with 
roc (CH3) = 1.49 A, rcc= 1.34 A, and other parameters 
assumed to be the same as in propene’ or vinyl cyanide.® 


* National Research Council—National Bureau of Standards 
Research Associate, 1957-1959. 
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On the Correlation Correction to the Fermi- 
Thomas-Dirac Equation* 
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(Received January 11, 1960) 
N the statistical model of the atom the energy 
components of the system—the kinetic, exchange, 


potential, and correlation energies—may be expressed 
as! 


Ex= ke if p3do, 


E,=- caf ot", 


-— p(Vit3V.)d2, 


and 
Ew= mi pg (p*) de, 


where p(r) represents the electronic density at distance 
r from the nucleus. Atomic units will be used through- 
out. 

Gombas? has proposed that inasmuch as the correla- 
tion effect assumes importance near r=7, the atomic 
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TABLE I. Atomic radii in a.u. 











ro from FTD equation with correlation 
correction from 
ro from 
FTD 


equation Gombas 


Eqs. (1) 
and (2) 


Eqs. (3) 
and (2) 





4.2818 
4.5275 
4.6577 


3.950 
4.189 
4.315 


4.102 
4.360 
4.497 








radius, g be approximated by 
g* =g(po!) +2o(o!— po!), (1) 


where po=p(ro) and ro= | dg/dp'|,.,,. With the sub- 
stitution of ka’=Ka+Ao for xa the form of the Fermi- 
Thomas-Dirac equation, as well as of the boundary 
conditions given by Jensen, is preserved. This enables 
one to use existing tables* of solutions to the Fermi- 
Thomas-Dirac equation. Some of the ro values reported 
by Gombas, who used the Wigner relation for g, are 
given in Table I. 

Tomishima‘ has derived g(p!) and A» from the 
relation 


g=0.0645+-0.01565 Inp!+ (0.00016/p!) , (2) 


obtained from Pines’ expression® for the correlation 
energy per electron in an electron gas of density p. 
Application of the variational principle upon which 
the Fermi-Thomas-Dirac equation and _ Jensen’s 
boundary conditions rest gives pot=0.146 and Ay= 
0.0999. 

In extending expression (1) to 


8*=g (po!) +do(o!— pot) +0(0'— po!) ?, (3) 


where po= 3 | d’g/dp*?|,.,,, one may still make use of 
Thomas’ tables by employing Z’=Z(ka/ka’)!, N’= 
N(ka/ka’)#, and 1’=1(ka’/Ka)*(Kx/xe’), where x,’= 
Ke— wo ANd Ka’ =Kat+Ao— Zpohuo, in place of Z, N, and 
ro. From Eq. (2) one finds wo= —0.317. 

Since formula (1) overcorrects for correlations for 
r<ro while formula (3) undercorrects—even leading 
to a reversal of sign at higher densities—their use 
should provide limiting values for an atomic property 
determined from the statistical model with correlations. 
Between these values should lie that obtained after the 
more accurate treatment of correlations proposed by 
Lewis.® 

In Table I are listed the values of ro determined for 
three atoms from Thomas’ tables without the correla- 
tion correction and with the correlation correction 
provided by fomulas (1) and (3) with the foregoing 
values of pot, Ao, and po. 

For positive ions it turns out that the value of 1 
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as calculated with the use of Eq. (3) exceeds the value 
from. the uncorrected Fermi-Thomas-Dirac equation. 
This seems to invalidate for these cases the simplified 
relations (1) and (3). 


* Supported by the Physics Branch of the Office of Naval Re- 
search. 
1P. Gombas, Die Statistische Theorie des Atoms und ihre 
Anwendungen (Springer-Verlag, Vienna, 1949). 

2 P. Gombas, Z. Physik 121, 523 (1943). 

3 L. H. Thomas, J. Chem. Phys. 22, 1758 (1954). 

*“Y. Tomishima, Progr. Theoret. Phys. (Kyoto) 22, 1 (1959). 

5D. Pines, Solid State Physics, edited by F. Seitz and D. Turn- 
bull (Academic Press, Inc., New York, 1955), Vol. 1, p. 397. 

6H. W. Lewis, Phys. Rev. 111, 1554 (1958). 





Structure and Magnetic Properties of 
LiCuCl; -2H.O 


P. H. Vossos, L. D. JENNINGS, AND R. E. RUNDLE 


Institute for Atomic Research and Department of Chemistry,* 
Iowa State University of Science and Technology, Ames, Iowa 


(Received June 17, 1959) 


RELIMINARY x-ray and magnetic studies of 
LiCuCl;-2H,O have produced results of unusual 
interest, and possibly of significance to the under- 
standing of magnetic interactions in crystals. 
The red-brown, monoclinic crystals have lattice 
constants a=6.078, b=11.145, c=9.145A, B=108°50’. 


Fic. 1. The structure of LiCuCl;-2H,0. 
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Fic. 2. The reciprocal molar susceptibility of LiCuCl;-2H,O 
vs temperature. The solid line shows the slope to be expected if 
the two Cu ions in a dimer form a triplet. The straight dashed 
line shows the slope expected for independent ions, g=2. Circles 
represent experimental determination. 


Systematic absences establish the space group as 

P2,/c; the density, 2.36 g/cc, requires that z=4. 
Positional parameters, omitting hydrogen and lith- 

ium, have been refined by minimizing the function 


Rs= Dw( | Fo| — | Fe| )?/D we’, 


using 2076 reflections recorded with a Weissenberg 
camera and Mo radiation; 


Ri= (| Fo| — | Fel )/20| Fol 
is 0.128. 

Prominent in the structure, Fig. 1, are planar 
CueCle-— ions with symmetrical Cu—Cl—Cu bridges; 
the ions are weakly linked by longer Cu-++Cl bonds to 
form chains. The copper acetate hydrate dimers appear 
to contain direct Cu—Cu bonds, and the ground state 
is a singlet about 300 cm™ below the triplet state.!* 
The CueCl¢- ~ ion is structurally different, and there are 
reasons to expect a ground state triplet.’ 

The triplet state is supported by the paramagnetism 
of LiCuCl;-2H:0 to 5.9°K where it becomes magneti- 
cally ordered (Fig. 2). A ground state singlet for the 
dimer should produce diamagnetism at low tempera- 
ture, as in copper acetate. The unlikely possibility of 
independent magnetic electrons in the dimer would lead 
to the dashed curve of Fig. 2 if g=2.4 The experimental 
slope of '/xm vs T, is closer to that expected for the 
triplet state (solid curve). 

The initial susceptibility of this salt is not reversible 
at temperatures above 220°K; the points shown con- 
nected with a short dashed line in Fig. 2 are typical 
ones obtained on heating. (The crystal structure is 
unchanged in this region.) 

This work suggests that anhydrous CuCl,,5 and other 
similarly bridged structures (infinite planar chains, 
symmetrically bridged) should contain ferromag- 
netically aligned chains. (The antiferromagnetism 
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of CuCl, ® must, then, come from interactions between 
chains.) It has also been suggested that for certain 
antiferromagnetic iron group halides with layered 
structures the nearest neighbor interactions (within 
layers) are ferromagnetic’ ; since these are symmetrically 
bridged structures the causes are presumably related.* 

Ferromagnetic alignment in symmetrical, strongly 
bridged halides is to be distinguished from alignment 
in asymmetric, weakly bridged halides, e.g., 
CuCl 2H,0,* where the nearest neighbor interaction 
is antiferromagnetic.? Such weaker bridges are found 
between dimers in LiCuCl;-2H,0, (Fig. 1) so that in 
the dimer chains an alignment aaBBaa--+ is to be 
expected. 

Further studies on LiCuCl;-2H,0 are to be made by 
neutron diffraction and an NMR method recently 
suggested.” 


* Contribution No. 770, Work was performed in the Ames 
Laboratory of the U.S. Atomic Energy Commission. Taken in 
on) from the MS thesis of Peter H. Vossos, Iowa State College, 


% cB Bleaney and K. D. Bowers, Proc. Roy. Soc. (London) 
A214, 451 (1952). 
asd van Niekerk and F. R. L. Schrening, Acta Cryst. 6, 227 

*R. E. Rundle (to be published). 

‘In a preliminary study of ESR, Dr. Michael Baker at the 
Clarendon Laboratory, Oxford, has found that extreme values of 
g are 2.13 and 2.10 in the ac place, 2.23 and 2.06 in the ab plane. 

* A. F. Wells, J. Chem. Soc. (L) 1947, 1670. 

SW. J. deHaas and C. J. Gorter, Comm. Phys. Lab. Leiden 
No. 215a (1931); C. Starr, F. Bitter, and A. R. Kaufmann, 


Phys. Rev. 58, 977 (1940). 
L. Landau, Physik Z. Sowjet union 4, 675 (1933). Neutron 


diffraction has recently confirmed this supposition [M 
Wilkinson, J. W. Cable, E. O. Wollan, and W. C. Koehler, Phys. 
Rev. 113, 497 (1959) ]. 
arker, Z. Krist 93, 136 (1938). 
nN J. Poulis and G. E. G. Hardeman, Physica 18, 201 (1952). 
” R. E. Rundle, J. Am. Chem. Soc. 79, 3372 (1957). 





Energy Levels of a Slightly Asymmetric 
Top 
James A. Norris* AND Victor W. Lavurtet 


Department of Chemistry, University of California, 
Berkeley 4, California 


(Received December 28, 1959) 


HE energy levels for the rigid asymmetric rotor can 
be written in the form! 

W=}3(B+C) J(J+1)+[A—3(B+C) Jw. (1) 
Whenever the asymmetry is small? w may be expanded 
as a series 

w= K?+-c1b,+c2b,?-+cab,?+ +++ (2) 


where 6,=(C—B)/(2A—B—C), and c, is a function 
of the energy level under consideration. Schwendeman® 
has tabulated the coefficients through c; for values of J 
through 40. For high values of the quantum number K 
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TaBLe I. Sixth order coefficients in expansion of energy levels of 
asymmetric rotor. 





K=0 K=2 





—0. 1344803 
—0. 1028274 
—0.5840270 
—0.2658561 
—0. 1019890 


—0.3414187 
—0. 1022772 
—0.2793704 
—0.7058849 
—0. 1668500 


—0.3722673 
—0.7897306 
—0. 1602487 
—0.3125801 
—0.5885659 


—0. 1073588 
—0. 1902868 
—0.3285847 
—0.5540425 
—0.9140310 


0.9141745 
—0. 1477957 0.1478199 
—0. 2345949 0.2346344 
—0.3660402 0.3661032 
—0. 5621158 0.5622142 
—0. 8505262 0.8506767 


—0. 1269242 0. 1269469 
—0. 1869754 0.1870090 
—0.2721194 0.2721685 
—0.3915519 0.3916226 
—0.5573979 0.5574987 


—0.7855141 0. 7856562 
—0. 1096477 0. 1096675 
—0. 1516791 0. 1517065 
—0. 2080367 0. 2080743 
—0.2830300 0.2830810 
—0.3821023 0.3821710 


0. 1300071 
0.1011189 
0.5787353 
0.2644570 
0.1016629 


0.3407349 
0. 1021466 
0.2791417 
0.7055186 
0. 1667970 


0.3722007 
0.7896660 
0. 1602467 
0.3125918 
0.5886097 


0. 1073697 
0. 1903100 
0.3286297 
0.5541247 





convergence is very good and the expansion is a good 
approximation even in the case of fairly large asym- 
metry. The levels Joy and Jo, 7-2 are strongly perturbed 
by asymmetry, however, and require the inclusion of 
higher order terms for rather small values of the asym- 
metry parameter. Since these levels occur frequently in 
microwave spectra, it has been found convenient to 
tabulate cs for J=5 through 40. These coefficients are 
given in Table I under the headings of K=0 and K=2. 
Coefficients in a given row are to be multiplied by the 
power of 10 given in the last column. Values of ¢¢ for 
other levels are much smaller and often can be neg- 
lected even when c, makes an important contribution 
to the Jo,z and Je,z_2 levels. 


* National Science Foundation Predoctoral Fellow 1959-1960. 

t National Science Foundation Postdoctoral Fellow 1959-1960. 

1 For example, see C. H. Townes and A. L. Schawlow, Micro- 
wave S panenves (McGraw-Hill Book Company, Inc., New 
York, 1955), p. 83 

? The discussion is appropriate to a near prolate rotor, but 

similar considerations hold for the near oblate case. See reference 
1 for more detail and further references. 

3 R. H. Schwendeman, J. Chem. Phys. 27, 986 (1957). 
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C's Hyperfine Splitting in Benzonitrile 
Negative Ion* 


Raymonp L. Warp 


University of California, Ernest O. Lawrence Radiation Laboratory, 
Livermore, California 


(Received January 29, 1960) 


ENZONITRILE negative ion has been prepared 

with potassium in 1,2-dimethoxyethane at temper- 
atures below —50°C. The hyperfine structure of this 
negative ion was observed at temperatures below 
—50°C in a conventional spectrometer using 250 kcs 
field modulation. 

The hyperfine pattern in Fig. 1(A) consists of 10 
resolvable lines extending over 20 gauss measured from 
the centers of extreme lines. A detailed analysis of the 
spectrum has not been made at this time, but informa- 
tion about the C® splitting in the nitrile group has been 
obtained. 

Benzonitrile, containing 64 atom % C* in the nitrile 
group, has been synthesized and the negative ion pre- 
pared. The resulting spectrum in Fig. 1(B) is therefore 
a superposition of the isotopically substituted species 
and the unsubstituted species. This spectrum extends 







































































Fic. 1. The derivative of the absorption for the electron spin 
resonance spectrum of benzonitrile negative ion (A) and 64% 
C8 and 36% C-benzonitrile negative mixture (B) prepared 
with K and 1,2-dimethoxyethane at —50°C. - 
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over 26.4 gauss. Since C® has spin 3, its hyperfine 
splitting doubles all lines. The C® splitting is 6.4 gauss. 

he spin density at the C™ nucleus is therefore 0.051 
compared to the hydrogen atom in its 1S state. A 
carbon spin density of 4.25! has been estimated for a 
configuration 2s(2p)*. 

I wish to thank Dr. R. E. Anderson for his assistance 
with the 250 kc field modulation system. 


* This work was performed under the auspices of the U.S. 
Atomic Energy Commission. 


1 This is the value for a 2S function with z=3.25. 





Microwave Spectrum of O'* Formic Acid 
and Structure of Formic Acid* 


GrorcE Hsinc Kwert 
Mallinckrodt Chemical Laboratory, Harvard University, 
Cambridge, Massachusetts 
AND 
R. F. Curt, Jr.f 


Department of Chemistry, The Rice Institute, Houston, Texas 
(Received January 18, 1960) 


HE microwave spectra of HCO"OH and HCOO*"H 

have been assigned and the rotational constants 
have been combined with data of Lerner e¢ al.' to deter- 
mine the structure of formic acid. Several structural 
studies have been made, but there are large discrepan- 
cies in the results!* (Table I). Although the C™ and 
the deuterated species were studied in the previous 
microwave work of Lerner ef al., their structural cal- 
culations were necessarily subject to the serious limita- 
tion that most of the errors must be absorbed in the 
oxygen coordinates. 

The two O species were prepared by hydrolyzing 
trimethyl orthoformate with 65% H,O". The methyl 
formate produced was hydrolyzed with equivalent 
amounts of sodium methoxide and 65% H,O"%. The 
resulting sodium formate was dried and dissolved in an 
excess of dichloracetic acid. The O” formic acid was 
pumped off and vacuum distilled. Since some water 
is always present, a mixture of both isotopic species 
is obtained by any method. 

A conventional Stark effect microwave spectrometer* 
with a modulation frequency of 100 kc was used in this 
work. The frequencies of measured rotational transi- 
tions and the rotational constants of the two isotopic 
species are listed in Table II. The calculated transition 
frequencies were obtained from the observed rotational 
constants. The rotational constants B and C were fitted 
to the Oo-1m and 11-21 transitions. Since we did not 
measure any b-type transitions, the rotational constants 
A were calculated from the B and C and from the iner- 
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TABLE I. Structure of formic acid. 








Schomaker and 
O’Gorman 


Karle and Karle 


Lerner et al. 


This work 





1c-H (A) 
cm (A) 
1c-0 (A) 
ro-n(A) 
ZOCO 
ZHC=0 
ZCOH 


ro-o (A) 


1.09 
1.213+0.026 
1.368+0.034 
0.978 
123.523° 


2.275+0.025 





1.09 

1.2340.01 
1.36+0.01 
0.97+0.05 
122.4°+1° 


105° 
2.27+0.005 


1.085+0.02 
1.245+0.002 
1.312+0.002 
0.95+0.02 
124° 18’+10’ 


107° 48’+1° 
2.261+0.004 


1.097+0.005 
1,202+0.010 
1.343+0.010 
0.972+0.005 
124° 53’+1° 
124° 8’+2° 
106° 19’+1° 
2.257+0.005 








* Assumed. 


tial defect given by Trambarulo e al.‘ for normal 
formic acid. The discrepancies between calculated 
and observed transition frequencies for the higher J 
lines are attributed to the centrifugal distortion and 
are of the magnitude expected in a light molecule. 
When isotopic substitutions have been made on all 
atoms, Costain® has shown that the best method of 
obtaining the structure is by Kraitchman’s method,® 
which gives the coordinates of each atom with respect 
to the principal axes of the normal species in terms of 
the differences between the moments of inertia of the 
isotopic and normal species. However, when an atom 
is near a principal axis, zero point vibrational effects 
become significant and it is no longer possible to obtain 
an accurate determination of the coordinate. In this 
case, it is necessary to use some additional conditions 
on the coordinates. Unfortunately, in formic acid both 
oxygen atoms are near the a axis while the carbon 
hydrogen and the carbon atom are near the 6 axis. The 
a coordinates of both oxygen atoms and of the hydroxyl 
hydrogen atom and the 6 coordinates of both hydrogen 
atoms and the carbon atom were obtained by Kraitch- 
man’s method. The a coordinate of the carbon hydrogen 


atom was calculated using a method for doubly sub- 
stituted isotopes described by Pierce and Krisher.’* 
The three remaining coordinates were then obtained by 
conditions on the center of mass and the condition that 
the sum of the products of inertia vanish in the principal 
axis system. Table I gives the structure of formic acid 
obtained in this manner and a comparison with the 
structures obtained by several other investigators.® 

Because the moments of inertia of the two O*% 
species are so similar further discussion is necessary 
to show how the moments of inertia were identified 
with the chemical positions of the oxygen atoms. In 
the species I with rotational constant A1=76.5X 10* 
Mc, the substituted oxygen atom I is definitely further 
from the a axis than is the substituted oxygen atom II 
with Ay=77.2X10* Mc. In order for the product of 
inertia to be near zero, it is necessary that atom I be 
in the first quadrant by itself and that atom II be in 
the fourth quadrant with the hydroxyl hydrogen. 

In a light molecule with so many atoms near principal 
axes, it is difficult to obtain the accuracy that is gen- 
erally achieved in microwave structural determinations 
because of the relatively large zero point vibrational 


TABLE II. Rotational constants and frequencies of rotational transitions (Mc). 








HCOOH 


calc 


HCOO"H 





Rotational constants 


76521+100* 
11396.91+0.3 
9904.76+0.3 


77206 100" 
11383.580.3 
9906 .06+0.3 


Transition frequencies 


21301 .67 
44095 .5 


Ooo—1or 
1yo—2u 


21301 .67¢ 
44095. 46¢ 


21289.64 
44056.8 


21289. 64¢ 
44056. 83¢ 


14919. 20 
22372.49 
31309.00 


14773.72 
22155.93 
31006. 42 


4is—4a 
Siu—Sis 
615—6ie 


* A was not directly obtained from transition frequencies (see text). 
b All frequencies in the 14-32 kMc range are accurate to 0.1 Mc. All frequencies in the 40 kMc range are accurate to 0.2 Mc. 
© These transitions were used to calculate the rotational constants. 


14919.54 
22374. 42 
31311.70 


14773. 56 
22154.85 
31003.73 
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effects. Our results are in fair agreement with those 
obtained by electron diffraction; the O—O bond 
distance provides the most reliable comparison between 


the two methods and agrees within the experimental 
errors. 


This work was suggested by Professor E. B. Wilson, 
Jr., and the major portion of it was done in his labora- 
tory. - 


* The research reported here was made possible by support 
extended to Harvard University by the Office of Naval Research 
and by a grant to the Rice Institute from the Research Corpora- 
tion. 

+ Present address: Department of Chemistry, University of 
California, Berkeley 4, California. 

ty At Harvard University, 1957—1958. 

1R. G. Lerner, B. P. Dailey, and J. P. Friend, J. Chem. Phys. 
26, 680 (1957). 

2D. P. Stevenson and J: A. Ibers, Ann. Rev. Phys. Chem. 9, 
359° (1958). 

7K. B. McAfee, Jr., R. H. Hughes, and E. B. Wilson, Jr., 
Rev. Sci. Instr. 20, 821 (1949). 

“R. Trambarulo, A. Clark, and C. Hearns, J. Chem. Phys. 28, 
736 (1958). 

5 C. C. Costain, J. Chem. Phys. 29, 864 (1958). 

6 J. Kraitchman, Am. J. Phys. 21, 17 (1953). 

7L. Pierce, J. Mol. Spectroscopy 3, 575 (1959). 

8 L. Pierce and L. C. Krisher eA be published). 

®V. Schomaker and J. M. O’Gorman, J. Am. Chem. Soc. 69, 
2638 (1947); I. L. Karle and J. Karle, J. Chem. Phys. 22, 43 
(1954). Both of these studies were by electron diffraction. 





Photochemical Evidence for Triplet State 
Quenching by Paramagnetic Species 


Witi1am M. Moore, GeorcE S. HAMMOND, AND ROBERT P. Foss 


Gates and Crellin Laboratories of Chemistry, California Institute of 
Technology, Pasadena, California 


(Received November 25, 1959) 


E have observed that inclusion of small amounts 

of paramagnetic solutes reduces quantum yields 
in photoreduction reactions of benzophenone. An 
adequate chemical mechanism for these reactions 
involves production of free radicals by hydrogen trans- 
fer from the reductant to an excited state of the ketone. 
Various reaction products are formed by radical 
coupling and disproportionation reactions. 


ky 
(CsHs) xC=O0*+ RH—>(C,H;),;COH+R- 


—coupling and disproportionation. 


Under ordinary circumstances, deactivation is a 
first-order process which varies little in rate in different 
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solvents 
alcohol). 


(benzene, toluene, acetonitrile, ¢ert-butyl 


ka 
(CsHs) 2C =O*——>(C,H;) 2C = O-+ thermal energy. 


In the presence of paramagnetic compounds, specific, 
bimolecular quenching steps are added. 


k 
(CH) C= 0*-+0—>(CeH) CO. 


We recently have reported! a study of the reaction of 
benzophonene with benzhydrol (RH= (CsH;)2CHOH) 
in which it was found that the reduction reaction per- 
sists even when the hydrogen donor is present in low 
concentration. Quantitative consideration of the data 
indicated that the chemically active state must be a 
long-lived triplet. The conclusion is consistent with the 
fact that irradiation of benzophenone at 77° K results 
in phosphorescence with high quantum yield.? 

Most of our observations of quenching effects have 
been made with paramagnetic metal chelate compounds 
in which the ligand is the dipivaloylmethide ion 


[(CHs)sCCOCHCOC (CHs)s]. 


Quantum yields for reduction of benzophenone by 
toluene or cumene Cs,H;CH(CHs)>2 are reduced in the 
presence of trace amounts (10-*M) of chelates of 
iron(III), samarium, and erbium. The corresponding 
aluminum chelate has no measurable effect. Oxygen 
effects on reduction by toluene and cumene cannot be 
studied because oxygen is very rapidly removed from 
the system by chemical reactions. However, oxygen 
effects on the reaction with benzhydrol are observed 
even after massive amounts of photoreaction have been 
carried out. This is consistent with the report by 
Backstrom’ that photooxidation of benzhydrol is a 
very slow, nonchain reaction. In our experiments the 
number of excited ketone molecules deactivated ex- 
ceeds the number of quencher molecules present by as 
much as one hundred-fold. 

Figure 1 shows plots of 1/ against 1/[benzhydrol ] 
for degassed benzene solutions, for solutions containing 
dissolved air under one atmosphere pressure, and for 
solutions containing 10~* ferric dipivaloylmethide. 
From the slopes of the lines one can evaluate ko[Q |/k, 
for the two quenchers. If the oxygen concentration 
remains near that of the saturated solution (10-*M), 
the results indicate that ke(o,)=3.6 Rae re chelate)» The 
fact that the efficiencies of the two quenchers are 
similar implies that both quenching processes may be 
diffusion controlled. Backstrom and Sandros‘ reported 
a value of 510° liter mole sec for the quenching of 
biacetyl phosphorescence by oxygen and Livingston 
and Tanner® reported a rate of 2X10° liter mole! 
sec”! for oxygen quenching of anthracene triplet. Both 
values are about those expected for diffusion-controlled 
reactions. 
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Fic. 1. Photoreduction of 0.1M, benzophenone by benzhydrol 
in benzene solution. Crosses: no additive; open circles: 10“*M 
Fe(DPM);; filled circles: oxygen (~10-*M). 


Although one could not be sure that quenching did 
not involve chemical reaction in the earlier experiments, 
we can be reasonably certain that in the benzophenone- 
benzhydrol system quenching is a physical process and 
is at least close to diffusion controlled in the systems 
studied. 

Ample precedent exists for the chemical effects 
observed. The most direct analogy is found in the work 
of Porter and Wright® who observed directly the 
quenching of anthracene triplets, produced by flash 
photolysis, by oxygen, nitric oxide, and paramagnetic 
metal ions. It is interesting to note that in their work 
the efficiency of oxygen quenching exceeded that of 
metal ions by a substantial margin. Phosphorescence 
quenching has been mentioned and singlet-triplet 
absorption bands have been observed in the presence of 
paramagnetic solutes.”* Cis-trans isomerization of 
olefins is catalyzed by nitric oxide®-” in a process which 
is believed to involve a triplet transition state. Mc- 
Connell" has suggested a reasonable mechar.ism to 
account for the catalytic effect and there seems to be 
no reason to doubt that a similar mechanism applies 
to triplet deactivation by triplets (such as Oz) or by 
paramagnetic substances having higher degeneracy 
(such as iron chelates). 

Because of their lower chemical reactivity metal 
chelates are much more attractive than oxygen for the 
study of quenching phenomena. Such compounds should 
be generally useful for the investigation of the mecha- 
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nisms of photochemical processes and for the estima- 
tion of lifetimes of triplet states. 


1G. S. Hammond and W. M. Moore, J. Am. Chem. Soc. (to be 
published). 
2 E. H. Gilmore, G. E. Gibson, and D. S. McClure, J. Chem. 
Phys. 20, 829 (1952); 23, 399 (1955). 
3H. L. J. Backstrom, The Svedberg Memorial Volume (Alna- 
quist and Wiksells Boktryckeri, Uppsala, Sweden, 1944). 
‘ “a J. L. Backstrom and K. Sandros, J. Chem. Phys. 23, 2197 
1950). 
5 R. Livingston and D. W. Tanner, Trans. Faraday Soc. 54, 
765 (1958). 
*G. Porter and M. R. Wright, J. Chim. Phis. 55, 705 (1958). 
7D. F. Evans, J. Chem. Soc. 1958, 1351. 
( a Chauduri and S. Basu, Trans. Faraday Soc. 54, 1605 
1958). 
9 J. L. Magee, W. Shand, and H. Eyring, J. Am. Chem. Soc. 
63. 677 (1941). 
08) S. Rabinovitch and F. S. Lowry, J. Chem. Phys. 23, 2439 
1955). 
1H. M. McConnell, ibid. 20, 1043 (1952); 23, 2440 (1955). 





LCAO-MO-SCF Ground State Calculations 
on C.H, and CO,*} 


A. D. McLeant 
Laboratory of Molecular Structure and Spectra, University of 
Chicago, Chicago 37, Illinois 


(Received December 14, 1959) 


HIS communication reports the first work on 

linear polyatomic molecules carried out in LCAO- 
MO-SCF approximation using a recently completed 
program for a Univac Scientific 1103 A digital com- 
puter. The program was written by the author (inte- 
grals'), Mr. A. Weiss (control program) and Mr. M. 
Yoshimine (Roothaan open and closed shell SCF pro- 
cedures’), and operates completely automatically with a 
minimum of input data (basis functions, internuclear 
distances, electronic configuration, symmetry, and 
nuclear charges). Restrictions are that the basis func- 
tions be Slater type orbitals (STO’s) whose principal 
quantum number is <8 and that there are <~16. 
The number of nuclei in the molecule must be <4. 
All integrals are computed accurate to at least five 
decimal places; the total energy and orbital energies* 
are believed accurate to at least four decimal places. 
Coefficients in the molecular orbitals are accurate to 
four decimal places. 

The C2H: calculation was done for the ground state 
configuration 10,710,?20,720,730,717,4 with Rou=2.002 
a.u. (1.0595 A), Roc=2.281 a.u. (1.207 A).4 The MO’s 
were constructed from 1s({=1.00) STO’s on each H, 
and 1s(¢=5.6726) , 2s(¢= 1.6082, 2p0, 2pm ({= 1.56805) 
STO’s on each C. The carbon ¢’s are “best atom” 
values.’ Table I lists the molecular orbitals and orbital 
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TABLE I. LCAO—MO’s and orbital energies for C2He. 








Orbital energies 


Coefficients of symmetry orbitals* a.u. ev 





Isg+isq: 


0.0033 
—0. 1033 
0.3109 
1.0594 


1sqg—1sg’ 


0.0031 
0.2957 
0.9259 
—0.5989 


Isc+Isec: 


—0.7045 
0.1722 
—0.0009 
0.0647 


lsc— Ase: 


—0.7049 
—0.1118 
0.1360 
0.0595 


2ou 
3ou 
4oy 


In, 


2sc 2sc , 


—0.0100 
—0.4670 

0.0965 
—0.8256 


2sc nani 2sc , 


—0.0193 

0.3237 
—1.1807 
—1.3291 


0.6071 (2pmc+2pmc:) 
In, 0.8814 (2pmc—2pmc) 


2poc—2poc* 


0.0007 
—0.1850 
—0.4761 

0.7016 


2poct2poc: 


—0.0042 
—0.3139 

0.1334 
—1.6753 


—11.39977 
—1.04135 
—0.68265 

0.48423 


—310.19 
— 28.34 
—18.57 

13.18 


—11.39707 
—0.77576 
0.35292 
1.19545 


—0.44130 
0.25100 


—310.11 
—21.11 
9.60 
32.53 


—12.014 
6.83 








* For example, the entry —0.7045 under 1sc+1sc: for the MO 1o, means that the coefficient of the (normalized) 1s STO of each carbon atom is —0.7045. 


> 1 a.u.=27.210 ev. 


© All s axes are taken in the same direction along the internuclear axis. The z axis on C points toward C’. 


4 The computed 1m, €(—12.01 ev) agrees well with the observed minimum ionization potential (11.41+0.01 ev). W. C. Price, Phys. Rev. 47, 444 (1935); K. 
Watanabe, J. Chem. Phys. 26, 542 (1957). No higher experimental ionization potentials are known. 


energies obtained. The total electronic energy is 
—101.28327 a.u.; the total energy —76.54383 a.u. 
Approximately two hours of computer time was used. 

The CO, calculation was done for the ground state 
configuration 1¢,710,?20,°30,720,240,717,430,717,! with 
Roo = 2.1944 a.u. (1.1613 A).* The basis functions were 
ls (¢=7.658), 2s (€=2.2461), and 2p0, 2px (f= 
2.22625) STO’s on each O, 1s ({=5.6726), 2s (¢= 
1.6082), 2p0, 2pm (¢{=1.56805) on the C. The total 


electronic energy is —245.17305 a.u.; the total energy: 
— 186.84275 a.u. Computer time used was approxi- 
mately three hours. Table II lists the molecular orbitals 
and orbital energies and compares the e’s with those 
computed by Mulligan® in a calculation differing from 
the present one mainly by approximating certain inte- 
grals and neglecting inner-outer shell mixing, and with 
the reliable (+0.01 ev) experimental ionization po- 
tentials. 


TABLE II. LCAO-MO’s and orbital energies for CO:. 








Coefficients of symmetry orbitals 


Orbital energies 


a.u. ev 


Exptl. 
Mulligan’ Ion Pot’ls 





1so+1s0: 


0.7049 
0.0003 
—0.1408 
—0.1028 
—0.0739 


2s0+2s0' 2poo—2poo lsc 2sc 


0.0106 0.0031 0.0002 0.0067 
0.0025 —0.0002 —0.9969 —0.0146 
0.5144 0.1603 —0.1497 0.3265 
0.5390 —0.4156 0.1411 —0.5448 
0.5719 0.6974 0.1470 —1.3571 


2po0+2 pao: 2poc 


0.0044 0.0093 
—0.1298 0.3156 
—0.4753 0.5099 —0.4435 
—1.0097 —0.7802 —1.7889 


Ir, 0.4504 (2p20+2p20') +0.5729 2pac 
2mu 0.6066 (2p%0+2pm0') —0.9059 2pmrc 


1m, 0.7094 (2px09—2 p70’) 


— 563.92 
—315.73 
—41.14 

—19.73 

12.01 


—20.72473 
—11.60351 
—1.51199 
—0.72513 
0.44149 


1so— 150 


0.7048 
0.1531 
3ou 0.0766 
4oy 0.0925 


2so0 = 2so’ 


0.0131 


—20.72500 
—0.5241 


— 1.44104 
—0.62949 
1.25843 


—0.68654 
0.26233 


—0.44033 


— 563.93 
—39.21 
—17.13 

34.24 


—18.68 
7.14 


—11.98 








® See footnotes a-c, Table I. 

> Reference 6. 

© J. Thibaud, Compt. rend. 186, 308 (1928) ; K-shell x-ray absorption limits. 

4 Price and Simpson; Henning; Tanaka et al. (see Y. Tanaka, A. S. Jursa, and F. J. Le Blanc, J. Chem. Phys. 28, 350 (1958) and forthcoming paper), from 
Rydberg series spectra of CO:. 4a, from Tanake et al. only. 

® From emission spectra of COz* combined with 17 potential of 13.79 ev; see S. Mrozowski; Revs. Modern Phys. 14, 216 (1942); Phys. Rev. 60, 730 (1941); 
62, 270 (1942) ; 72, 682, 691 (1947); cf. R. S. Mulliken, Revs. Modern Phys. 14, 204 (1942), and Can. J . Chem. 36, 10 (1958). 
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Further work on C:H2 and CO, with a more extensive 
basis set, and work on HCN is in progress. 


* Work assisted by a grant from the National Science Founda- 
tion, by Wright Air Development Center and the Office of Ord- 
nance Research under contract with the University of Chicago. 

t This work is part of a Ph.D. thesis to be submitted to the 
Department of Chemistry, University of Chicago. 

t Pecan address: Department of Chemistry, University of 
Western Australia, Nedlands, Western Australia. 

1 A full report on the analysis used in the integral computation 
is in preparation. 

2C. C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951); also 
April, 1960 (to be published). 

3 This statement refers to energies in atomic units (a.u.). 

4 These are the equilibrium distances for the ground state; see 
G. Herzberg, Infrared and Raman Spectra of Polyatomic Molecules 
ag = Nostrand Company, Inc., Princeton, New Jersey, 1945), 

. 398. 
r 5C. C. J. Roothaan, Laboratory of Molecular Structure and 
Spectra Tech. Rept. (January, 1955), University of Chicago, p. 24. 
6 J. F. Mulligan, J. Chem. Phys. 19, 347 (1951). 





K-Type Doubling in Phosphine* 
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N the perpendicular band, », of phosphine, we have 
observed for the first time a doubling of the *R( J, 3) 
lines. This doubling is indicated as a broadening of the 
®R(7, 3) line, but is clearly resolved in the *R(8, 3), 
FR(9, 3), and *R(10, 3) lines (Fig. 1). The effect 
resembles that observed in the microwave spectra of 
NH; and explained by Nielsen and Dennison! as due to 
the splitting of the rotational levels in the ground state 
where K=3q(q=1, 2, 3, +++). This splitting is ap- 
proximately 10-* cm~ in NH; and is even smaller in 
PH3. The doubling we observe in PH; is of the order of 
0.1 cm and must therefore primarily be due to a 
splitting of the level K=+4, J=+1 in the excited 
state 4. 

A term of second order importance in the Hamil- 
tonian for a molecule like PH; which will cause this 
splitting in the excited state, but not in the ground 
state, has been discussed by Nielsen? and referred to as 
a second order rotational resonance. In the notation of 
Amat et al.’ this term has the form 


He! =+++ +>) D> (a) ¥*paps+ x Vabqaqr) PaPs. (1) 
aB ab,aSb 


The matrix elements, which contribute to the energy 
in the second order only when resonance between the 
v and » levels exists, are: 


Racu"s5.K") 


SPECTRUM 


CALCULATED 
UNPERTURBED 
1210 


cm 


K-TYPE DOUBLING IN 


UY, OF PH, 


— 
on 
vo) 
~ 


, 0.267, and 0.33 


3) lines. Separations of the doublets are 0.16, 
and » vibrations. 


type doubling of ®R(VJ, 


and 10. The unperturbed spectrum is calculated on the assumption of no Coriolis resonance between vz 


and of PH; from J” =5 to J” = 10. The lower spectrum shows K 


perpendicular b: 


cm, respectively, for J’ =8, 9, 


Fig. 1. The » 





1598 


(m%— 1, 4, ls, K | H’':/he | Ve, %—1, L,¥1, K+2) 
= (v, %—1, L.¥1, K+2 | H’>/he | v%— 1, V4, l, K) 


(wou 
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B2 a, q (zx) 
-|+= mi I : + 252,32 Fa, 32 
4 z 


(w4?+-w2?— 23”) 
(qo?— ws”) (cog? — ws”) 





FB? (woes) 2 32 F41 32° 


Symmetry considerations show that all rotational 
levels for which | K’—/| =3q (q=0, 1, 2, +++) belong to 
species A; or A2 and may be split by a perturbation of 
the symmetry of the molecule, while all other levels 
belong to species Z and remain twofold degenerate. 

Only the case J=4 in the upper state will be dis- 
cussed since this is the simplest case for which the 
®R(J, 3) lines could show this doubling. When these 
matrix elements [Eq. (2) ] are inserted into the secular 
determinant of Garing and Nielsen,‘ it becomes more 
complicated but can still be factored into 3 subdeter- 
minants of 9 rows and 9 columns. Two of these sub- 
determinants contain only levels whose symmetry 
species are E. The roots of these two subdeterminants 
are identical showing that the levels remain degenerate 
as required. The third, which contains only levels of 
species A, can be factored again into 2 subdeterminants, 
one with 5 and the other with 4 rows and columns. 
The 9 roots of these 2 subdeterminants predict the 


— ws!) 


(w2?— ws”) (4? — 3") 


]fee(oct) PEJA) (JFK=1) (EK) (JER+2)). (2) 


following results: 


the splitting of the K=+1, /=+1 levels (“giant” 
l-type doubling), 

the splitting of the K=+2, J= +1 levels, 

the splitting of the K=+4, ]=+1 levels, 

and some of the perturbed levels in v2. 


* One of us (HHN) acknowledges the support of the National 
Science Foundation. Thanks are also due the Office of Ordnance, 
U. S. Army, and the Cambridge Air Force Research Center for 
their partial support through contracts with The Ohio State 
ey K < Research a. 
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